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Foreword 

 

 1. With this work, I offer to readers interested in a new philosophical orientation 

(philosophia = love of wisdom, spiritual aspiration) a textbook for a field of study which, 

existing in classical times under the name of Pythagoreanism, appeared only sporadically 

in later times, and currently has no existence in our modern world view. 

 2. “Harmonics” comes from harmonikos = harmonic, but has its root in the verb 

harmottò = to unite, arrange. Arrangement, united from tone and number, flowing out in 

a harmony of the world (cosmos): this is the original concept of “harmonics” as 

Pythagoras and his successors conceived it. The concept “akróasis” = listening (in 

opposition or in completion to aisthesis = viewing), which I first applied in my book 

Akróasis, initially serves simply to prevent the continual confusion of “harmonics” with 

the musical study of chords. But perhaps it will be good in future to use “harmonics” and 

“harmonic” more in the sense of individual harmonic investigations, “akróasis” and 

“akróatic” more in the higher sense of a general mentality pervading everything – 

similarly to the way the following Introduction is entitled “Akróasis,” while the textbook 

itself is called Textbook of Harmonics. 

 3. If one looks under “harmonics” in modern reference works, one will find it 

explained simply as “the study of harmony,” i.e. the study of chords in music. This 

definition is only related to our concept of harmonics in that the chord as a theorem 

represents one of the many special cases of general harmonics (cf. §40). Only in the 

Schweizer Lexikon have I found the entry on “Harmonics” conceived speculatively with 

reference to A. v. Thimus and my works (E. von der Nüll’s work mentioned there has 

nothing to do with harmonics in our sense!). Harmonics is defined there as a 

“metaphysical rationalism” – not a bad definition, if one knows from one’s own 

experience how hard it is to describe with a few words a discipline that is in the process 

of rebirth. But this definition is too narrow and dictated by the difficulty, understandable 

in itself, of classifying harmonics purely in terms of the history of philosophy. 

 4. Because harmonics, as I have attempted to reawaken and reestablish it in my 

thirty years of work on the basis of Pythagorean sources (see the summary of my works, 

p. 000), is not simply a philosophical speculation in the sense of a “metaphysical 

rationalism.” It is founded upon three pillars: 

 a) upon scientifically testable conditions. These are the harmonic theorems of 

tone-number, psychophysical realities that we can prove in nature and in our psyche. The 

disposition of this book follows them. Thus far is harmonics a science. 

 b) upon a progression of correspondences. These correspondences, however, do 

not move in a series of vague analogies. They can be traced back to the harmonic 

theorems, and through this they are verified. This way of thinking and studying is no 

longer merely scientific, but proceeds in a field of connections between material, psychic, 

and spiritual forms which, without reference to the harmonic theorem, appear to have 

nothing to do with one another. Thus far is harmonics a study of correspondences. 

 c) upon a system of value-forms which achieve symbolic character, grasped 

autonomously but confirmed through theorems and made universal in their meaning 



through correspondences. Even individual theorems, and even more so the value-forms, 

can become harmonic symbols. Their actual domain is that of metaphysical, religious, 

and mythological Gestalts. Thus far is harmonics symbolism. 

 5. If I nevertheless believed myself entitled to call harmonics a new philosophical 

orientation, it was only in view of the renewal of the original concept of “philosophia,” as 

I defined it in brackets under point 1. 

 6. Every major harmonic work, with its tone-number descriptions, tables, 

formulae, and diagrams, initially gives the impression that at the least one requires a great 

understanding of music theory and mathematics in order to understand it. This 

assumption is incorrect. To understand the most important harmonic fundamentals it is 

enough to know the multiplication table and a few basic geometric and musical concepts 

– these latter are explained elementarily for those who know nothing of them. In any 

case, the reader must work along with the book, i.e. diligently draw the diagrams with a 

pencil and ruler, continually work out the tables himself with their simple tones and 

numbers, and try to hear the tones himself on the monochord; otherwise he risks having 

the optical and acoustic apparatus that is fundamental for understanding pass him by. But 

if he makes this effort, he will soon see that the apparent complication of the tables, 

drawings, and diagrams is resolved into a few very simple facts. Besides, precisely this 

working along, rather than simply reading and following intellectually, creates those 

foundations from which the harmonic image concepts can begin to come alive in the 

psyche. 

 7. For the understanding of harmonic fundamentals, then, a standard secondary 

school education suffices. These fundamentals are, in any case, dealt with in as 

elementary a manner as possible in the early chapters of this book. If the fundamentals 

then spread out into the most varied domains of knowledge, and reference is sometimes 

made to more difficult things, that is requisite for a foundation of harmonics in those 

domains and applies to details of the disciplines in question. This “ektypics” does not 

itself affect the fundamentals, and the reader who lacks the relevant specialized 

knowledge should accept them as far as he understands them, but leave them out when he 

can no longer follow along. He will still find enough to encourage his own contemplation 

and study. 

 8. Those who encounter harmonics for the first time in the present work are 

advised, although this is not entirely essential, to look at Akróasis, which was written 

after the completion of this book and published in 1946 (Basel: Verlag Benno Schwabe; 

authorized reprint, Gerd Hatje Verlag, Stuttgart, 1947). In that short book I attempted to 

give a brief, concentrated illustration of harmonic research up to now. In the present 

“Textbook” it is perhaps best to read the Introduction after this Foreword, then §51, the 

Dialogue on Tolerance, in which an attempt is made to negotiate a universal harmonic 

“equilibrium.” Readers interested in specific topics, e.g. mythology and symbolism, 

should perhaps read §54 (Harmonic Cosmogony) after the Introduction, and then study 

the fundamentals from §1 onwards. Philologists and historians might prefer to start with 

§55 (Summary of a History of Harmonics), and then, if there appears to be “something 

there,” to bite into the sour apple of specialized harmonic study. Here the Index is 

especially helpful, since its terms synthetically unify the same topic often discussed 

variously in the individual chapters, besides directly explaining some specialized terms or 

indicating  the passages where they are explained. 



 9. The musically versed reader should not confuse the concept of the “study of 

harmony” with “harmonics.” The latter does indeed use certain elementary expressions of 

the former, but otherwise goes entirely its own way, and in the process must incorporate 

many concepts that have nothing to do with the musical study of harmony. In a further 

sense, music is merely a special case, albeit the most important, of the artistic side of 

harmonics. In addition to music, there is a harmonics of the most varied sciences, a 

harmonics of philosophy, a harmonics of religious symbolism, etc., and all these special 

harmonic domains are unified by harmonics itself as an autonomous study, carrying its 

justification within itself. The following Introduction will explain what this autonomous 

study is believed to be, and what its character is. 

 10. Those who know my earlier harmonic works will notice the greater breadth 

and the comparatively broader foundation of the religious-symbolic elements in this 

book. This is not the result of a change of view. If the insights I have obtained from 

editing the 13-volume collection Der Dom, Bücher deutscher Mystik (Inselverlag, 

Leipzig, 1918-) also offer the possibility of illuminating harmonic problems 

correspondingly, nonetheless it lies in the nature of harmonic symbolism itself, by means 

of its akróatic image concepts, to arrive again and again, often involuntarily, at the 

deepest matters of thinking, willing, and feeling. Since harmonic analysis can find a 

surprisingly simple interpretation for many symbols from the oldest religions, 

mythologies, and cosmologies, we keep a close eye on the relevant historical sources. To 

foist on myself a new foundation for religion, or to pontificate about matters of religious 

belief, is not the intent of the sections in question; each reader can draw from their 

contents conclusions agreeable to his thinking. 

 11. In looking through this book, some readers will be disconcerted by the 

hundreds of quotations and references from the manifold domains of knowledge, in short 

with the apparent accumulation of a vast quantity of stuff. Precisely in this regard, the 

reader is entreated not to let himself be deceived. One can easily cram knowledge without 

measure into one’s head, spit it out again in the form of books, and still remain a fool. 

The extreme diversity of material treated by harmonics automatically yields a diversity of 

the literature quoted and discussed in it. But every scholar will immediately see that 

despite the apparent wealth, there are great, often hardly forgivable shortcomings in the 

handling of the specific domains in question, as well as in literary references. Here I can 

only excuse myself through the fact that this work was written in the countryside during 

the war years, 1942-1944; therefore I relied mainly on my notes from earlier years and 

my own library. It will not be hard for a mathematician, astronomer, philosopher, literary 

historian, mythologist, architect, etc., to fill in what is missing from his own specialized 

knowledge. As for the universality to which every harmonic method of research 

ineluctably leads, the reader is invited to read what is said about this in §29.1. 

 12. The touching on so many disciplines could further give the impression that it 

is the main intent of harmonics to meddle without authority in the domains of other 

sciences. Nothing could be further than the truth, simply because every harmonist, 

through his work, is first called to exercise precision and exactitude, and only then set 

free to meditate; thus he must have the greatest respect for specialization, in the good 

sense of the word. Finally his science, harmonics, is also fundamentally a discipline 

which must be learned and studied like any other. And if harmonics looks around in 

every possible direction to support its views, if it uses various disciplines to support its 



insights, occasionally expressing opposing viewpoints – well, every science does that, 

and without that there would be no science, let alone philosophy. 

 13. From the specialized philosophical side, harmonics has been reproached for 

not caring about the “continuity” of the development of philosophy since Plato and 

Aristotle. It is true that the Pythagorean approach to tone-number, and the forms and laws 

that are given by this, offer modern harmonists a wealth of autonomous possibilities for 

research, which can exist very well by themselves outside the development of philosophy 

up until now. If specialized philosophy has neglected the possibility of this Pythagorean 

approach or left to the exact sciences its “material” evaluation (derivation of the 

qualitative of the tone-ratios from the quantitative of the number-ratios), that that is its 

own problem. But to try to conclude from this that modern harmonics does not care 

about, belittles, or overlooks the great philosophical achievements as realized in the 

systems of their propounding geniuses, that violates not only sound “harmonious” 

understanding but above all the tolerance, the respect for every effort, and the quiet 

listening to all that exists, to which every harmonist is accustomed and trained in the 

course of his work. Our motto here is “suum cuique” = to each his own! Let us till our 

ground as we feel is good and right; in any case we will look ungrudgingly and with great 

sympathy upon the fields and meadows that fruit and flower around us! 

 14. The tools of the harmonist include pencil, colored pencils, black ink and a few 

colored inks, a ruler, a square, an accurate compass, a protractor, lots of paper, especially 

millimeter paper and simple squared paper, and, most importantly, a monochord. As §1 

shows, one can easily build this oneself, or have one built. To have this done will cost 

less than the average violin, which anyone who wants to learn the violin has to buy. 

 15. Harmonics concerns the inner development of the harmonic researcher as a 

self-sufficient and individually validated personality. We stand facing the inevitable 

destiny of ever more overpowering collectivisms. The demands made on the individual 

by a profession, his duties to society, the ever growing difficulty of quiet self-reflection 

amidst the din of modern times, will require strong counterweights lest unfettered 

depersonalization drive humanity into a universal ant-like existence. One of these 

counterweights can be the silent work of the harmonist for himself, without any 

aspiration to the outside. Just a small room, a table, a chair, and a monochord within 

reach: here, sinking oneself in harmonic problems, meditating upon the diagrams and 

tables one has drawn, each fine and subtle tone of the scales, chords, melodies, and 

rhythms – those who are called to this will become creators of a music without notes, 

which is sheer anachronism in contrast to the greater part of our so-called modern music! 

All this imparts, to those who know how to “hear,” a harmonic state of soul and spirit that 

will automatically affect the conduct of the entire personality in his professional and 

outward life. There can be harmonists in all professions, classes, countries, and peoples. 

They would hold no conventions, found no orders, choose no presidents, build no 

temples, hardly become apparent outwardly, and exchange their viewpoints and works 

only among themselves, in free unification. And since they would have learned to “hear,” 

they would also know to “speak” at the right time and place, i.e. they would try to radiate 

the atmosphere of their mentality as far as possible. Harmonics thus understood as a self-

orientation of modern people, pressured from all sides, is not a flight from reality, but an 

immersion in it, a listening into reality and the nature of things (see H. Augustin: “Von 

der Anhörung der Welt” in Schweizer Rundschau, Jan. 1947). Anyone who has worked 



harmonically in this way knows that a clean and pure breeze blows within “akróasis” that 

he can breathe freely, and that humanity, tolerance, and respect is the great three-pointed 

star that he gains in his work. 

 16. This book is arranged so as to treat the realm of harmonic material 

successively, following the evolution of the theorems. It will be seen that most things 

cannot initially be exhaustively worked through, and must be taken up later from 

different viewpoints. For example, the theorem of “enharmonics” appears in the 

following ways: (1) as definition §20.2; (2) in the handling of the enharmonic scale, 

§39.4; (3) in the interval powers and constants §45; and finally, (4) as an independent 

section, §48. It is similar for many other theorems, concepts, etc., and for this the Index is 

useful and indispensable as a summarizing thread. Especially sections I through V of the 

Introduction are mutually completed through §55 (Summary of a History of Harmonics). 

 17. The reason why my own works are predominantly cited in the bibliographies 

at the end of each chapter is that many problems have been dealt with there and discussed 

much more exhaustively than is possible in this textbook. Furthermore, these earlier 

writings are the only harmonic works accessible today, besides Kepler’s Harmonice 

Mundi and A. v. Thimus’s Harmonikale Symbolik. Also, it will make it easier for the 

reader if my complete harmonic works up to now are unified through this “retrospection” 

to them (see their enumeration on p. 000), and this all the more since the books Vom 

Klang der Welt, Abhandlungen, and Grundriß do not have indexes. Obtaining my other 

works (especially Abhandlungen, Grundriß, Harmonia Plantarum, and Akróasis, which 

was written after the completion of this textbook – the remaining stock of Hörende 

Mensch was burned in an air attack on Leipzig) is admittedly not absolutely essential for 

the understanding of this textbook, but will undoubtedly make the study of harmonics 

easier as a whole, and will broaden and deepen its understanding. 

 18. At the conclusion of this foreword I would like to thank all those who made 

possible the creation and publication of this book: the publisher, who took the risk of 

such a publication for purely idealistic reasons, the generous donor who made the 

printing possible, the friends who stood by me most disinterestedly in word and deed, my 

dear wife Clara, née Ruda, who took on the difficult and painstaking copying, and above 

all those friends and helpers who wish to remain unnamed, who made possible a year of 

quiet study in this island of peace, surrounded by the most terrible inferno in history. 

 

Near Bern 

at the sixth wartime Christmas 1944 

 

Hans Kayser 

 

(revised 1949) 

 

 

 

 



INTRODUCTION 

 

AKRÓASIS 

OR 

LISTENING 

 

I. 

 

Judaea 

In Genesis, the actual acts of creation from the tohuwabohu of the primordial waters 

begin with the words: “And God said: Let there be light ... And God said: Let there be a 

firmament in the midst of the waters ... And God said: Let the waters under the heavens 

be gathered together into one place, and let the dry land appear ... And God said: Let 

there be lights in the firmament of the heavens ... And God said: Let the waters bring 

forth swarms of living creatures, and let birds fly above the earth ... And God said: Let 

the earth bring forth living creatures ... And God said: Let us make man in our image ...”1 

And it was so! Thus, the act of creation, the work of six days, is fulfilled here in lapidary 

upbeats, through the accomplishment of speech, the word, and therefore through the tonal 

medium.  

 Psalm 19 begins with the verses: “The heavens are telling the glory of God; and 

the firmament proclaims his handiwork. Day to day pours forth speech, and night to night 

declares knowledge. There is no speech, nor are there words; their voice is not heard; yet 

their voice2 goes out through all the earth, and their words to the end of the world.” To 

tell, say, inform, sound, speak – all these acoustica, psychically intensified through the 

antitheses “without speech, without words, with an inaudible voice,” through this secret 

harmonia apharès = inaudible harmony of the Pythagoreans:3 who could overlook the 

preponderance of the acoustic-harmonic that pervades the entire Old Testament like an 

“inaudible voice”? The Jewish philosophy of religion is well aware of this. Ben Joseph4 

writes: “Jewish logic is acoustic, not intuitive. Jewish thought is predominantly an inner 

speech, words in the heart, Debarim sche be leb, which intelligence perceives and judges. 

In the language of the Bible it reads, instead of ‘I think, I have thought’: ‘I speak, I have 

spoken in my heart.’” Thus singing, here as everywhere in ancient religions up until 

Christianity, has not only accidental but substantial significance in the sense of a strong 

emotion, an aspiration of the soul towards God. In the Zohar, the core book of the 

Kabbalah, which preserves ancient traditions of Judaic mysticism, we find a wonderful 

passage on “the praise songs of the angels”:5 “In the hour of the setting of the sun, it 

happened that those cherubim who had lingered at those places and had their place in the 

‘sign,’ flapped their wings and spread them and the music of their wings was heard in the 

highest rows. Then those angels who sang the songs of praise at night began to vocalize, 

so that the glorification of the all-holy rose up from below … And in the second vigil, 

these cherubim beat their wings upwards again, so that the music of their wings was 

heard. Then those angels who held the second vigil began to sing … and in the third vigil, 

those cherubim flapped their wings again and the angels sang: Hallelujah, sing praises, 

your servants of Jehovah, praise the name of Jehovah … thus sang all the angels who 

held the third vigil, and all the planets and stars in the heavens began to sing.” But this 

“singing” has its origin in the acoustic articulation, which intelligence correspondingly 



pervades. The same Zohar6 reads: “‘The intelligent workers will illuminate’ (those are 

consonants and vowels) ‘like the light’ (that is the melody) ‘of the firmament’ (that is the 

expansion of the melody: how they all spread themselves in the melody and flow into it) 

‘and give justice to many’ (those are the pauses of the tones in their continuation through 

which the word is heard).”  

 Before the actual acts of creation at the beginning of Genesis, which are 

introduced by the repeated phrase “and God said,” it reads:7 “And the breath (ruach) of 

God floated over the waters.” Luther translates ruach with “spirit.” In the Zohar,8 

however, it reads: “‘But Ruach’ is the great voice, which rules over the Bohu and grasps 

it and leads where it is needed. This secret is spoken in the words: ‘The voice of Jehovah 

is over the waters,’ in the same sense as in the sentence: ‘The spirit of God broods over 

the waters’.” Furthermore:9 “The world was made one through the word and through the 

breath. As it reads: ‘The heavens were made through the word of Jehovah, through the 

breath of His mouth all their multitudes’.”10 It is well known how the meaning of the 

“word” at the beginning of St. John’s Gospel ascends to the concept of the “Logos,” in 

which “word” is unified with “spirit,” i.e. the acoustic with the metaphysical principle, 

whereby the Logos is identified with Christ. 

 

Babylon 

In Babylonian mythology there is an ancient Sumerian hymn, a lamentation addressed to 

the destroyer god Ellil, reminiscent of the “curse songs” enduring right into the Middle 

Ages.11 Bruno Meißner12 introduces this hymn as follows: “Remarkably enough, the 

means by which Ellil brings forth all these disastrous effects is above all his word. 

Similarly to the way the Logos is omnipotent in the Jewish-Alexandrian philosophy, here 

Ellil’s word is omnipotent. Later other gods also stepped up to this position, especially 

Marduk, thus also in the following song, whose surviving form is recent but whose later 

interpolations can mostly be easily removed: ‘The word, the above / makes the heavens 

tremble; the word, the below / makes the earth waver; the word that makes the Annunaki 

/ nothing. His word has no seer / has no indicator; his word is a rising tidal wave / that 

has no opponent. His word makes the heavens tremble / makes the earth waver; his word 

wipes away mother and daughter / as one wipes off a rush mat.’ These hymns were 

accompanied by temple music, performed in an artistic fashion. As we saw already, two 

choirs commonly stood across from one another, alternating in song and antiphony.” 

Naturally these choirs sang not only songs of conjuration like the one above, but also 

predominantly hymns of praise and thanks to the gods. 

 

Persia 

In the ancient Persian rites of the Avesta the idea of the “word” often changes into the 

more concrete idea of the “name.” Zarathustra asks the creator Ahura-mazda in the 

Khorda-Avesta:13 “What is ... the most triumphant, the most powerful, the most majestic 

..., what of the whole world, endowed with bodies, is that which purifies the inside the 

most? To this answered Ahura-mazda: That is our names ... O holy Zarathustra ... the 

most powerful, most triumphant, etc.” And to Zarathustra’s further question, what are 

these names, Ahura-mazda refers to twenty qualities, such as purity, understanding, 

wisdom, etc., and calls upon him to “retain and utter these names, day and night, sitting 

and standing.” In another passage, however, Ormuzd says to Zarathustra: “Proclaiming 



the word, you should give me back my initial position, which was all light...”:14 “Speak, 

O Zoroaster, my pure word, if language deserts you and you are without hope. Whoever 

speaks the pure word in my domain, the world, and sings it in proper form with the high 

voice of harmony, his soul shall soar freely into the heavenly realms; I, Ormuzd, will 

make the bridge three times wider for him; he will be heavenly, celestially pure, and will 

shine.”15  

 A fine scholar of this ancient mythology,16 almost forgotten today, writes on this: 

“Zoroaster thinks of the act of creation as mediated not simply through the speech of the 

great deity, as happens in other sensorily perceiving circles of belief, although this speech 

with his idea of the great deity as great space is wonderful enough, but instead he thinks 

of the enunciated creative word as an independent, spiritual and divine being, like the 

other primordial elements, which is an even stranger idea. This creator-word, honover, 

appears often in the Zend writings, and is applied equally to the other divine beings. 

According to the Yacna it was before all remaining created beings: ‘The pure, holy, fast-

working word (honover), O Zoroaster, was before the heavens, before the water, before 

the earth, before the hearths, before the trees, before the fire [!], Ormuzd’s son, before the 

pure people, before the Dews [demons] , before the entire existing world, before all that 

is good, all pure kernels created by Ormuzd.’ It is called, like the primal lights, ‘existing 

for itself, independently created’ and has, like Ormuzd, a spirit and a light-radiating 

body.” Surely this idea, considering the Avesta as a religion of light (fire cult, etc.) is 

“wondrous” and “strange” enough, as E. Röth writes. But when we grasp the entire depth 

of this “word” as a central akróatic concept, then we know that in this acousticon the 

“sound of the world” comes to expression, as it does everywhere in the ancient religions 

and mythologies. Likewise the Biblical “word of God” must also be understood not 

literally, but in the sense of a pervading akróasis. 

 

India 

In the Indian esoteric doctrine of the Upanishads and related circles, we find a 

metaphysical acousticon related to the Persian “honover” in the holy syllable “Om.” Here 

Prajapati, the creator god of the Brahmanas, instructs the other gods about Atman and the 

Om sound:17 “The gods spoke to Prajapati: Instruct us, O exalted one, about this Atman 

as the Om sound! [Prajapati answers:] But this universe never exists, only the Atman 

resting in its own majesty, unlimited, unique, self-observing, self-illuminating.18 You 

yourselves are it [Atman], I say. If it were seen by you, then you will not know the 

Atman, because it is the self, not the other. Because the Atman is without worldly 

adherence. Thus you are it, and the light with which you illuminate is your own ... Thus 

although you do not see the Atman, you should observe it [i.e. hear inwardly] through the 

word Om. This is the truth, that is the Atman, that is the Brahman, because the Brahman 

is the Atman. Yes, it is not to be doubted: Om is the reality; that is what the sages see. 

Yes, this toneless, feelingless, formless, etc. ... is what the Upanishads teach as nobly 

illuminating, glowing in unity, nobly illuminating before this whole world, timeless. See, 

I am it, and it is I!” And at another point (op. cit. fol. 226) it reads: 

 

“Know the holy call [Om] as God, 

Who thrones in all hearts; 

The wise one who knows the Om sound 



As all-pervading, will not be sad. 

Of infinite divisions and undivided, 

It is the blissful repose of duality; 

He who knows the Om sound as such 

Is a Muni [silent observer], and no other.” 

 

It is also very remarkable here that within a clearly optical context of observing, self-

illuminating, glowing, seeing, the acousticon of the Om sound suddenly appears as 

something that bypasses all other discursive and meditative means of perception as a 

direct way to the Atman (Brahman), and indeed is explained simply as “reality.” From 

akróasis, however, we understand this holy syllable Om (actually AUM) as the highest 

concentration and abstraction of the spoken enunciation; in its murmuring, he who prays 

and meditates discerns the sound of the world, just as the Parsee does in the calling and 

honoring of the “creator word.” 

 

Egypt 

In the Egyptian cycle of myths, the first creator Kneph –the original, immortal god, the 

spiritual principle corresponding to the Greek Zeus, according to Plutarch19 – breathes the 

cosmic egg from his mouth, from which emerges Ptah, the second creator, the arranger, 

the artful.20 “He [Ptah] created all gods, Atum and his divinity – truly, every divine word 

appears through the thought of the heart and the mandate of the tongue ... He became the 

tongue, and he became the heart as part of Atum.”21 The highest spiritual principle Kneph 

breathes the cosmic egg from his mouth; Ptah, the demiurge, emerges from it, being the 

actual former and arranger whose tongue speaks the divine word; and thus is the world 

first articulated!  

 In the legend of Memnon, the akróatic element works in a far wider sphere. 

Admittedly, it tends strongly towards Greek mythology, for the Egyptian mythological 

sources are sparse here, being concentrated in the Colossus of Memnon which survives to 

this day. Around this there grew the well-known legends of a secret identity of tone and 

light. But this is made accessible through Greek sources, which refer expressly to 

Egyptian origins.22 All of the Near East had so-called Memnonia = Memnon shrines. Of 

two it is reported: “And in Meroë and Memphis sacrifices are made to him (Memnon) by 

the Egyptians and Ethiopians at the time when the Sun sends forth its first rays, through 

which the image lets a voice sound with which it greets its worshippers.” Today in 

Thebes the so-called “Columns of Memnon,” the two weathered colossi of Amenhotep 

III (1400 B.C.), still guard his vanished mortuary temple, one of the greatest and noblest 

works of art that Egypt ever created. They were originally over 20 meters high and (as 

shown by the graffiti on their bases) were visited around the time of Christ by many 

Greek and Roman travelers who wanted to hear the wonderful voice, which one of these 

colossi in particular gave forth every morning at sunrise. Physically, this is explained by 

the fact that the monoliths, made of a hard conglomerate of pebbles, acquired cracks 

through sudden changes in temperature, and these gave rise to a sound –a phenomenon 

that was lost through later restoration.  

 The spiritual akróatic content of the Memnon legend is more important for us than 

this deliberate or fortuitous sensory acousticon of a monument. The elements of this myth 

are light and color, tone and song, water-stream and time-flow, auspicy and plumage, 



celebration of joy and sorrow, and tombs built on the banks of the rivers. All these 

elements are harmonic through and through. Light and color blend in the “harmony of the 

spheres” into a unified concept; tone and song are added to this when the priests sing of 

the planetary gods, and Memnon, the spirit of light, is greeted with psalms at sunrise. 

Water-stream and time-flow refer to the eternal melody of events; in auspicy and 

plumage we remember the beating of the wings of the singing angels in the Zohar, the 

personification of the toning spheres through the Sirens, the mythos of the singing swan; 

celebration of joy and sorrow have their expressive basis in the two prototypes major and 

minor, whose chords every ancient Egyptian harp could bring forth, and the tombs on the 

banks of the rivers indicate a connection between the Memnon legend and the flowing on 

of rhythmical waves. All these typical harmonic indicators gather in the very rich 

mythology of Memnon like points on the circumference around the center, the gestalt of 

Memnon himself. “And as Titan rose up, forging through the ether with his white horses, 

and as he reached his eventide goal of the Hours, Memnon simultaneously, touched by 

the rays, opened his clear-toning voice” – thus wrote a poet of his impression of image 

and legend in the hard stone of the Memnon column. 

 

China 

In the 3rd century B.C., a wealthy Chinese businessman and patron called Lü Pu We 

commissioned from savants an encyclopedia of the knowledge of his time: Spring and 

Autumn of Lü Pu We.23 In this oldest extant Chinese work, which contains a music theory 

strongly pervaded by number-harmonic elements, we read: “The origins of music go a 

long way back. It emerges from measure and is rooted in the great One. The great one 

generates the two poles [1/n ← 1/1 → n/1]; the two poles generate the power of darkness 

and light. The power of the opaque and the light changes; the one rises up to the heights, 

the other sinks down to the depths; they unite and build bodies, surging and undulating. If 

they are separated, they unite again; if they are united, they separate again. That is the 

eternal progression of the heavens. Heaven and earth are held in a cycle ... all beings have 

their origin in the great One; that through which they build and perfect themselves is the 

duality of darkness and light. As soon as the kernels begin to agitate, they coagulate into 

a form. The bodily form is within the world of space, and all spatial things have a sound. 

Harmony emerges from their concord. Harmony and concord are the roots from which 

the music appeared that the old kings wrote down. When the world is at peace, when all 

things are at peace and all in their transformations follow their superiors, then music will 

perfect itself. Perfect music has its causes. When desires and passions do not go along 

false paths, then music is perfected. Perfect music has its origins. It emerges from 

equilibrium. Equilibrium emerges from the right, the right emerges from the meaning of 

the universe (Tao). Thus one can only talk about music with someone who has known the 

meaning of the universe. Fallen nations and people ripe for decline do not dispense with 

music, but their music is not serene ... the great music is something in which prince and 

official, father and son, old and young, delight. Joy comes from inner equilibrium; inner 

equilibrium comes from meaning (Tao). What one calls ‘meaning’ (Tao), is something at 

which one looks without seeing it, one listens without hearing it, one cannot perceive it 

physically. Whoever sees the incommunicable, hears the inaudible, knows the form of the 

formless, approaches true knowledge.” In the speeches and parables of the Taoists 

Chuang Tzu and Lao Tzu24 one can read the wonderful allegories and myths about the 



universal meaning of “music,” which in the sense of akróasis belong to the deepest and 

most beautiful writings about this art – no less than two and a half millennia ago!  

 

Polynesia 

Our short summary of non-European peoples and their attitude toward the acoustic and 

tonal in a broad sense would be incomplete, were we not to think of a race whose entire 

feeling and thought is directly pervaded by the akróatic way of thinking: the Polynesians. 

We have E. Reche’s book, Tangaloa,25 to thank for an elucidation of this. Reche, 

apparently a Marine officer, was able to study the thoughts and psyches of the natives at a 

time when the plague of European colonization had not yet destroyed everything. The 

entire psychic life of these people is based on two concepts of image and hearing: 

“Moana,” the blue without surface, the infinitude without reality, the sea – and “Langi,” 

singing, creation, the ungraspable stream of eternity. Reche writes: “But is there then a 

seeing, which is nothing other than time? His [the ‘Tangata’s’] color-eye leaves him here, 

he turns to the ear – talinga (the answering, that which answers to the vibration of the 

world). There the waves roar, the winds sigh, the storm sings its wild song, and then 

again in the later silence of the sea, the entire world is silent around him ... Music is the 

world – it is singing – langi – singing, creation, cosmos. There he has the word. The all, 

the heavens are langi and the earth is laloangi, the singing below ... but then does the 

whole world sing, do all things sing? The world is also silent? Is there a song to be heard, 

then, in the stillness of the sea and the silence of the forest? ‘Yes,’ says the Tangata, 

‘every silence also has its world of tones – but you cannot casually listen in (fa alongo = 

to hear, literally: to make an answer), you must listen keenly with your innermost ear’ (fa 

alolongo = doubled hearing = silence). ‘Then, Tangata,’ I say, ‘sing me a song in 

harmony with the tones that you take from the foaming of the waves, the thunder of the 

surf, the rustling of the leaves – but also sing me a song on the accompanying harp of 

silence! Then I will know whether you really hear something.’ And there stands a flower-

decked host of girls on the beach before the fuming surf of the lagoon reef, and I ask 

them, who are always happy to sing, to sing me a song. The song begins – every throat 

instantly has exactly the same tone. Where did they find it, where did they grasp the beat? 

And how wonderful this song is! What is its charm? I still feel it now: It is the harmony 

of the environment, the voice of the surf, over which the tones of the song glide. And I 

wander further along the shore, and again I meet a group of Samoan girls. ‘E fua, langi ia 

le pese lelei o le na ou fa alongo anamuna!’ (Hey! Flowers! [young girls are addressed 

thus] Sing me the most beautiful song that I have ever heard) I call to them. They all 

laugh, and one walks forward, shakes her flower-bedecked head and says: ‘E lemafafali i 

matou’ (we can’t do that). And now I learn that they all know the song very well, but do 

not want to sing it at this place, no, they claim, they can’t sing it. And finally I find out 

that at this point on the coast the surf roars differently and crashes upon the reef with 

different intervals. The accompaniment in not in tune with the song – and disharmony is a 

moral offense ... and love? When the hearts of a boy and girl find each other, they both 

know it well, but the boy may not ask. One day the girl says to him in a holy hour: ‘Ua se 

langi i lou loto’ (there is a song in me). Then he knows that he is the song in her heart.”26 

 

II. 

 



Orpheus 

One of the gates through which the akróatic way  of thinking entered European culture – 

if we must or may not assume an autochthonic emergence – is the gestalt and myth of 

Orpheus. According to Greek legend, Orpheus, the son of Apollo and the Muse Calliope, 

could tame the wildest animals and affect even trees and stones through the power of his 

singing and string playing. After the death of his beloved wife Eurydice, he descended to 

the underworld and charmed its dark ruler with his music. Hades gave Eurydice back to 

him on condition that Orpheus could not look back until they had both reentered the 

upper world. But Orpheus disobeyed the rule and lost his wife forever. Later, when he 

opposed the wild orgiastic cult of Dionysus, he was torn apart by the raging Maenads. It 

is a deep understanding of this legend that the bringer of measure and harmony, the 

charmer of the world through song and tone, meets his end through unfettered chthonic 

forces. The legend tells further that Orpheus took part in the voyage of the Argonauts. In 

a poem Orpheus the Argonaut,27 that appeared later but faithfully preserves ancient 

traditions, we find the lovely passage: 

 

But when I myself took up the resonant lyre after them, 

There flowed from my throat no longer the melodious antiphon. 

First the dark song of how the primordial chaos 

Lost itself in natures, and the bounding heaven closed it in; 

Then the birth of the spreading earth, and the depth of the sea; 

Also the most high, wise, and self-perfecting Eros, 

How all that he generates separates from itself;  

Also destructive Chronos, and how to the thunderer Zeus 

Came the king’s might of the immortal holy gods. 

Then I sang the birth and separation of the younger gods; 

First Brimos, then the giants, and Bacchos’s gruesome deeds; 

Also the destruction of generations of  impotent mankind 

My mouth celebrated; and the voice rang through the narrow crevices, 

While the hollow lyre intoned sweet whispering. 

And it fled to the peaks of the mountains and the wooded valleys  

Of Pelion, indeed the singing echoed through the high oak thickets, 

And the uprooted oaks in their advance headed for the vestibule, 

The rocks also cracked here, and tearing wild, by the melody 

Allured before the cavern, remained there shyly lingering; 

Also birds of prey circled round the horse stalls of Cheiron 

With neglectful wings, and forgot their own nests.” 

 

This is the Orpheus of legend. Much more important, however, is Orphism as mythos and 

religious attitude. The myth of the cosmic egg mentioned above plays an important role 

in the Orphic cosmogony. Both in this28 and in many other myths of the Orphic 

cosmogony29 there are close connections with concrete harmonic theorems; and we 

gather that shortly after the influx of Orphic ideas into Greek culture, Pythagoras and his 

followers adhered most strongly to Orphism. Indeed, most so-called “Orphica” that have 

been handed down, especially the fragments of the great didactic poem, the “Holy 

Legend,” are attributed to Pythagoras or his school, though they contain many ancient 



things from long before Pythagoras (stanzas from this follow directly). The Orphic sects, 

especially in Attica and lower Italy, were fundamentally alien to the pleasure-loving 

Greek culture. They fostered abstemiousness in various ways, and taught that beside a 

world of good there was also a world of evil, but that after rebirths, the human soul would 

finally purify itself to the light in immortality. These ideas of an engulfing entanglement 

in earthly things, and that the soul is immortal, make Orphism the complete opposite of 

the Homeric circle of ideas.30  

 I now give a few samples from the Orphic tradition, which Eduard Röth31 has 

collected and translated with great diligence and effort. Röth gathers the fragments under 

the title “Heilige Sage” [holy legend - Tr.] (“Orpheus, as he sang the truly holy legend – 

hieros logos,” says Clement of Alexandria in Protrept. ch. VII, in the course of a longer 

quotation); he  comments on them exhaustively, and holds the opinion that the poem of 

Pythagoras was composed on the basis of Egyptian sources: 

 

Youths, listen with awe to all that follows. 

I shall now sing to the initiates. 

Close the doors to the profane! 

Hear us, exalted number, 

You who beget gods and men! 

Leto’s son, O Lord, far-radiating strong illuminator, 

All-seeing scout, ruler of gods and men, 

Helios, who floats exaltedly upon golden wings: 

I heard this proclamation descending from Heaven from thee, 

And I heard thy utterance,  

Of this I call thee, Lord, to witness! 

 

There is one power, one God, the mighty origin of the Universe; 

He is One, source of himself. 

From the One stems all that is created. 

He manifests therein, 

For no mortals are capable of looking at 

Him himself; 

He is hidden in darkness 

And we mortals have only weak mortal eyes, 

Too weak to see him, 

The God who governs all. 

For on the high vaults of heaven he has set 

His golden throne 

And the earth lies at his feet. 

 

Spirit, unerring and exalted, is the everlasting ether. 

Ether and gaping space, infinite on all sides, 

Through all of which he hears and perceives; 

Because there is no speech, there is no tone, 

No noise, there is no rumor even, 

That escapes the ears of Zeus. 



 

He [Zeus] surrounds the Universe with unending ether 

And puts the heavens in its midst;   

In it the mighty Earth 

With the sea and all the wonders 

That the heavens enclose; 

Thus he surrounds the All with an indissoluble bond 

And he ordains the golden chain of the ether; 

So that everything exists as one, 

And yet separate. 

The sacred primordial number [Tetraktys] goes 

Out from the depths of unity, the unadulterated, 

Until it arrives at the sacred four. 

 

The actual harmonic content of this lavishly poetic Orphic fragment, only the beginning 

of which is quoted here, will become known to the reader in the course of this book. 

Thence comes the emphasis on the “one who is hidden in darkness” (0/0 or 1/1) as the 

“mighty origin of the universe”; the “sacred primordial number,” the Tetraktys 6-8-9-12, 

in which the three proportions (arithmetic, harmonic, and geometric) are concealed, from 

which, from the Pythagorean viewpoint, the construction of the world and its forms 

emerge; the “golden chain,” which we identify with the “generator-tone line”: “so that 

everything exists as one, and yet separate.” I thought it necessary at this point to offer a 

sample of this much-disputed Orphica,32 to give the reader an idea of the peculiarly 

archaic timbre and the impressive formation of this poetry. We finally quote the 

following passage from the same Orphic fragments, just as deeply pessimistic and 

applicable to our times as to 2,500 years ago:33 

 

Truly, there are races of men loaded with curses, 

Burdens of the earth, embodied shades, living in total blindness, 

Equally incapable of seeing the approach of evil 

And timely repelling misfortune, 

As of turning the existing good toward themselves and using it correctly; 

Relying on good luck, unknowing and without caution. 

 

After this, we may marvel even more at the “nevertheless” with which Orphism strives 

toward the good, toward salvation and immortality, and likewise at the adoption of the 

concept of the cosmos in the Orphic circle of ideas through the Pythagoreans, who 

supported the entire theory “scientifically” by means of tone and number, and made it 

into a unified system of knowledge. 

 We shall discuss Pythagoras especially in section III, as far as the space of this 

Introduction allows. For now, we will take his name and his knowledge as given, and 

seek further akróatica within Greek culture. 

 

The Muses 

Next, we find the nine Muses. They are the sisters of Apollo, nine beautiful girls of 

whom little more is known than that they change everything they know into music. Thus 



they are a kind of sensory abstract embodiment of the “sound of the world.” André 

Bonnard34 has described them, faithfully to the sources, with incomparable charm: “Klio 

sings the past, the life, and the glory of cities and people that no longer exist. She is 

history. Euterpe, the double flute at her lips, charms shepherds, flocks, and wild beasts. 

She roves about with satyrs and sometimes leaves Apollo to follow Bacchus and the 

Maenads. Polyhymnia knows the oldest hymns, which are sung at the altars to honor the 

gods and which the priests store up in their memories. She also knows the elegies 

praising past heroes that are taught to youths. Melpomene has a solemn countenance. She 

tells of sorrow and death, the fate assigned to guilty and innocent alike. But from all the 

misery that affects people, she produces a noble song in the theater, which one listens to 

enchanted. She is the beauty of the poetry that liberates. She is the desire for the tragic. 

Terpsichore has the dance-devil in her belly. Erato knows the joys, the games, and the 

pains of the living. Kalliope adjusts her steps to the rhythm of human speech. She walks 

according to Homer’s verses, beats the rhythm to the sentences of Demosthenes. 

Harmony blooms on her lips. Urania has eyes like the sky and stars. She sings the paths 

of the constellations. She is the harmony of the spheres. Thalia, the last, is the most 

beautiful and the most mischievous; she is so amusing that one laughs for sheer delight. 

The wine of banquets goes to her head. She sings mocking songs about important 

personages and presumes to take various liberties on the comic stage against the 

established order, decorum, and the state.”  

 It is interesting to us that the passionate Virgil does not call on these entities, with 

their emphasis on sound, for help with poetry, but instead to impart knowledge of cosmic 

laws: 

 

But receive me, you friendly ones; I bear the sign 

Of your holy service, filled with fervent love, 

O Muses, and teach me to understand the paths of the heavenly lights, 

Also eclipses, and the Moon’s changing labors, 

And why the earth quakes, and the flow of the sea 

Spilling over the shores and always sinking back into itself, 

Or why on a winter’s day the Sun dives so timely 

Into the ocean; and what holds back the hesitant nights? 

But should a coldly hardened spirit around the heart 

Never grant me such secrets of sense and knowledge, 

I will gladly inhabit you woods and pastures, with clear streams running through, 

Happy and without renown! ... 

Happy is he who is able to know the origins of the world ...35 

 

The Muses are the sisters of Apollo, the god of music and the arts, of measure and 

harmony. Around Apollo and the Muses is grouped another series of mythological 

figures, whom in fact we can only sensibly categorize within the framework of a 

universal akróasis, e.g. the Sirens, the singing swan, the winged beings (angels!) and the 

dolphin. 

 

Sirens 



Originally, the Sirens were in no way the temptresses we know from the Odyssey. 

Maidens of wondrous beauty, gifted with most noble voices, they were cursed by Ceres, 

because as playmates of Proserpina they had allowed her to be abducted without hurrying 

to her aid. Now they lie in wait on beaches for passing ships, to trick and destroy them. 

Only Orpheus the Argonaut was able to redeem them. His song so charmed them that 

they jumped into the waters and turned into stones: 

 

So now I played my tune; and from the snowy rocks 

The Sirens appeared astonished, forgetting their own song. 

Some threw their flutes away, and others their lyres; 

Then they sighed heavily; because their grim fate came, 

Carrying their due death; and from the jagged slope of the cliff 

They leapt to the depths of the salt-eddying sea. 

In form and fearful image, they now appeared as rocks.36 

 

I interpret this mythos as the struggle between the divine world of sound (Orpheus) and 

the sensory earthly one (Sirens), and as the conquering of the latter by the former.  

 

The singing swan 

For Homer, the Sirens are beautifully singing birds with the faces and upper bodies of 

maidens. The element of feathers and wings reminds us of the actual “harmonic” magic 

bird: the singing swan, and indeed of the entire mythology of the winged gods, who 

accompany their wing-beats with singing and hymns. Swans are consecrated to Apollo. 

In his Birds Aristophanes writes: 

 

And swans voiced 

Songs and rejoiced loudly, 

Beating with their wings to praise Apollo, 

Resting on the banks, all along the flowing Hebros; 

And their song floated up to the ether above: 

Beasts of the forest listened and halted, 

Mirror-bright the waves rested flattened – 

All of Olympus resounded, 

Astonishment gripped the throne 

Of the gods, the Graces and the Muses 

Harmonized in jubilation!37 

 

The remarkable “singing” of swans is naturally somehow legitimized through their 

peculiarity as Apollo’s birds. But this interpretation appears to me to be secondary 

compared to a much more deeply founded harmonic interpretation, which refers to the 

Orphic world-egg38 and the bird types that hatch it (phoenix, roc, griffin, etc. in various 

mythologies). Also the winged Pegasus, on which Apollo, the god of the musical arts, 

flies into the sky, belongs in this category, as does the strange legend of the music-loving 

dolphin. 

 

Dolphin 



“The sea dogs of hurrying pace, tone-loving dolphins...”39 Hölderlin40 translates a verse 

from Pindar about the dolphin: “who in the waveless depths of the sea, moved by flutes,41 

adores song,” and makes the following insightful commentary: “The song of nature, in 

the weather of the Muses, when the clouds hang like flocks over the blossoms, and over 

the melting of golden flowers. At this time every being gives forth its tone, its 

faithfulness, the way that something holds together in itself. Only the difference of 

species, then, makes the separation in nature, so that song and pure voice is all the more 

the accent of need, or, on the other hand, speech. It is the waveless sea where the moving 

fish feels the pipe of Triton, the echo of growth in the coarse water-plants.” 

 

The harmony of the spheres 

The concept and world of ideas of the harmony of the spheres is common to almost all 

classical and preclassical peoples. We find in it the “cosmic” content of akróasis 

expressed in myths and legends and interwoven with the most diverse forms; but, more 

than that, specialized harmonic research since deepest antiquity repeatedly sought for 

concrete connections between the laws of tones and stars, until Kepler and modern 

harmonics were able to prove them. I will give a few examples so that one can “hear” a 

few of these mythological forms of the celestial world. Lucian writes: “Thus the lyre 

served Orpheus, its inventor, as the most eminent instrument of his clandestine worship; 

but this lyre, strung with seven strings, was to him a symbol that indicated the harmonies 

of the planets. With this secret science he charmed and mastered everything: his concern 

was not the lyre he had made himself, nor what one generally thinks of as music.”42 In 

the Orphic hymns, Helios Apollo is entreated: “You who guide the harmonic progression 

of everything with a golden lyre”; Pan is addressed as “playing under the stars / the 

harmonies of the world on a jesting flute”; and Apollo is sung to thus: “You guide the 

pole with your bright playing; now changing to the lowest string, now to the highest, and 

now completely harmonizing the pole in the Dorian mode” – the celestial pole, 

naturally.43 Franz Cumont44 found depictions of the Muses on seven Roman sarcophagi 

from the 1st to the 4th centuries, and comments on them as follows: “The sister goddesses 

who oversee the harmony of the spheres awaken in people’s hearts through music the 

passionate longing for those divine harmonies and the longing toward the heavens. At the 

same time the daughters of Mnemosyne recall to the intelligence the memory of the truths 

that it has known in an earlier life. They share their wisdom with it, the pledge of 

immortality. Thanks to them, thought rises up to the ether, is initiated into the secrets of 

nature, and understands the circles of the choir of the stars. It is relieved of the worries of 

this world, is transported to the world of ideas and of beauty, and cleansed of material 

passions. And after death the heavenly maidens summon to the celestial sphere the soul 

that they have consecrated in their service, and let it take part in the blissful life of the 

immortals.” Of the eight heavenly spheres, Plato45 writes that on each circle sits “a Siren 

swinging round with it, giving forth her own voice, each always her specific tone; and 

from all eight of them, but together, there sounded a harmony. And three others, sitting 

around at equal distances and each upon a seat, clothed in white with wreaths on their 

heads, the daughters of Necessity, the Moirae Lachesis, Klotho, and Atropos, sang to the 

harmony of the Sirens, Lachesis singing of the past, Klotho of the present, and Atropos of 

things to come.” 

 The singing swan also reaches to the stars. Virgil46 gives the legend: 



 

For it is told that Cygnus [the swan], mourning for beloved Phaeton, 

Under green poplar branches and the shadows of the sisters, 

While she sang, to relieve with song the sorrow of love, 

Silver-gray her old age hastened with soft down, 

And, flying up from the earth, she pursued the stars with her cry. 

 

The examples of ancient poetry and speculation touching upon the harmony of the 

spheres are legion. We will mention just a few others. 

 Contemporarily with Pythagoras (6th century B.C.) Pindar sings: 

 

Golden lyre, 

above in heaven Apollo plays you, 

and you rule the dance and song 

of the violet-ringleted Muses. 

On Earth below the choirmasters 

listen to these sounds, 

and the singers follow the instructions 

when you strike up the prelude 

showing beat and tone for the song. 

 

Willamowitz-Moellendorf, from whom I took that translation,47 recognizes in this poem a 

poetic embellishment of the harmony of the spheres. The dance, so closely bound up with 

music for the Greeks, is an image of the heavenly dance of the stars: “Because what is 

this dance of the stars, and this regular interwoven movement of the planets in relation to 

the fixed stars, and the rhythmical unification and beautiful harmony of their movements, 

other than proof of a primordial dance?” writes Lucian.48 Cicero49 moves completely in 

the akróatic circle of ideas when he writes of soul, tone, and cosmos: “Indeed, Socrates 

asks Xenophon from whence we have conceived the soul, if there is none in the world. 

And I ask, whence speech, whence the regular harmony of speech, whence the song? We 

would have to assume that the Sun converses with the Moon when they approach each 

other, or that the world sings in harmony, as Pythagoras says. These are works of nature, 

Balbus, not of an artificially intrusive nature, as Zeno expresses it, but one that stimulates 

and drives everything through its own motions and changes.” 

 We only remark in passing here that the ancients occupied themselves greatly 

with analogies of the elements of speech, of vowels and consonants to the tones of the 

planets and celestial spheres, through which they regained the connection to the very 

ancient cosmic meaning of sound and of the word itself; we will return to this later.50 But 

the reader will agree with me that a name, indeed an entire world of concepts, can now no 

longer be avoided: Pythagoras. 

 

III. 

 

Pythagoras 

Pythagoras of Samos lived and taught in the 6th century before Christ – in the same 

hundred-year span as Buddha, Lao Tzu, Confucius, and Zarathustra. Like these 



contemporaries, the spiritual-reformatory character of his discipline sought to preserve 

the achievements of past times amidst spiritual and political deterioration, but, like 

pouring old wine into new wineskins, to cast them for future civilizations in new, nobler 

metals. A turning point of most profound significance for the history of humanity! 

 Despite the almost boundless literature on Pythagoras, the historical evaluation of 

the man himself fluctuates between two extremes today. The one side51 entirely denies 

his historical existence and considers all of Pythagoreanism to have first appeared with 

Plato and his school. The other side52 opines that the many legacies of the 

Neopythagoreans and the Neoplatonists, with their biographies of Pythagoras – except for 

the obvious fables – are to be taken more or less in earnest, since people are beginning 

once again to esteem the strong traditional element, the oral tradition, that is confirmed a 

hundredfold in the ancient sources. The purely philological evaluation of these relics, 

often written down only after centuries, their careless dismissal as “falsification” or at 

best as “pseudo-X,” seems, unless everything is a lie, to be a distasteful blasphemy; 

anyone who has eyes to see and ears to hear knows that despite all text critiques, they 

contain invaluable spiritual material. Philology and the “microscopic precision” of the 

textual critic no longer have the final word there, but rather the spirit of these relics 

themselves, at least for those who follow their traces and understand them as they were 

intended. To give just one example, a hitherto completely overlooked passage from the 

much-reviled “fantasizer” Iamblichus53 is more important for the elucidation of the 

technique of Pythagorean study than the few approved “true” fragments of Pythagoras 

that the text-critics have left us.54   

 

Pherekydes 

Pythagoras was supposedly a student of Pherekydes, who incidentally anticipated 

Schopenhauer’s idea of space-time causality in the trio Chthon (= earth, space), Kronos 

(= time) and Ether-Zeus (the causal, formative principle), as well as of Anaximander. He 

also obtained the knowledge of the Egyptian priests, fostered mathematical-philosophical 

studies, and finally founded an ethical-religious confederacy in Kroton and lower Italy, 

against which the democratic majority rose up, so that he emigrated to Metapontion and 

died there around 500 B.C. 

 This is the ostensibly “true” account. 

 However, if one gives a little more trust and faith to the traditional accounts of the 

ancients than the modern hypercritics do – and in my opinion there is not the slightest 

reason to reject a great number of well-authenticated accounts of his life merely because 

they are “improbable” or can only be found in the works of later authors – then the life of 

Pythagoras grows into a whole book. However, this book has not yet been written. 

 Important as a new orientation would be, for us the main issue is not his life, but 

his teachings. 

 Scholars only agree on a few points regarding what Pythagoras taught, since  

unlike Plato and Aristotle he left none of his own works behind. It is agreed that he 

believed in number as the essence of things; that he taught a religion of the 

transmigration of souls, that he taught the concept of the cosmos, i.e. the harmonic order 

of the universe and the harmony of the spheres; that he and his students already knew of 

the heliocentric system (“central fire”) in some form; and that within his order he 

imposed certain peculiar rules of purity and conduct. 



 Even if the accounts we have of this teaching were yet more abbreviated, they 

would probably still give enough information to throw some light here and there into the 

various chambers of this edifice of wisdom. But they would tell us nothing about the 

architectonics, about the structure of the edifice itself; as, indeed, the literature on 

Pythagoras amply demonstrates. It is a fundamental error of modern science, especially 

the philological-critical disciplines, to believe that syntheses can be gained from analyses. 

Analyses, however cleanly and thoroughly they are made, only ever yield sums, never 

syntheses. A synthesis is a whole; it can never be achieved through a summation of single 

facts, only through the establishment of an idea! But ideas come from “above,” not from 

below, like molehills. Every idea partakes in the creative, the divine, so long as it is 

creative and not destructive. From the “brainwave” of the scientist and artist to the 

universal philosophical, artistic, and political conceptions, every idea is an ever-renewing 

wonder – and a mystery. 

 What, then, was the fundamental idea behind Pythagoras and Pythagoreanism? 

  

Harmony and number 

“The whole universe is harmony and number.”55 

 This: harmony and number, and not number alone, was decisive for 

Pythagoreanism. So many passages56 attest to this assimilation of the concept of harmony 

to that of the number that one must wonder why the one-sided and erroneous thesis has 

been presented again and again,57 right up to modern times: that for the Pythagoreans, 

everything was “only number.” But one must be aware that the Greek word harmonia 

was synonymous with octave, i.e. the musical interval that contains all tones, repeating 

again and again from the depths to the heights, by means of which music can be made. 

“Harmony” accordingly means both the universal concept of the harmonic and, in an 

entirely concrete sense, the plethora of tones, the tonevalues, i.e. the animated world.58 

Thus at the center of the circle of Pythagorean knowledge we have the concept of 

harmony, i.e. the norm of the toning, inner, psychic world, and the concept of number, 

i.e. the symbol for the regular ordering of the outer world that can be grasped by means 

of concepts. This concept of the tone-number is the basis not only for Pythagoreanism 

and classical and preclassical harmonics, but also for modern harmonics – as I have 

developed it in my previous works and have presented it summarily in the following 

textbook. From the concept of tone-number, then, the Pythagoreans advanced to that of 

the cosmos: “Pythagoras first named the world cosmos because of the order and harmony 

in it.”59 

 

Monochord 

We must further discuss this remarkable concept of tone-number that coordinates 

perception and thought; because with its assertion alone, neither Pythagoreanism nor 

modern harmonics could have come into being. This can only happen through a certain 

development of the tone-number concept, which the Pythagoreans did on the basis of 

their experiments with the monochord = one-string. “Pythagoras, as he readied himself to 

depart from this life, enjoined his disciples to play the monochord. With this he wanted to 

make obvious that the apex of perfection in music can be attained more purely spiritually 

through the numbers than sensorily through hearing.”60 Whenever the ancients were 

eliciting interval numbers (= tone-numbers), they spoke of “strings,” i.e. string lengths, 



and the monochord placed these most conveniently at their disposal, since one can easily 

note the relevant ratio numbers (always in terms of the whole string = 1) on the board 

under the string, place a bridge there, and then strike and hear the two string segments. 

The passage from Aristides Quintilianus quoted above is at the beginning of the 

directions for determining the tone-number-ratios on the monochord (= canon); this 

passage can be considered authentic, because Aristides, although he lived around 300 

A.D., was a true protector of the Pythagorean tradition. There exists a small masterpiece 

by the famous mathematician Euclid (ca. 300 B.C.), The Division of the Canon (canon = 

monochord); also, the astronomer Claudius Ptolemy (2nd century A.D.) wrote an 

exhaustive work on harmonics, in which the one-stringed monochord is replaced by one 

with fifteen strings61 and the tone-numbers thus found are discussed very thoroughly. 

 The monochord, then, was the instrument on which the Pythagoreans performed 

their experiments, just as our modern scientists perform experiments with instruments in 

their laboratories. 

 But how did they bring order to this whole system of tone-numbers? Anyone who 

tries monochord experiments falls immediately into an almost incomprehensible jumble 

of numbers and tones. Naturally they can all be strictly legitimized, since they all stem 

from the unit of the string. But how does the system of these tone-numbers itself look? 

None of these ratio values x/y, however exact, gives any hint of that, as long as one has 

no definite scheme with which to draw them. Ingenious monochord specialists must soon 

have ascertained this when they noted the string divisions according to the series 

progression: 

 

1 1/2 2/2 1/3 2/3 3/3 1/4 2/4 3/4 4/4 etc. 

 

and came upon the arrangement: 

 

1 1/2 1/3 1/4 

2/2 2/3 2/4 

3/3 3/4 

4/4 

 

and so on.  

 

Boethius  

Boethius, the unfortunate philosopher of late antiquity who was murdered in 524 A.D by 

the fault of his emperor, Theoderic, left us a Geometry that is based expressly upon 

Pythagorean sources. Therein62 a “Pythagorean table” is mentioned, supposedly used by 

the Pythagoreans because “they intended to bring that which was laboriously thought 

through more easily to general knowledge, if people could see it in a certain way before 

their eyes.” There are also reports of a “diagram” that they used for the notation of 

monochord ratios, a type of coordinate system in which the number and tone-ratios were 

represented with strokes and geometric operations. Indeed, they finally went over to 

circular systems, in which the tones were no longer represented by strokes, but by circles 

and angles.63 



 As for the mensa pythagorica, the Pythagorean diagram, Albert von Thimus has 

done us the great service, decisive for a secure foundation of both historical 

Pythagoreanism and modern harmonics, of rediscovering the true form of this diagram on 

the basis of a passage whose meaning had been previously overlooked, in Iamblichus’s 

commentary on the smaller arithmetic treatise of Nicomachus.64 I have explained the 

circular systems, angles, etc. of the tones in my previous works.65 

 

The Lambdoma 

The fundamental harmonic diagram, which Thimus called the “Lambdoma” because it is 

drawn in the shape of a Greek lambda (Λ), and to which I gave the designation “partial-

tone coordinates” because it is best for us to notate it in the familiar form of a coordinate 

grid, is (like all harmonic diagrams) not simply a mathematical-logical scheme that one 

could draw with any other symbols. The form of these tone-number groups is also 

justified optically through the geometric-arithmetical arrangement of their contents, as is 

shown by the construction of the monochord, on which every tonevalue contained in the 

diagram can be realized through the “equal-tone lines.” In pure numerical terms, this is a 

division canon that rationally subdivides any linear unity.66 Regarding the tonal content, 

for the first time in the history of acoustics and music theory there is a system of tones in 

these partial-tone coordinates, which science has lacked up until now. Since this system 

goes back to the natural law of the overtone series, and its group-theoretical form also 

appears to be anchored in nature in other ways67 – since, on the other hand, all the 

tonevalues contained in it correspond to psychic forms in our psyche, as indeed the 

“monochord test” 68 shows – this fundamental harmonic diagram contains one of those 

rare coincidences of the natural and the psychic, of matter and spirit, which promises to 

impart completely different findings from those of a merely logical (mathematical) 

formulation, or from a merely psychological analysis of inner gestalts and experiences. 

 “Plato, the Pythagorean scriptures, and Philolaus teach theology in the form of 

mathematical figures,” says Proclus in his Commentary on Euclid.69 With this we return 

once again to Pythagoreanism itself. I am convinced that one can only orient oneself in 

the great maze of Pythagorean traditions and their “authentic” and “inauthentic” theorems 

if one starts from the central idea of Pythagoreanism, namely from the tone-number and 

the geometric-tonal configurations developing from it. I made a first attempt at this 

orientation in my essay on Pythagoras,70 and even in those initial harmonic analyses 

showed that many of the previously “obscurest” Pythagorean theorems could be 

illuminated with comparative ease; indeed, a few previously considered “foreign” and 

“un-Greek,” such as the doctrine of the transmigration of souls, can be read off directly 

from the lambdoma. The reader will find various such analyses mentioned in this book; 

he may wish to check the keyword “Pythagoras” in the Index. 

 Pythagoreanism had an enormous influence in all of antiquity with its double 

concept of number and harmony. This effect spread both into the most problematic 

individual phenomena and into the great universal akróatic concepts, as we have already 

learned (the harmony of the spheres, for example). Pythagoras taught71 in two ways. With 

one section of his students, the mathematikoi, he took the problems discursively, working 

through proofs; the others, the akusmatikoi (= hearers), he taught symbolically by means 

of brief, easily remembered epigrams (akusmata). Of the many akusmata that remained 

in circulation through all of antiquity, an especially tenacious one has been preserved in 



different variations.72 Reduced to their common denominator, it states: “Number is the 

wisest of things, and the name of things the next wisest.”  

 

Philolaus 

It is no wonder that the issue here is a typically akróatic pronouncement, emerging from 

the background of the tone-number; and this is even less surprising when we think of the 

close connection with number and “harmony.” For further proof of this connection, we 

introduce a passage from the Pythagorean Philolaus73 which reads:74 “For nothing would 

be knowable to anyone, neither anything in itself nor in its relation to anything else, were 

it not for number and its being; but now this, in agreement with the psyche, makes the 

perception of everything knowable and corresponding to one another.” Here the 

expression: “number, in agreement with the psyche” can only be interpreted through the 

tone-number; because there is no “agreement” of the psychic with the numeric other than 

through the acoustic phenomenon, the tone. The co-ordination of “name” with number, 

i.e. of language to the legitimately harmonic, now saturates all of Greek speech 

perception and the Greek science of language. Plato, in one of his last dialogues, the 

Philebos, investigates how one comes to a certainty, a form, an articulation, between the 

“one” and the unending. He uses music as an example, and says that just as music can 

only exist through certain numerically fixed intervals and not through the unity and 

infinitude of the tones, just so must one choose and fix upon certain sounds amongst the 

infinitely many, otherwise there will be no language. “These two objective examples, 

most closely connected with each other, are the vocal sounds and the musical intervals. A 

well-versed ‘grammarian’ is not someone who knows that ‘tone’ (phonè) is a unit and 

that there is an infinite number of tones, but someone who knows how many tones and 

what kind of tones lie between the One and the infinite. It is the same with intervals.”75 In 

the Philebos, Plato defines this harmonic background of language as follows:76 “After a 

god or divine man had grasped the voice (phonè) in its infinitude – as the legend goes in 

Egypt, it was a certain Theuth who first discerned the vowels in this infinitude not as one 

but as many, and then other things that were not articulate sounds (phonè), but noises 

(phthongon), of which there were likewise a certain number, and who finally 

differentiated a third type (eidos) of letters (grammatòn), which we call the mutes 

(aphona) – then he separated the soundless and noiseless down to each individual one, 

and the vowels and the mutes in the same way, until he found the number for each 

individual and for all, and called them ‘letters’ (stoicheion = element). As he saw that 

none of us could understand one of them in itself without understanding them all, he 

ingeniously conceived of this bond as a unity which somehow united all these sounds, 

and named the one science devoted to these conditions Grammar.” But the ancients 

understood much better than we do today that this “number” is and was nothing other 

than the tone-number, and from that grew a branch of philology that is now lost: acoustic 

grammar. 

 

Acoustic grammar 

“Studying music led the Pythagoreans to a remarkable involvement with the study of 

letters, grammar. Quintilian, instit. orat. I, 10, 17 expresses this thus: Archytas atque 

Evenus etiam subjectam grammaticen musicae putaverunt, i.e. they counted grammar as 

music. Pythagoras’s tremendous discovery that musical pitch depends on the length of 



the string producing the tone immediately enchanted his contemporaries, and determined 

later thought as hardly any other scientific discovery has done. The tones appeared as 

embodied numbers [string lengths on the monochord]; the qualitative differences were 

traced to quantitative differences. With this, the human mind’s search for unity had an 

abstractable, applicable hen [= one = unit of the monochord string] that was far better 

suited to a world harmonics than the concrete world archons of the hylozoists. I can say 

that everything emerges from water, from the infinite, or from air, but that does not get 

me much further. However, if I know that all is number [tone-number], and that number 

is the world principle, then I can construct a system. The deep meaning of music, for 

example, is that it is number turned into sound. In number, then, one possessed a key that 

promised to open all doors. It was the most fundamental thing in the cosmos, perhaps 

indeed the most real, the symbol of intelligence.”77 For the Greeks, the letters were 

simultaneously numbers and tones.78 The 24 letters of the alphabet were very probably 

used directly to designate the 24 notes of the aulos. There is a whole literature on the 

mysterious letter Y (Greek: Ypsilon) going back to the earliest times.79 It is the 

“philosophical letter” itself, and Pythagoras is said to have interpreted it as follows: the 

three arms represent the vowels, the voiced consonants, and the unvoiced consonants. 

Sometimes the middle bar is extended, so that it becomes the letter Ψ (Greek Ψ = Psi). It 

was still said in the Middle Ages: ad Pythagorae literae bivium pervenire [to arrive at the 

parting of the ways of the Pythagorean letter - Tr.] This letter is used in numerous places 

to symbolize the two directions of virtue and vice. Anyone who has combined and varied 

the fundamental Pythagorean diagram (our “partial-tone coordinates”) in the form of the 

Greek Lambda (Λ)80 knows that this is simply the partialtone diagram drawn in 

shorthand, so to speak, even when the traditions about it tell us nothing. A. v. Thimus, in 

the introduction to his Harmonikale Symbolik, collected a great deal of evidence for the 

intentional veiling and concealment of the Pythagorica, so that for this reason we already 

need a central “idea” to pierce through the veil. 

 The accents were designated on the basis of Pythagorean traditions. The accent is 

the “echo of the harmonic voice,” namely threefold: “either tensely climbing, or deeply 

lowering, or extended in bending.”81 For the acute accent, the voice climbs no farther 

than 3½ tones; for the grave it descends no further than that.82 Aristides Quintilianus,83 

using Pythagorean sources that were still available to him, broadly and exhaustively 

discusses the “meter” and “rhythm” in speech and poetry according to Pythagorean 

principles, which the Church Father Augustine later took up and continued, even more 

exhaustively when possible, in his De musica.84 From here, the door opens to harmonic 

speculations of all types in the Middle Ages. 

 

Plato’s and Aristotle’s position on akróasis 

The position of the two great ancient philosophers, Plato and Aristotle, on akróasis is 

interesting for us. It is agreed today that for the ancient Greeks, “music” (taking this 

concept in its broadest meaning, i.e. “akróasis”) was, like poetry (which is also perceived 

through the medium of the ear), not merely art, but that they sensed in the phenomenon of 

tone the singing and ordering of the cosmos.85 Physiologically, for Plato the eye was 

closer to the spiritual; for Aristotle it was the ear.86 Plato87 gives the eye the predicate 

“sun-like” and speaks88 of an “eye of the spirit.” Aristotle89 is of the opinion that the ear 

is the most spiritual organ of the human senses (!). For both however, Plato and Aristotle, 



the high value of “music” and the musical in educational and ethical terms is self-evident. 

The two thinkers only differ regarding their physiological priorities, in that Aristotle, 

especially in his Metaphysics, argues against Pythagorean number speculations. The 

examples he gives show plainly, for those who have worked through the actual 

Pythagorean tone-number system and analyzed its forms, that Aristotle no longer knew 

the concrete core of Pythagorean harmonics, and therefore no longer understood many of 

the Pythagorica that were handed down. Plato, on the other hand, really only objects to  

the “haptification” of those Pythagoreans who treated tone-number like “hair splitting,” 

and seeks from the acoustic phenomena in question an ascent to the spiritual, to the Idea. 

In the Philebos, Plato introduces the arrangement of the sound system in speech with  

these words: “After a god or divine man had grasped the voice (phonè) in its infinitude 

...”! In his later works, he returns openly to Pythagoreanism, presumably due to personal 

contact with Pythagoreans in Sicily and southern Italy. His harmonic derivation of the 

world soul in the Timaeus is both famous and notorious. Since Plato was avowedly an 

initiate (see his Seventh Letter), he gave this derivation only in veiled language. 

However, for those who know, there is no doubt that the two series given by Plato, 1 2 4 

8 and 1 3 9 27, joined in the correct way,90 produce what is still today the only correct 

formula for the diatonic scale, and therefore a norm on which not only all practical music, 

but also, for the ancients, the music of the cosmos is based; which is exactly what Plato 

wanted to show. Plato’s thoughts bond even more closely with Pythagoreanism in his 

enigmatic posthumous work, the Epinomis. This has long been assumed to be the work of 

his student Philippos of Opus, but now arguments are being made for its authenticity.91 

Possibly it is a transcription of one of Plato’s later lectures. “If the Epinomis is authentic, 

then its special significance lies in the fact that it represents Plato’s closest approach to 

Pythagoreanism.”92 The theme of the Epinomis is the question: what must mortal man 

learn so as to be wise? The individual observations of this work continually lead back to 

number. Everything unintelligent, incalculable, unordered, unrhythmical, and inharmonic 

is lacking number-ratio. Number is the gift of the divine universe. The harmonic idea of 

unity rules the forms of the upper and the lower world, and also determines that in which 

man is absent: at death the multitude of sensory perceptions are extinguished, the dying 

go from the condition of multiplicity to that of unity and thus attain perfect wisdom and 

happiness.93 If one glances at the “Lambdoma”94 or simply at the “partial-tone 

coordinates,” one can see the tendency of all tonevalues to return to the unity of the 

generator-tone line, and from there to achieve the “perfect wisdom and happiness” of the 

0/0. In the series of mathematical sciences, from arithmetic to geometry and stereometry 

to the harmonic intervals, the Epinomis gives special attention to the arithmetic, 

geometric, and harmonic proportions. I suggest that the reader glance at Fig. 179 in this 

book. These three proportion types are already included in the original Pythagorean 

diagram, which may serve as further proof of the close connection between Plato’s later 

works and Pythagoreanism.95 

 

IV. 

 

Pythagoreanism 

In this section we will trace the influences of Pythagoreanism from ancient times and late 

antiquity to the Middle Ages, and in the next will show with the aid of concrete examples 



the akróatic elements in various domains in modern times and finally, especially in 

poetry, right up to today. In sections I through V of this Introduction, my primary task is 

to collect the information on akróasis up until now in a condensed selection, so that one 

can see and hear how the characteristic peculiarity of this mode of thought and inner 

attitude has manifested again and again in all periods. This information, together with the 

summary of the history of harmonics in §55, can then offer to future research the 

foundations of a universal history of akróasis. 

 

Hippocrates; Alkmaion; Empedocles 

The Pythagorean tendencies in medicine appearing with Hippocrates (around 400 B.C.) 

can be traced to Alkmaion, a doctor from Kroton and a student of Pythagoras. A fragment 

from Alkmaion tells us:96 “Health rests upon the correct proportions of the qualities.” The 

philosopher Empedocles of Agrigentum (490-430 B.C.) gives us very concrete harmonic 

rules regarding these proportions. On the construction of bones, for example, one of his 

fragments says:97 

 

But the earth took up lovingly in the spacious crucible, 

Of her 8 parts in all, 2 from Nestis [water] 

And from Hephaistos [fire] 4, these became glowing bones, 

Thus cemented through harmony into a wondrous image. 

 

Here, then, we have the harmonic octave proportion 8 : 4 : 2, or in string lengths on the 

monochord 4c,, : 2 c, : 1 c. These two octaves are the range in which an average human 

voice moves! Desire, blood, and flesh obey the proportions 2 : 1 : 1. All beings are put 

together from the elements through sound proportions (harmosthenta).98 The following 

wonderful fragment from Empedocles, one of those which perhaps inspired Hölderlin to 

write his Empedocles, shows how from these primal phenomena, fire, water, and earth  

(which it is a great mistake to take in our modern material sense), all form themselves in 

hate and love right up to the highest ones, the gods,:99 

 

But come, look at the witnesses to my earlier words, 

Lest there was still a lack in them for the construction of things, 

Look at the Sun, which shines warmly on all sides, 

And the immortal bodies, saturated with light and warmth, 

And the water, which appears dark and cool in everything,  

And from the earth springs that which has foundation and fixed form. 

In Hate, all that is separated and made diverse, 

But in Love it yearns and comes back together. 

For thence comes everything that was and is and will be, 

Trees spring up from it, men and women spring up, 

Beasts and birds and the fishes feeding in the water, 

And the gods, long-lived, the foremost in power and honor. 

 

The number seven 

The significance of the number seven dominates in this early iatromathematics, and even 

more so later. The “tyranny” of this number can predominantly be traced harmonically to 



the norm of the seven-stepped diatonic scale present in our psyche. The analogy of the 7 

tones to the 7 planets is well known. As an iconographic element, the harmonic scale 

number 7 has typological significance far into the Middle Ages, and also in art history 

(e.g. the 7 church modes on the capitals of the Cathedral of Cluny, 12th century) 

 

Homer 

In Homer’s Odyssey, XIX, 456-7, we read: 

 

These carefully bound the wounds of the noble,  

The god-like Odysseus, and stilled the black blood with incantation. 

 

An ancient commentator already remarked upon “incantation”: “One must know that 

ancient medicine was founded upon singing.”100 This, then, refers to staunching bleeding 

with the magic of tones and words; and presumably this is the oldest form of acoustic 

therapy: the incantation song. 

 

A. Kircher 

Athanasius Kircher101 still gives the original comparison of nerves with strings: “The 

nerves receive the same impression through the outer air as strings have when they are 

pulled over a smooth and resonant piece of wood; and just like these, they become 

excited not only through the outer air, but also through the inner air, when it is in 

proportion. Thus nerves and muscles are also agitated and moved through the inwardly 

implanted air and spirit, which is simultaneously the conductor of the motive power in 

man. And this proportioned form, in that it concerns the soul, works on it all sorts of 

alterations of happiness or sadness.” This passage should comfort all those sensitive to 

warm wind! Examples of this theme of tone and healing could easily be multiplied a 

hundredfold; they serve merely as preparatory illustrations.102  

 

Solon 

It is interesting, and in a certain sense related to this topic, how widespread this theory of 

the number seven was in ancient times.103 Solon, the famous Athenian lawgiver (around 

600 B.C.), wrote an elegy on the hebdomads (sevens) of human life: at age 7 new teeth, 

at 14 puberty, at 21 beard growth, at 28 the greatest bodily strength, at 35 the time to 

marry and produce children, at 42 the full development of character, at 49 and 56, thus 

through 2 hebdomads, the mature development of understanding and speech, at 9 × 7 = 

63 a reversion, and finally at 70, nothing further until death. This poem of Solon later 

influenced Aristotle and others; but his theory of the number seven received its highest 

intensification in the pseudo-Hippocratic writing On the Hebdomads, which abounds 

with septenary analogies.104 I give this single example of numeric symbolism only to 

show that harmonics, in this somewhat disparaged domain of so-called “number 

superstition,” may provide quite definite clarifications: the first numbers in the whole 

number series are present in our psyche as tone proportions!  

 

Paestum 

On actual relationships between music and architectural proportions, we have no direct 

literary sources other than Vitruvius.105 But the temples themselves are still standing, and 



if one knows – just to take one example – that in the structure of the Temple of Poseidon 

at Paestum (early Doric, ca. 500 B.C.) the proportions 2 : 3 (fifth) and 2 : 3 : 5 (triad) are 

given preference,106 this is no longer just a “preference for the simple whole numbers” 

but a Pythagorean symbolism of toning forms impressed into architecture. 

 

Vitruvius 

Vitruvius himself gives proportional numbers107 that are only understandable with the 

monochord; anyone who place a bridge on it can “hear” the individual building blocks. In 

my “harmonic division canon,”108 which is actually a division canon of the Pythagorean 

monochord, I see an ancient division scheme, whose architectonic possibilities and inner 

spiritual and symbolic content have presumably been used for designs and plans from the 

most ancient times up to the Gothic era. 

 

Plato 

On the “well-sounding and bad-sounding” in musical rhythm, Plato says:109 “Painting and 

all other works of this type are full of it, as are also weaving, both simple and artistic, and 

architecture and the manufacture of all the usual implements; furthermore also the nature 

of the body and all other growing things; because in all these dwells a propriety or an 

impropriety, and impropriety and boundlessness and dissonance [!] are kindred to evil 

babble and evil-mindedness, but the opposite is kindred to the opposite, the rational and 

good spirit and its representation.” Truly, this is harmonic ethos reduced to a formula!110 

 

Longinus 

I now add the following to the examples given in section III on the akróatic element in 

language, rhythm, verse measure, etc. From the surviving thoughts on the harmonics of 

rhythm and meter of the late Greek Longinus, a contemporary of Plotinus and Porphyry 

around 300 A.D., I choose the following:111 “Meter has arisen from God, who has 

arranged all heavenly and earthly things to be in tune according to a certain measure: 

because harmony exists as much in the upper as in the lower things ... Therefore all the 

ancients preferred to write their books in metrical verse rather than prose. In meter 

(metrum) there is indubitably a pleasing sound; this belongs to music, and the whole 

world knows how highly music is everywhere regarded ... rhythm is the father of meter; 

both come from God.” Even the construction of the letters was attributed to Pythagoras: 

“Apollonius of Messina tells in his book, ‘On the Old Letters,’ that some said that 

Pythagoras concerned himself with their beauty, in that he made them from geometrically 

correct lines, with angles and curves and straight lines.”112 The tones of the seven 

planetary spheres are the seven vowels: “All those who used the seven-stringed lyre as 

the natural scale system did so starting from there. Such things do not originate from the 

spheres, but from the tuned sounds streaming from them into the All, which we also 

name as the only ones toning and voicing from the alphabet.”113 

 

Heraclitus; Stoics 

Heraclitus114 says: “Things repelling each other unify, and from various tones emerges 

the most beautiful harmony, and everything emerges from strife.” The Stoics preserve 

these ideas in their own way: “Perfect serenity will be that” which “is firmly rooted in the 

knowledge of the divine and human things, through which it holds the opposites in the 



world to be the most beautiful harmony in creation.”115 Compare to this the inner 

“opposites” of our fundamental harmonic diagram, through which the “harmony,” i.e. 

order, of the cosmos of the tones first emerges! In the Stoa, etymology (the study of the 

origins of words) was vigorously practiced, indeed the name “etymology” is supposed to 

originate from it; for example, they derived the word phònè (voice) from phòs nou (light 

of the spirit).116 

 

A. Quintilianus 

Aristides Quintilianus117 writes: “There are three rhythmic types: the equal (1), the half-

added (3 : 2), and the doubled (2 : 1). A few add the third-added (4 : 3) to these.” 

Harmonically speaking, this means the unison, the fifth, the octave, and the fourth. From 

these primary intervals, with the introduction of rising and falling, the metrical foot is 

constructed through combination etc., and the verse measure through the meter. Aristides 

devoted 39 pages of his work to a very precise discussion of meter and rhythm that 

reveals a great sensitivity to the hundreds of verse measure variants. 

 

Augustinus 

If possible, Saint Augustine118 attacks the problem even more intensively. Right at the 

beginning he explains music as the measure for judging poetic verse forms. In lively 

dialogues that often sound quite modern he develops the Pythagorean bases of the tone-

numbers and emphasizes these numbers as the core of music: “Music is a process that 

takes place in the most secret inwardness. Therefore it has left some traces behind in our 

senses, or in the things that are perceived sensorily by us. Our desire is to pursue these 

traces right from their beginnings, so that we can be led to this inwardness without going 

astray.”119 In Books 2 through 5, the whole rhythmic and metric system of poetic feet, 

etc., is discussed over 150 pages, and in the process Augustine comes to a total number of 

571 (!) as the sum of all meters. In Book 3, Ch. 2 he examines the difference between 

verse and meter, and uses as an example an ancient poem, for which no external author 

has yet been identified. It is reproduced below in Perl’s translation (op. cit., pp. 90 and 

295), because it is beautiful and indicative of the great Church Father’s lack of prejudice. 

Perhaps it is an early work by Augustine himself. 

 

So come here, ye Muses, 

Spring-dwelling girls, 

Who sing the sweetest songs 

In the shadows of caves; 

Who bathe your scarlet hair 

In the spring of Hippocrene 

Where one Pegasus refreshed 

His steaming nostrils 

And dripping mane, 

To then seek in hurried flight 

The dwelling of the Gods. 

 

The sixth book contains a grandiose metaphysics of “music.” “Here the spirit is led out 

from the lower regions of observing mutable numbers, to the immutable numbers, whose 



origin is in the immutable truth itself.” The dialogue between teacher and student goes 

back and forth for a long time on the subject of “inner hearing,” the ability to remember, 

and the ability to form melodies and rhythms in our psyche that are superposed on outer 

hearing. The melodies that one hears in the “debauched theaters” do not fit the Biblical 

saying (Eccle. VII, 26): “I have traveled far, that I may grasp, observe, and study wisdom 

and number,” but instead “those melodies, I believe, which the soul does not draw from 

the body, but receives from almighty God and itself imprints on the body.” And finally 

the apotheosis of “number” (it is obvious from the above that this refers to tone-number) 

at the end of the work: “In everything that we grasp with the help of the senses of the 

flesh, and in all its content, spatial numbers must exist in some form, and temporal 

numbers must have secretly preceded them, whose essence is motion: otherwise these 

elements could neither assume their form nor retain it. These numbers moved in 

segmented temporality are preceded by the life movement containing form and measure, 

obeying the Lord of all things; it no longer has any temporally separated space between 

its numbers, but possesses the power that creates time. Above it still stand the rational 

and spiritual numbers of the blessed and holy spirits, who transmit the law of God 

without which no leaf falls from a tree, by which each of our hairs is counted, and which 

they, the angels, receive without the mediation of nature and transmit to the earthly and 

subterranean powers.” Augustine wrote his De musica as a 30-year-old rhetorician, after 

his meeting with Bishop Ambrose in Milan in the year 384. Here he fell helplessly under 

the spell of music, as another passage in his Confessions relates:120 “How I have wept at 

these hymns and songs, moved by the voices of your church, which ring so sweetly. The 

tones flowed into my ear, the truth flooded into my heart ...” 

 

Gnosis 

Hippolytus, in his account of the heresies of the Phrygians, reports that they called reborn 

spiritual people by the name “Papa,” and meant all heavenly, earthly, and subterranean 

beings when they said: “Paue, paue – stop, stop the dissonance of the cosmos!”121 Again 

and again, the mysterious power of the call, the voice, and the name breaks through. 

“Simon Magus the Gnostic teaches that there is an unlimited power and calls it the origin 

of everything, saying the following: ‘This writing of the proclamation of a voice and a 

name comes from the decree of the great, unlimited power’.”122 The verse at the 

beginning of Genesis: “And God made two great lights: a great light to rule the day and a 

lesser light to rule the night,” is interpreted by Simon thus: Sun and Moon are the powers 

of the voice and the name, the speaking and the spoken. 123 According to the Gnostic 

Marcus, the hidden, beingless deity opens its mouth and emits the word (Logos) that is its 

likeness. This Logos now speaks various archetypical names: “Each of the (names’) 

letters has its own sign, its own character, its own pronunciation, its own form, its own 

appearance, and none of them knows the form of that of which it is only a letter, indeed it 

does not even comprehend the utterance of its neighbor; with the sound that it makes 

itself, it believes that it is naming everything. 124 Marcus is the “Greek classicist of letter-

metaphysics.” 125 Thus the “dieresis” of the letters goes forth into infinitude; but 

everything comes back to the letters through whose pronunciation it has emerged, as back 

into the lost unity, and sounds therein as on the first day: one day everything will resound 

in a world-Amen. F. Dornseiff126 believes that this idea “does not lack a certain 

grandeur,” and as harmonists, we see in this an astonishing agreement with the value-



formal content of the fundamental Pythagorean diagram of the “P.” The reader will be 

able to judge this for himself after studying the relevant chapters of this book. 

 

Proclus; Plotinus; Prudentius 

The last great synthesist of the Greek philosophers, the Neoplatonist Proclus (410-485), 

believed, like Kepler later (who quotes him extensively), that the psyche contains the 

“harmonically making” (harmonika) before the “harmonically made” (harmosmenoi);127 

or as we would express it: some psychic prototypes must be in us a priori, otherwise we 

would not be able to judge at all whether a harmony is in tune or not. “Since it is thus that 

the whole world attains existence, look at it: then perhaps you will hear its voice,” says 

Plotinus128 (205-270), the most important Neoplatonist. And Prudentius, the master of 

Christian poetry, says to his spirit: “Let loose your voice, sonorous spirit, loose your 

noble tongue, tell of the triumphal signs of the Passion.” 129 Both are typical akróatica, 

referring repeatedly to the toning magic of the voice and the word. “Just as the individual 

string is set at its own place corresponding to the ratio of its tones, just as it appears with 

its ability to sound,” even so the soul enters into the poetry of the world: “Every soul 

sings the song from its place, harmonizing both with the place and with the collective 

all.”130 “The unspeakable names of the Gods, so the theurgists say, fill the whole world, 

and not only this world but all powers over the world. Before the souls come into being, 

they see that the Gods fill the whole world with themselves and their names. They long to 

be like them when they have come into being,” says Proclus131 in his Commentary on 

Plato’s First Alcibiades. 

 

Synesios 

Deep Pythagorean knowledge is revealed in the wonderful hymns of Synesios of Kyrene 

(370-414), pupil of the Neoplatonic philosopher Hypatia132 who was lynched by a mob. I 

will give only a few lines: 

 

Up! You resonant lyres; 

After the Theban song 

After the melody of Lesbos, 

Now play the Doric song 

In noble manner! 

- - - - - 

See, my strings vibrate 

Unbidden, and a breath 

Blows softly around me; 

Which song will finally 

Deliver me of this divine breath? 

He, the origin who emerged from himself, 

It is he, Lord, Father, 

Uncreated, exalted, 

Enthroned in unconquered glory 

Above the highest peaks of Heaven, 

He, the unmoved God. 

Sacred unity of the unities, 



First Monas of the Monads 

Uniting the simplicities 

Of all the high ones, 

And begetting them in superexistent births. 

Hastening from there, then,  

Through the first-born form 

Inexpressibly diffused 

The Monas nears with threefold strength 

And the sky-high spring 

Crowns itself with the beauty of children 

Who run from the midpoint 

And move around it. 

Stop, thou brave lyre, 

Stop, do not reveal sacrosanct 

Initiations to the people! 

Go, and sing of lower things, 

Concealing the higher ones in silence. 

(from the first hymn.) 

 

Those who bear the forms of the fundamental harmonic diagrams within themselves, and 

have meditated on their symbolism, cannot but wonder at the exactitude with which these 

forms are given poetic expression, and likewise at how long after the Pythagorean pact of 

silence, almost 800 years, the “initiations” of the wisdom of Samos still had effect: 

“Conceal the higher in silence!” 

 

Hymnology 

 In all of hymnology, from the earliest times, there is hidden an akróatic element which 

joined “singer” and listener, through the medium of the tone, with the origin of the world. 

All the earliest religious documents, such as the Rigveda, were not actually “sung” but 

read at certain pitches in emphatic and rhythmically segmented speech. In the Indian 

mythos, the Gandharvas and Apsarasas (the genies of music and dance surrounding 

Indra) become the musicians and singers of the god. With song and dance, they celebrate 

the joyful events in which the gods took part. “There is nothing,” the Pantscha-tantram 

says, “dearer to the gods in the world itself than song; through the enchantment of song 

Ravana caught Sira himself.”133 In the cult festivals of the ancient Egyptians, the singer 

led the celebratory processions: “The singer goes first from the sanctuary, carrying one of 

the emblems of music. It is said that he should have memorized two books of the writings 

of Hermes, of which one contains hymns to the gods, the other a description of the royal 

life.”134 Morris Jastrow135 concludes from the outer form of an Assyrian hymn that the 

lines were sung alternately by the leader and the choir of priests. But we have discoveries 

from the 3rd and 4th millennia B.C., and later pictorial representations of instruments, 

choir processions, etc., which can only be interpreted cultically,136 so that we can also 

reckon here with a synthesis of word and “song.” Think of the Psalms of David and the 

Gregorian chant that still lives on today! Then of the concept and figure of the rhapsodist, 

the singer! Here one must not imagine a “musical” performance in our modern sense. In 

the Homeric poems, the hymns of Pindar, the ancient Greek dramas, which were all 



recited and sung, the tonal element must have been much more inwardly melded with the 

content; the text was not yet “composed,” but the tone, like rhythm and meter, was a 

means of bringing the meaning and events of the poem out of their innermost places into 

that sphere where norm and law, divine and human, are blended into one. The ancient 

Goths even used the same word for singing as for reading!137 Unfortunately, through the 

emancipation of music, which since the Renaissance has followed the same course as 

science and religion, the synthesis has been lost to us today; because even in Gregorian 

chant there remains only a reflection of what used to be reality. 

 

John Chrysostom 

In connection to Augustine, we must remember the akróatic declarations and teachings of 

another Church Father, since they are of fundamental importance for a “filtering” of 

hamonics through the Middle Ages. John Chrysostom states that a well-ordered melody 

and a rhythmically delivered divine song are what, above all other things, lend wings to 

the human soul, truly release it from all earthly things, free it of all the fetters of the body, 

and make man a philosopher and contemptuous of all external arts of life.138  

 

Gregory of Nyssa 

Gregory of Nyssa says that music is a harmony that represents the song of the divine 

power that governs all; because the sympathy and agreement of all things with one 

another, which are regulated according to a certain order, create the true, primal music 

that the world ruler lets sound.139 

 

Rabanus Maurus 

No branch of knowledge, says Rabanus Maurus, can be complete without music; because 

without music, nothing at all can exist. The whole world is bound together according to 

harmonic laws, and heaven itself moves in harmonic sounds.140 Here, as in classical 

times,  one should understand “music” to mean not only practical musicianship within 

religion, but also including the speculative examination of harmonic problems, even 

though these can also get lost in primitive analogies. “One always asked what music had 

to do with, not in its nature, but in its meaning,”141 i.e. not what is music as an 

autonomous art apart from all others, but where does its enormous effect come from, 

what does it mean in its universal sense, what correspondences do its laws and norms 

have to nonmusical domains? The psalmody that still plays such a great role in the life of 

Catholic monks – each week, for example, the Benedictines recite the complete Psalter! –

rests completely on this metaphysical background, likewise the more “sung” hymnology.  

 

Methodius 

“O the sonorous harmony that comes from the Holy Spirit!” exclaims Methodius: “Thus 

we also will sing the same song and send a hymn up to the holy Father. Do not flee, O 

people, from this spiritual hymn, and do not close your heart malignantly against its 

sounds!”142  

 

Jerome 

Throughout the Middle Ages, the comparison of our earthly body with a musical 

instrument belongs to the inflexible conditions of the musical-allegorical system. Saint 



Jerome says: the Psalms refer quite correctly to the ethical side, so that we know through 

the instrument of the body what to do and not to do. But whoever talks about higher 

things and attentively discusses the harmony of the world and the order and concord of 

all creatures, he sings a spiritual song.143 

 

Otho the Monk 

In the 11th century, Otho the Monk arrived through his observation of the heavenly 

harmony at the remarkable opinion that in heaven, one person relates to another, 

according to merit, in the ratio of the octave, fifth, or fourth.144 Nothing is easier than to 

dismiss such passages with a shake of one’s head, but nothing is more difficult from our 

modern viewpoint than to understand, from this ludicrous analogy, how it was meant: as 

an inner value-form projected from the resonance of our psyche into an akróatic image – 

were it not for harmonics, which allows us to take such things once again in earnest and 

understand them. 

 

Nikolaus of Basel; Heinrich Suso 

We will conclude this section with the voices of two more mystics. Nikolaus of Basel 

says of peace in God145: “There no lark nor nightingale errs in its song. They sing equally 

according to their manner, when the first mastering of divine intelligence stirs the motion 

of the tongue towards the eternal images.” And in the biography of Heinrich Suso (14th 

century) we find the following vision146: “They took the servant [Suso] by the hand to the 

dance, and the youth sang a happy little song about the baby Jesus, thus: in dulci jubilo ... 

As the servant heard the beloved name of Jesus sound sweetly, he felt so well at heart and 

in his senses, and he forgot that he had ever had sorrow. Now he looked with joy at how 

they made such high and liberated leaps. The lead singer could play very beautifully; he 

sang first and they afterward, and they sang and danced with jubilating hearts ... this 

dancing was not of the type that one dances in the world: it was a heavenly undulation 

and effervescing into the solitary abyss of the divine secret.” 

 

V. 

 

Modern times 

In modern times the akróatic worldview broke apart. The sciences emancipated 

themselves, religion became “private” – despite or because of the Reformation? – and 

spiritual aspirations to unity took refuge in philosophic thought. There was no more room 

for “tone” in the speculative sense, in the sense of “listening to the world.” Music also 

freed itself increasingly from religious ties, and became, like the other arts, 

“autonomous.” 

 The great exceptions are Kepler and Albert von Thimus, if we think of the 

emergence of harmonics as a stimulus to science and history in modern times. Some 

exceptions of the second degree are Mersenne, Athanasius Kircher, and Robert Fludd, not 

to mention many names of the third degree. But “under the rug,” so to speak, we find 

harmonics in many more places than it would at first seem, and the following examples, 

up to the present day, serve as proof of these “akróatica.” 

 

Kepler 



In his Harmonice Mundi, Kepler emphasizes expressly that he has founded harmonics in 

astronomy once again upon scientific theorems, in contrast to the “meaningless 

symbolizations” of Ptolemy and the ancient harmonists of the spheres: “Therefore, with 

an improved astronomy that establishes the true and simple movements of the planets, 

eliminating the apparent, the things that rest upon the deception of our sense of sight, I 

have shown that all harmonic proportions appear in the heavens according to a true and 

real, quantitative and measurable relationship, not according to a mere meaningless 

symbolization, as well as the tone species, the musical system or the scales and most of 

their notes, the differences of the modes, the imitation of polyphonic music by the 

planets; finally, the collective counterpoint of the six primary planets which varies 

according to the tone species and modes.”147 In the dedication of his work to King James 

of England, he supports these and his investigations with the words148: “The reasons to 

think of this patrocinium in terms of my harmonics originated from that manifold 

dissonance in human affairs that is too well-known not to affect one; but which is built 

through true and plainly perceptible intervals, whose nature it is to soothe the hearing 

amidst dissonance by promising a pleasant concord to follow, and to keep it in happy 

expectancy.” Throughout the entire work the numbers found in heaven are harmonized, 

i.e. brought to tone-numbers and “scientifically” analogized149: “As the simple or 

monophonic song known as plainsong, which alone was known in ancient times, is to the 

polyphonic so-called figured song, which is an invention of the last century, so the 

harmonies that the individual planets make are to the harmonies of the planet pairs.” 

“Harmonies” is no vague concept for Kepler, no “hint,” no epitheton ornans as all of 

modern science since Whewell considers it: instead it conforms with tone-numbers, 

intervallic proportions, scale steps. It was by means of these tone-numbers, i.e. through 

harmonic analyses, that he discovered his Third Law!150 For Kepler, the formative idea 

lies in these harmonies, not only in the geometric figures: “Thus I came gradually, 

especially in recent years, upon the harmonies, in that I tolerated very small variations of 

the spatial figures. The thought came to me on the one side that the harmonies played the 

role of form, applied in the final touch, whereas the figures played the role of the 

material, which is in the world of the number of the planetary bodies and is the raw 

expansion of the spatial domains. Besides, the harmonies also provided eccentricities, 

which the spatial figures did not even represent.”151 And precisely through this harmonic 

and not “physical” observation – that the tone-numbers and tone proportions play a 

decisive role with the eccentricities of the planetary orbits, and that through them the 

Creator “applied the final touch” – Kepler found his famous Third Law. Because for him, 

the harmonist, the discovery of the exponent 3/2 was the fifth, the interval that generates 

all diatonic steps, and in the formula p2 = cr3 (p = orbital period, c = a constant, r = radius 

vector) he saw the ratio of orbital period and orbital radius upon the background of the 

psychic form of the “dominating” interval, the fifth! Later in this book the reader will 

find out about other “harmonies” in this main work of Kepler’s, and about other 

“Kepleriana.” 

 

Thimus 

Speaking of Kepler, here is a quote from the second great harmonist of modern times, A. 

v. Thimus152, who in a certain sense gives a concentrated illustration of his way of 

thinking: “Only by means of thought and only with the inner ear of a God-enlightened 



sense can the indescribable sound of this harmony, eternally exalted above human earthly 

music due to its impressiveness and beauty, be surmised. Only by the Creator himself, 

and by the blessed spirits united with him, is it beheld and known in its entirety. Its 

sounds come together from the opposition and gradation of powers concurring and 

unifying harmonically in a higher accord, as well as from the diversity and yet the strict 

order of the movement that forms itself through the action and reaction of these powers in 

colorful multiplicity according to the laws of an entirely musical number, faster or 

slower, greater or smaller, more closely bounded or reaching into the outermost 

distance.” 

 

Tersteegen 

Only by means of thought and the inner ear of a God-enlightened sense! That is the 

harmonia aphanes (the hidden harmony) of Pythagorean esotericism, and as the mystic 

Gerhard Tersteegen writes:153 

 

I am in the dark sanctuary, 

I pray and remain mute, 

O awesome silence! 

The best speaker cannot tell me, 

What is wordlessly spoken here  

Through love and submission. 

 

L.B. Alberti 

In his theory of art154, Leon Battista Alberti, probably the most universal mind of the 

Renaissance next to Leonardo da Vinci, takes up the harmonic ideas of Vitruvius155: “I 

call outline a certain ratio of lines which measure the expansion according to length, 

width, and height. The law of outline can best be derived from things in which Nature 

clearly and impressively reveals herself as wonderful and thoughtful. And really, I always 

agree with Pythagoras’s statement that she is equally present in all her creations. The 

same numbers through whose ratio the harmony of voices sounds pleasingly in the ears of 

men, also fill the eyes and the soul with strange delight. Thus I will derive the law of the 

outline from the musicians to whom these numbers are well known, and otherwise such 

ratios whose constitution holds something exquisite and valuable.” Alberti then discusses 

the interval proportions very precisely, and builds his architectonic eurhythmics upon 

them. 

 

J. Böhme 

In Jakob Böhme’s theosophy, it is “reverberation” or “resonance” that forms the sixth 

nature form as the conclusion of the evolution of the “eternal nature.” In the Aurora, Ch. 

10, 1, it reads: “The sixth source spirit in the divine power is the resonance or tone / that 

clangs and tones everything within / from there follows the speech and difference of all 

things / as well as the sound and song of the holy angels / and therein is the formation of 

all colors and beauty / as well as the heavenly domain of joy.” Within this doctrine of the 

nature forms or “qualities” – a type of metaphysical principles – “tone” therefore means 

grasping and becoming conscious of things. From this emerges the “speech and the  

difference” of all things, articulation and “formation” in the broadest sense. 



 

Franz Baader; Schelling 

Franz Baader, the great commentator of Böhme and profound theosophist, within that 

German idealism that continually surpasses itself intellectually, takes this idea of 

Böhme’s further in his own way: “For all movement (e.g. of the stars) is figure writing 

and these natures write, because they cannot speak.”156 Here, the privation of speech to 

“figure writing,” mute speech, changes through movement into form! Schelling, who was 

strongly influenced by Böhme and Baader in his later work, writes157 of a “wonderful” 

explanation of the “resonance-principle” as of an “inner light.” However, the only 

modern philosopher who has declared possible the restitution of harmonics as a science is 

Schopenhauer. 

 

Schopenhauer 

After deep reflection upon the nature of music in the 3rd book of his main work, Die Welt 

also Wille und Vorstellung158, Schopenhauer writes: “One could call the world embodied 

music just as much as embodied will.” He believes that “the apparent world, or nature, 

and music are two different expressions of the same thing,”159 and in conclusion he 

summarizes in the following way160: “If I am given the task, in this whole illustration of 

music, of making it clear that it declares in a most universal language the inner nature, the 

In-Itself of the world (which we, according to its most usual utterance, think of as the 

concept of Will) in a unique medium, namely simple tones, and does so with great 

certainty and truth; if moreover, in my opinion and aspiration, philosophy is nothing 

other than a complete and correct repetition and enunciation of the nature of the world in 

universal concepts, since only thus is possible a sufficient and correct overview of this 

whole being; then those who follow me and have entered into my way of thinking will 

find it not so paradoxical when I say: supposing that a complete, correct, and detailed 

clarification of music, hence an exhaustive repetition of that which it expresses, were 

given in concepts, this would also be immediately a sufficient recapitulation and 

clarification of the world in concepts, or something equal to that, and would therefore be 

the true philosophy; and that consequently we can parody the saying of Leibniz quoted 

above (music is a mysterious arithmetical exercise of the soul = ‘Musica exercitium 

arithmeticae occultum nescientis se numerare animi’), which is completely correct from 

a lower viewpoint, in the sense of our higher viewpoint of music, as follows: ‘Music is a 

mysterious metaphysical exercise of the spirit, unconscious of its philosophizing’ 

(‘Musica est exercitium metaphysices occultum nescientes se philosophari animi’). For 

scire, to know, always means to have set down in abstract concepts. Since further, by 

virtue of the much-supported truth of Leibniz’s pronouncement, music, disregarding its 

aesthetic or inner meaning and observing it merely outwardly or empirically, is nothing 

other than the means of grasping directly and in concreto greater numbers and more 

complicated number-ratios than we would otherwise be able to know indirectly through 

grasping them in concepts; thus through unification of these two so different and yet 

correct views of music, we can make for ourselves a concept of the possibility of a 

number philosophy, like that of Pythagoras and also the Chinese in the I Ching, so as to 

then interpret in this sense that saying of Pythagoras which Sextus Empiricus161 presents: 

‘tō arithmō de ta pant’ epeoichen = all is assimilated through number.’” Here one must 



naturally abstract from the familiar concept of “music” and conceive it in its broadest 

sense: just as broadly as Schopenhauer does. 

 We modern harmonists will admittedly consider our discipline as one, but not the  

“true philosophy”; the possibility of a “number philosophy,” on the other hand, arises of 

itself within harmonic symbolism. 

 

Language 

In akróasis we attribute a very special meaning to language. We have seen that the 

ancient Greeks, upon whom our entire Western culture is built, were fully aware of the 

harmonics of language and its elements: word, syllable, letter, grammar, and then the 

rhythms, meters, etc. – a knowledge that has been completely lost in this concrete sense 

in modern times. Despite this, language remains a phenomenon of the greatest 

significance for us: through ear and mouth, humans give and receive immaterial things; 

by means of the “tone,” therefore in an acoustic way, we communicate all our thoughts 

and aspirations; in short, it is what makes us human. Since this is not completely self-

evident – because we can quite easily think of other means of communication, such as 

sign language – and since, furthermore, language is “at home,” so to speak, in the house 

of harmonics, i.e. it has its actual native rights there –  the phenomenon of speech gains a 

much deeper foundation through this than it could have had if it were merely isolated, 

standing alone. Through the portal of akróasis, language enters the toning foundations of 

the world; only against this universal background is its existence understandable at all. 

Many great modern scholars and philosophers of language have been aware of this 

background; it is irrelevant that they did not perform specifically harmonic “linguistic” 

investigations after the manner of the Classical Greeks. From the wealth of examples I 

will give only a few. 

 

Hamann 

“The invisible nature of our soul,” writes Hamann, the “Magus of the North”162 – 

“reveals itself through words – as if creation is speech whose string stretches from one 

end of the heavens to the other.” And further: “Every appearance of nature was a word – 

the sign, symbol, and pledge of a new, mysterious, inexpressible, but all the more 

intimate unification, imparting, and partnership of divine energies and ideas.” 163 Further: 

“Were I as eloquent as Demosthenes, I would still only need to repeat a single word three 

times: Intelligence is language, Logos. I gnaw on this marrow bone and will gnaw on it 

until I die. Yet it remains forever dark over these depths for me; I am ever waiting for an 

apocalyptic angel with his key to this abyss.”164 

 

Herder 

Herder, at least in his prize essay “Über den Ursprung der Sprache” (1770), dismisses the 

“divine origin” of language as “nonsense,” though later he modified this opinion. “In that 

all of nature produces tones, there is nothing more natural to a sentient man than to think 

that it lives, it speaks, it acts.”165 “Resounding verbs are the first power elements of the 

most ancient languages: predicates, as yet no subjects.”166 Due to this primitive acoustics, 

the ear is the “organ of the median.”167 It stands between touch and sight, it is the actual 

“bond between the other senses,” and thus predisposed to spiritual mediation. Hamann is 

the akróatist of language; Herder the acoustician. 



 

Wilhelm von Humboldt 

For Wilhelm von Humboldt, “man is a singing creature, but combines thoughts with the 

tones.”168 In contrast with Hamann, and in supplement to Herder, he places language 

within becoming: “Language is no completed, static thing, but something at every 

moment becoming, emerging, and vanishing.” “Language is the constructing organ of 

thoughts.” “Language intervenes between man and nature which acts inwardly and 

outwardly upon him. He surrounds himself with a world of sounds, so as to take the 

world of objects into himself and work on it.” Language for Humboldt is a “worldview,” 

it comes from a greater depth of human nature than everything else that humans produce; 

it arises with the human spirit from the origin of spirit itself. As for acoustic sensitivity to 

the sound, pitch, emphasis, etc. of words, non-European languages surpass ours 

significantly. 

 Humboldt especially liked the delicacy of Indo-Chinese languages.169 In Sanskrit 

the so-called Guna and Wriddhi are the means of emphasizing the vowels, a shifting that 

can hardly be described with words, has nothing to do with grammar, and can only be 

perceived clearly by the ear. Then there is the monosyllabic quality of the Chinese 

language, in which the same word has the most varied meanings, often through a dozen 

purely acoustic nuances! In Siamese and the Annamese language, there are so many of 

these nuances that it is almost impossible for our ears to tell them apart. Every significant 

locality has its own language scale, and to communicate with neighboring localities, one 

must sometimes have recourse to written language.170 

 

Schopenhauer 

Schopenhauer is the only great modern philosopher to have evaluated music coolly and 

calmly in terms of its own meaning, not laden with resentment like Nietzsche, and thus to 

have reached such depths that, as we saw above, he even foresaw the possibility of a 

future harmonics. He says in his Welt als Wille zu Vorstellung171: “Sight is the sense of 

understanding, which observes; hearing is the sense of intelligence, which thinks and 

perceives.” If one compares to this the Kantian definition of understanding and 

intelligence, which indeed Schopenhauer follows, then one knows what that means. 

 

H. Augustin; Dante; Goethe 

In Hermann Augustin’s inspired and inspiring work, Dante, Goethe, Stifter,172 we read: 

“Dante hears God intone through him: ‘Io mi son un che, quando amor mi spira, noto ...’ 

Notare means to listen, write, and notate. Dante further strengthens this radiant terza rima 

with signficare, i.e. signa facere, to create symbols. Notare is the primal word of  

subjective, significare that of objective poetry. Dante’s terza rima reminds one of the 

legend of the Memnon columns producing tones in the sunlight. The string-playing God 

built Ilion’s walls. Love, sings Dante, moves the sun and the stars. ‘The column shaft, the 

triglyph sounds,’ proclaims Goethe, ‘My strings tone only of love,’ sings a song of 

Anacreon. With the ‘pearly script of tears’ Goethe described the ‘double pleasure of tones 

like love.’ Here music and poetry are one.” 

 

Brentano 



Brentano, who according to Nietzsche has the most “music in his body” of all German 

poets, tells in the Romanzen von Rosenkranz of a book from which Adam learned 

language in the beginning: 

 

The vowel’s enlivening wonder 

Before the secret of the diphthongs 

And the consonants’ hunger 

From there he learned to cook words.173 

 

H. Pleßner 

Related to the theme of the akróasis of speech, there is also a passage from Helmuth 

Pleßner’s famous work, Die Einheit der Sinne174 – a work that is of fundamental 

importance for a rebuilding of our sensory apperceptions. There it reads: “In that the 

problem of the origin of speech has an ahistoric sense, it lies concealed in the joining of 

sound and meaning – and today even the most doctrinaire philologists see from the 

breakdown of historicism and psychologism that something is hidden in the problem that 

neither history nor psychology can discover. It is not a task of philosophy to imagine a 

specific sound form. We must historically test the genealogy of the definite. The question 

that we have already repeatedly touched upon, of the reason why information must be 

imparted by means of sound, a question that Herder and Humboldt formulated most 

emphatically in the early days of historical philology, can be answered neither 

historically nor psychologically.” But this question can be answered harmonically. If it is 

evident – and all harmonic investigation since the earliest times is proof of it – that both 

nature and our psyche form the auditory, acoustic element, together with the norms and 

laws peculiar to it, then we have here the explanation for the fact, by no means self-

evident, that we understand each other by means of word and language, and not through 

visual or haptic media (though deaf and blind people are completely capable of it); and 

that therefore the acoustic is also the medium of expression of our spirit and intelligence. 

 

Language and writing 

The observatory of akróasis also discerns a special significance in the connection 

between language and writing. We will soon see that the specific number proportions that 

contain the tone-ratios make it possible to transpose the acoustic into the optic. If we 

grasp this possibility, which is universally immanent in all tonal forms, then we can 

understand the coordination of the written and spoken word in a more fundamental, 

categorical way. We then understand why peoples who are highly sensitive to the 

acoustics of language, such as the Chinese, have writing of such a high artistic quality, 

which means much more to them than just symbols for concepts. Here characters and 

concepts go back to a common center; the spirit entices visual images out of the writing 

hand, which are then sensitized acoustically in multifarious ways. Concept, character, and 

word are brought to a wonderful synthesis by means of the sense of touch of the writing 

hand, and stand there unique in human history. Somehow, this synthesis naturally applies 

for every fixation of language, whereby the optic and the acoustic often appear with a 

direct outward connection, even applicable to individual letters: think of the vowel “o,” 

which in European languages has exactly the form that our mouth uses for its realization. 



 On Chinese writing, Lin-Tsiu-Sen says in his work China und Japan175: “The 

usage of Chinese writing means more than simply that of any writing, because the 

Chinese characters were originally pictures, like hieroglyphs ... soon a development 

began in them that allowed Chinese writing to become what it is, in that the basic images 

were condensed to 214 roots or radicals, and from them one composed the individual 

signs, in the full sense of this word. As a mood appears for the ear in the listener through 

a musical phrase, thus emerged a representation in the reader through the radical phrase. 

Unlike the melody, which through the composer remains the same for all time, with the 

character an ever richer and richer representation has unfolded.” 

 

Word and language 

To summarize what history offers us as examples of the akróasis of words and language, 

we can say this: it is no coincidence that even in the most ancient times the religious cults 

not only used words, but also acoustically augmented speech, emphatic pronunciation, 

and hymns, and that the historical awakening of humanity is concentrated in the ballads 

and songs of the heroic ages. Rigveda means a collection of songs; the Homeric epics 

were originally recited, sung; and even in the Middle Ages the Nordic bards sang ballads 

of love and heroism. It is no coincidence that the Greeks used logos as a common term 

for word, speech, justification, and intelligence, nor that the term “person,” “personal” as 

an expression for the human individual, is derived originally from the Latin personare = 

to “sound through,” call, proclaim. Nor is it coincidental that in the German language 

Vernunft [intelligence] comes from vernehmen [to hear], Verantwortung [responsibility] 

from verantworten [to answer], Gehören [to belong] from ge-hören [hören = hear], and 

Beruf, Berufung [profession] from be-rufen [rufen = to call]. Behind all these concepts is 

the acoustic, the auditory in the broadest and deepest sense. It is precisely because the 

familiarity of the daily use of these concepts has made us unaware of the unfamiliarity of  

their actual meaning that we have become deaf to the spiritual background of these 

symbols that speak such a clear language.176 

 At the conclusion of this section we will let akróasis speak to us from a few more 

examples of modern poetry. We must renounce musical examples, since the great names 

of music will be familiar to every reader, and a living communication, at least for most 

people, is only possible through hearing. 

 

Luis de Leon 

There is an ode to the musician Salinas by the Spanish poet and theologian Luis de Leon 

(1527-1591), which Karl Voßler has translated:  

 

How cheerful and how clear 

and youthful and light it grows around us, 

Salinas – wonderful 

when music sounds 

played by your practiced hand. 

 

It sounds as though heaven were playing. 

My dull soul was so blind: 

and now it sees again  



and finds the eternal goal, 

the place where its first sources are. 

 

And as it knows itself, 

its fate and all its cares are lightened, 

it burns no more for gold, 

for which envy pales, 

and no false beauty softens it. 

 

It flies through all the mist 

until it stands on the supreme heights: 

there it listens to an art 

which does not blow away in the wind, 

which follows the ancient laws. 

 

It sees the master then,  

how he strikes the enormous strings 

and cleverly plays upon them, 

so that there comes forth 

the primordial tone, which carries the eternal edifice. 

 

Then the soul, too, feels itself  

composed in equal tones, 

and hastens to reply, 

it echoes here and there 

antiphonally in sweet harmony. 

 

The soul’s little boat sails 

on waves of bliss through the sea of tones, 

until it drowns in it, 

and hears and feels no more, 

anything alien or wandering in from outside. 

 

You holy ecstasy 

and death that gives life and sweet oblivion! 

May it enjoy eternal rest! 

And never find its way back 

to the lower senses, that bind us to earth. 

 

Dante 

The strict architectonics of the Divine Comedy shows Dante’s knowledge of mysterious 

Pythagorean wisdom. “He sticks close to numbers, so as not to fall into the divine 

darknesses that quickly move upon him.”177 And a verse of the Purgatorio, 30, 92 reads: 

 

Before the angels sang, whose song 

Is only an echo of the song of the eternal spheres. 



 

Shakespeare 

Shakespeare’s Lorenzo takes this sound up again in The Merchant of Venice: [Act V, 

Scene I, line 58] 

 

Look, how the floor of heaven 

Is thick inlaid with patines of bright gold: 

There’s not the smallest orb which thou behold’st 

But in his motion like an angel sings, 

Still quiring to the young-eyed cherubins; 

Such harmony is in immortal souls; 

But, whilst this muddy vesture of decay 

Doth grossly close it in, we cannot hear it. 

 

Heinrich v. Kleist 

Heinrich von Kleist writes in a letter from August 1811: “I feel that the various ill 

tempers in my mind are growing worse and worse in the hateful circumstances in which I 

live, and that if I could ever find a properly serene enjoyment of life, perhaps it would 

easily be achieved harmonically. In this case I would perhaps practice the art for a year or 

longer, and except for a few fields of study in which I must still finish some things, I 

would occupy myself with nothing but music. For I see this art as the root, or much more, 

to express myself pedantically, as the algebraic formula of all other things, and just as we 

have a poet – with whom I would in no way compare myself – who has expressed all his 

thoughts about the art that he practices in colors, I have related everything I have thought 

about poetry, from my earliest youth, to tones. I believe that the most important 

disclosures about poetry are contained in the thoroughbass.” 

 

Rückert 

In §25a of this book, the reader will find a poem by Rückert that expresses the spiritual 

content of the fundamental Pythagorean diagram in a visionary view. Here is some more 

poetry by Rückert full of akróatic elements: 

 

Oh, that my life 

Might have become a song! 

Every storm and every stress 

Would serve for its composition. 

 

What has not been sung, to me, 

Has not been lived; 

What is not yet conquered 

Shall still be striven for! 

 

Of the world that surrounds me 

I knew without compulsion 

only a little; the soul sounds 

And the world is singable. 



 

Hölderlin 

“Farewell, ye heavenly ones – I often said in spirit, when the melody of the morning light 

began over me with a soft sound,” reads Hölderlin’s Hyperion. “He lives only in the 

eternal keynotes of his being, and we step forth unadorned from one great harmony to the 

other.” In his friend Alabanda, Hyperion found his first, deepest resonance; in Diotima 

the last: “Was she not mine, united with me in all tones of life?” “That is also my hope, 

my desire in lonely hours, that such great tones, and greater ones, must one day return 

into the symphony of the world’s course. Love bore millennia of living people; friendship 

will beget them anew. Once the peoples emerged from infant harmony; the harmony of 

the spirit will be the beginning of a new world history.” In the poem Sonnenuntergang, 

Hölderlin perceives tone, light, and nature in “drunken ecstasy”: 

 

Where art thou? my soul swoons drunkenly 

From all your ecstasy; because ‘tis that 

For which I have waited, as full of golden tones 

The enchanting Sun youth 

 

Plays his evensong on heavenly lyre; 

All the woods and hills ring with the sound. 

Yet he is gone away to pious folk 

Who worship him still. 

 

Novalis 

“O that man” – says Novalis in his Lehrlinge zu Saïs – “would understand the inner 

music of nature and have a sense of outer harmony!” In the legend of Heinrich von 

Ofterdingen the weaponry of the heroes “clangs,” and during the game of the stars there 

is “a soft but deeply moving music in the air, that appeared to come from the stars 

wondrously intertwining through one another in the hall, and from the other curious 

movements. The stars swung around, now quickly, now slowly, in steadily changing 

lines, and made the figures of leaves most artfully according to the progression of the 

music...” And in the fragment “Die Natur” (Die Lehrlinge zu Saïs, II), one of the deepest 

visions of German Romanticism, Novalis dreams of the primal language of the 

predecessors of our humanity: “Their declarations were a wondrous song, whose 

irresistible tones reached deep into every nature and dissected it. Each of their names 

seemed to be the keyword for the soul of every natural body. With creative force these 

vibrations aroused all the images of worldly appearance, and of them one can rightly say 

that the life of the universe is an eternal, thousand-voiced speech ...” 

 

Eichendorff 

Eichendorff’s Wünschelrute feels and sounds: 

 

There’s a song that lies asleep 

Inside every dreaming thing, 

And if you find the magic word, 

Then all the world will rise to sing. 



 

A. Stifter; N. Lenau 

In Adalbert Stifter’s Narrenburg there is the sentence: “A tone is closer to the heart than 

a picture.” Nikolaus Lenau, one of the minor German classicists along with E.T.A. 

Hoffmann (who knew well the significance of his contemporary Beethoven), writes in his 

Waldliedchen: 

 

There was a rustling like a dream 

Of songs in the trees, 

And with the waves 

Hidden melodies played ... 

 

Voices that others had silenced 

Since they became audible 

Merlin hears gliding by 

Everything rustles in a roundelay ... 

 

The moonlight streams resonating 

On the oaks and hedge roses, 

And in the calyx of the finest moss 

The eternal poem sounds. 

 

E.T.A. Hoffmann 

In his mysterious novel Ritter Glück, Hoffmann writes: “Look at the Sun, she is the triad, 

from which the chords, like stars, shoot down and wrap you in fiery strands ... There rays 

of light shine through the night, and the rays were notes, which surrounded me with 

lovely clarity. I awoke from my pain and saw a great, bright eye, which looked into an 

organ, and as it looked, notes issued forth, and shimmered and twisted around in noble 

chords as I could never have imagined. Melodies streamed in and out ... I listened to how 

the flowers sang together. Only one sunflower was silent and nodded its sad head toward 

the earth. Invisible bonds drew me to it – it raised its head – its face opened, and from it 

the eye radiated upon me. Now the notes came forth, like light rays, from my head to the 

flower, which soaked them up eagerly. The sunflower’s leaves grew greater and greater – 

a glow came from them – they enveloped me – the eye had disappeared and I was in the 

calyx.” 

 

P. Valéry 

The great French poet Paul Valéry, in his dialogue Eupalinos,178 has Socrates say: “But 

music and architecture let us think of something else than themselves; they are in this 

world like the monuments of another world, or like examples scattered here and there of a 

structure and a duration that does not come into being, but into forms and laws. They 

seem deliberately intended to remind us, respectively, of the construction of the universe, 

and of its order and steadfastness; they call up images of the spirit and its freedom, which 

follows this order and reproduces it in a thousand ways; thus they ignore the specific 

appearances with which the world and the mind are generally occupied, plants, beasts, 

and people ... I have sometimes observed that when I listened to music with an 



attentiveness equal to its polymorphism, in a certain way I no longer perceived the notes 

of the instrument as impressions upon my ear. They changed so quickly and completely 

into living truths, into adventures of the universe, or into abstract associations, that I no 

longer perceived the sensory medium, the tone, at all.”179 

 

Goethe 

This section would not be complete if we did not consider that great monument that 

Goethe, the seer and observer, has built to akróasis. The prologue in heaven to Faust 

begins with the words of Raphael: 

 

The Sun tones in an ancient way 

In rival songs with brother spheres, 

And its predetermined path 

Is completed with thunder. 

Its gaze gives the angels strength, 

When nobody can fathom them; 

The works of unimaginable height 

Are as noble as on the first day. 

 

And at the beginning of Act 1 of Faust II, “a terrible noise announces the approach of the 

Sun”: 

 

Ariel:  Hark! Hark to the storm of the Hours! 

Toning for spirit ears 

Is the new day born. 

Stone portals creak and clank, 

Phoebus’s wheels roll and rattle, 

What a din the light doth bring! 

It drums, it trumpets, 

Eyes blink and ears are astonished 

The unheard does not sound well. 

 

* 

 

In Sections I through V of this Introduction we have gone over documents of akróasis 

from the most ancient times onwards, through all epochs and through the religious, 

philosophical, and artistic domains, and let them work upon our psyche. A strict system 

was in no way intended, and the selection was extremely limited. The lack of examples 

from music would be unpardonable were it not for today’s situation, which makes it 

impossible to impart the real tone to the ear via the book in the same way as the printed 

word does for the eye. Notated examples only say anything to those who know notation, 

whereas this introduction is meant to produce connoisseurs of akróasis and lead them to 

the work themselves. Perhaps future technology will produce sound recordings made of 

paper or a similar substance, which could then accompany books. For now technology 

has not progressed this far, since it has many “more important” things to do. Otherwise I 

would have included an ancient Jewish song, a Gregorian chant, one of Bach’s fugues, an 



adagio by Bruckner, and a phrase from one of Beethoven’s last quartets. From all of 

these, the “sound of the world” resonates directly into the human psyche. 

 If the unprepared reader, discovering harmonics for the first time, were to read the 

previous sections in succession, he might come to the conclusion that the author wishes 

to awaken, nourish, and solidify in him the belief that everything, the world and he 

himself, is only “listening,” tone and sound. If, on the other hand, he makes the objection 

that one could bring forward a similar multitude and series of examples of the eye, i.e. 

“looking,” whereby light, color, and visual forms play the equivalent role, then he would 

be completely right. And probably whoever wanted to undertake this work would have a 

much easier time of it; in any case, a wealth of previous works would be there at his 

disposal, irrespective of the wealth of material that is overwhelming – I mention merely 

the keywords “light” and “color.” 

 But precisely because the “optic” worldview is so familiar, while the “acoustic” 

worldview is hardly known and even less grasped – “worldview” is incorrect here, which 

is why I chose Weltanhörung (akróasis) over Weltanschauung (aisthesis) – our task 

justifies itself: it should not show that “everything” tones, but that “in everything, 

something” tones, along with light, along with many other things of which we already 

know something, or of which we do not yet know anything, or never will know anything. 

 Our examples up to this point, I believe, give a sufficient picture of how 

“akróasis,” as a Weltanhörung in the broadest sense, was in the background for most 

cultures, disciplines, and arts from ancient times onwards: often only as metaphors and 

analogies, often again as symbols, and finally as a speculative doctrine, whose main work 

from earlier times is lost; or else what remains to us is no longer “scientifically” usable; 

or else what was still scientifically usable and replaceable finally found refuge in other 

disciplines (e.g. astronomy with Kepler, classical studies with Thimus). 

 This book is meant to testify that akróasis, as the “doctrine of harmonics,” can be 

reestablished today and reconciled with our modern ways of thinking. For a fundamental 

study of this discipline that is still new to our modern worldview, however, we will single 

out and discuss in the following sections of the Introduction the three elements already 

mentioned in the Foreword: harmonics as a science, as a doctrine of correspondences, 

and as symbolism. 

 

VI. 

 

Harmonics as a science 

 

The Ear 

Harmonics as a science has its initial physiological basis in the ear. A precise description 

of the anatomy of the human ear and its evolutionary origin can be found in the relevant 

specialized works. In evolutionary terms, the ear as a trained organ is a relatively late 

development; but not so the sense of hearing, i.e. the living being’s acoustic 

perceptiveness, which goes back to the beginnings of the animal kingdom. If one adds to 

this the most recent results of experiments with ultrasound waves, one can accept and 

assume that matter itself has a universal sensitivity to acoustic stimuli. “The Greeks 

believed the sense of hearing was the most ‘pathetic’ of all, i.e. the sense though which 

the psyche received the most vividly stimulating, the most deeply reaching 



impressions.”180 The ear in its most highly developed state is an extremely complicated 

mechanism, whose individual functions have still not all been completely explained. 

However, to take only a few important elements, we know that the so-called “basilar 

membrane,” a tiny structure of 0.8 square millimeters, which transmits to the auditory 

nerve the tone vibrations that are filtered, so to speak, by the eardrum and the oval 

window of the middle ear, is a technical marvel, compared to which even our most highly 

sensitive acoustic membranes are primitive hackwork. The center of the inner ear, the 

cochlea, has a spiral form. Harmonics, for the first time in the history of physiology, is in 

a position to show why this central structure actually has a spiral form. The harmonic 

tone spiral, and the space-tone spiral developed from it, show that the precise form of the 

cochlea is in no way coincidental, but was ordained by the creative force precisely 

according to the tone-law and its geometric-harmonic evolutions. More or less puzzling 

still for physiology is the placement of the semicircular canals in the ear. They serve 

mainly as an organ of balance, but what does balance, and therefore spatial orientation, 

have to do with acoustics? Here, also, harmonics finds an explanation in the tertium 

comparationis of the spatial partial-tone coordinates, i.e. the tone-space built from the 

law of the overtone series, whose three coordinates correspond to the three spatial 

directions of the semicircular canals in the ear. “For the Gods, the four quarters of the 

world are the ear,” reads an ancient Indian text of the Satapatha Brahmana.181 Nature 

appears to have placed the inner ear so as to be particularly protected. It is surrounded by 

bones deep in our skull, causing great difficulty in dealing with pathological conditions. 

The auditory nerve is in direct, close connection with the whole nervous system and the 

sphere of perception, just as the optic nerve is connected to the brain, the sphere of 

understanding. With this is connected the fact that in general, people with damaged 

hearing are far more prone to psychic disturbances than those with damaged vision – a 

fact well known to every psychiatrist. Naturally there are exceptions, and one must also 

distinguish between congenital and acquired deafness. The two great exceptions for the 

latter affliction are Beethoven and Goya. 

 

Beethoven 

Everyone who knows the life history and work of the “late” Beethoven can clearly follow 

the enormous intensification of this work paralleling his progressive deafness. Beside the 

typical indicators of psychic disturbance regarding Beethoven’s personal conduct towards 

other people, in which paranoia is especially characteristic, it appears as if the loss of his 

sensory hearing concentrated the entire strength of his genius upon a purely spiritual 

hearing, and thus conjured up visions of a previously hidden world, which touches upon 

the highest things granted to humanity.  

 

Goya 

Alfred Peyser writes of Goya in Von Labyrinth aus gesehen:182 “If poetic fantasy could 

also deepen the shadows, with Goya it is evident that the master’s psychic life was 

decisively influenced by the loss of his hearing. He [like Beethoven] also grabbed ‘fate 

by the throat’ and kept creating for over 30 years afterwards, but the works from this 

period predominantly reflect anger and excitation; there no longer appear the images that 

remind one of Gobelin tapestries, with the cheerful life of the Spanish folk.” Here, for the 

visual man Goya, the loss of hearing had an entirely different artistic effect from what it 



had on the auditory man Beethoven. For a future “philosophy of the senses” it would 

certainly be extremely fruitful to analyze these two cases comparatively. One must of 

course not forget that both Beethoven and Goya originally had intact senses of hearing. 

 

The sensitivity of the ear to time differences 

The sensitivity of the healthy ear to time differences, however, is of the greatest 

importance for harmonics. Time differences express themselves in the precision of the 

apperception of the most important intervals – octave, fifth, fourth, third, whole tone – 

and the number-ratios connected with them. Naturally, the ear is only a mediator here, 

and without the prototypical forms in our psyche, the octave, fifth, etc., would not be 

holistic forms. But the ear gives us the possibility of distinguishing these time differences 

most precisely, and regarding the holistic forms of the intervals, to judge certain number-

ratios spontaneously as tone-ratios, i.e. to apperceive exact forms directly as correct or 

incorrect, which we would otherwise be able to establish only indirectly through 

subsequent measurement or some other manipulations. 

 

Helmholtz 

Regarding the sensitivity to time differences, Helmholtz writes in his Lehre von den 

Tonempfindungen:183 “Compared with the other nervous apparatuses, the ear shows a 

great superiority in this regard; it is to an eminent degree the organ for small time 

differences and has been long used as such by astronomers. It is known that when two 

pendulums strike next to each other, the ear can detect down to about 1/200 of a second 

whether their strikes are simultaneous or not. The eye goes wrong at 1/24 of a second, or 

even much more, when trying to decide whether two light flashes are simultaneous or 

not.” 

 The ear, like everything else in this world, also has its limits, but whoever has 

performed monochord experiments himself, for example, and has been able to establish 

thereby that within an octave we can easily distinguish not merely 12 tones, but hundreds 

of tones and tone-ratios as completely definite psychic forms, will find Helmholtz’s 

statement to be completely supported. 

 

Euler 

Euler, in his Tentamen novae theoriae musicae,184 writes of a “perception of the order” of 

tone-ratios. Regarding the ear as a specialized organ for the spontaneous apperception of 

certain number-ratios, and the psychic arrangements connected with them a priori, this 

ability is constantly trained and practiced by every piano tuner, stringed instrumentalist, 

indeed by every practicing musician and listener, and above all by every composer. To 

clarify the laws behind this and interpret their meaning: that is the task of harmonics. But 

thereupon harmonics steps outside the special case of music alone, and expands to 

become a universal doctrine of akróasis, of Weltanhörung. 

 

Universality of harmonic number-ratios 

The universality of the harmonic number-ratios is initially based upon our tone-

perception, completely irrespective of whether our ear hears these ratios with complete or 

partial precision, or whether people have been able to hear pure tone-ratios since the 

earliest times, or have acquired the ability gradually. All laws are indeed initially only 



ideal cases, which must then find their verification in fact, albeit this verification is only 

ever approximately attained. Today, for example, it would not occur to physical optics to 

make the optic laws discovered over the course of time dependent on whether the eyes of 

all people at all times saw or evaluated these laws exactly as modern physicists do. The 

same goes for the laws of acoustics, and of course for those of harmonics. The 

universality of harmonic laws is thus, like every law and norm, initially only a postulate, 

an ideal. The task of the relevant discipline, in our case harmonics, is to find the proof of 

universality in as many individual cases as possible.  

 If we grasp the acoustic in the familiar sense as broadly as possible, it is evident 

that the ear as a receptive organ has a substantially greater significance in modern times 

than earlier. Radio and gramophone records alone have broadened the acoustic field so 

enormously that we almost find ourselves needing an inner defense against them. Despite 

this, no insightful person would want to lose the positive aspect of these inventions; and 

precisely from this discrepancy emerges the requirement of turning our renewed attention 

to the acoustic, the auditory, in the broadest sense. 

 The task of harmonics as a science, then, is primarily to illustrate the order of the 

tone-ratios. Here one must refer to a situation which, for “physical” ears, may sound 

somewhat unfamiliar, but which is no less true: Science as yet knows of no system of 

tones! 

 

System of tones; importance for physics (acoustics) 

By this I do not mean “tone system,” a term that belongs in music theory and has purely 

theoretical-musical significance as regards the tonal material with which music is made 

today and was made in earlier times. It would be better to say that acoustics, as a division 

of physics, still knows no system of tones. Physical acoustics has examined and 

theoretically established many individual phenomena – such as the dispersion of 

soundwaves, the emergence of sounds, the law of the overtone series (tone-color theory), 

Fourier’s series, resonance theory, and many others. There is of course also a universal 

theory of vibration that applies to phenomena of the acoustic, optic, and electromagnetic 

domains of physics. But an actual theory of tones, built upon a system of tones, is not yet 

known to physics, and I hold this deficiency to be one of the reasons why in most modern 

physics textbooks the chapter on “acoustics” as a separate entity has disappeared, and the 

relevant individual acoustic phenomena are treated as illustrations of the general study of 

waves. 

 Here harmonics enters the arena of scientific research. In 1868 A. v. Thimus, on 

the basis of the rediscovery of the ancient Pythagorean lambdoma, made this system of 

tones once again accessible for the first time in the modern era. Thimus examined this 

“Tabula Pythagorica” – presumably the “abacus” of the ancients – predominantly with 

regard to its algebraic and tonal laws; for the moment, we will not discuss his symbolic 

interpretations drawn from them. But this lambdoma” which I call “partial-tone 

coordinates” and which the reader will find developed in §20 of this book, is nothing 

other than a strict group-theoretical continuation of the overtone series according to its 

own inherent law. Remarkably, this discovery, so exceptionally valuable for acoustics 

and tone psychology at the time it was made (1868), was completely unnoticed by the 

specialists of the field. I would have expected Helmholtz, for example, to have tuned in to 

Thimus’s rediscovery of the Pythagorean tone system in the later editions of his Lehre 



von den Tonempfindungen (1st ed. 1862) – which is indeed based upon the linear overtone 

series – all the more so since Helmholtz had the greatest understanding of Pythagoras and 

the pure-tonal ratios. Surely he never got his hands on A. v. Thimus’s Harmonikale 

Symbolik, or else, as an outspoken antimetaphysicist, he was scared away by the title and 

remaining content of the book. But why are we speaking of times past? Today, 80 years 

later, the situation has not changed: neither the tables in Thimus’s works nor those in 

mine (starting in 1932) have attracted even the slightest attention from physicists, 

although they could have made this discovery mostly their own and thus been able to 

build the “tone system of acoustics” on a new, secure foundation. 

 

Comparison 

To compare the progress of the harmonic system of tones with the physical-acoustic 

attempts to bring order to the tone phenomena, to clarify them, I have the following 

examples. Every reader of this book will have already heard something about atoms and 

chemical elements. They are the basic elements from which matter is made. Today about 

90 of these elements are known. Hydrogen, with the symbol H, is the lightest element, 

followed by helium as the second lightest, and so forth. Earlier, the series of atomic 

weights was arranged linearly, just like the overtone series. Chemists knew well that 

certain elements combined with each other in certain ways, just as musicians knew that 

certain tones in the overtone series can be joined into intervals and chords. But there was 

no insight into the law governing the arrangement of all atomic weights among 

themselves. Things completely changed, however, when the physicists Meyer and 

Mendeleyev had the idea of arranging these atomic weights in groups. They broke up the 

series at certain points and placed some sections under others. The result is now known as 

the “periodic system of the elements.” This arrangement provided a surprisingly deep 

insight into the laws governing all the elements and their relationships with one another. 

A few spaces were empty at the time (as dictated by the arrangement), and the 

characteristics of the as yet undiscovered elements could be predicted almost exactly. 

And it would not be wrong to credit the discovery of this periodic system for the 

enormous progress subsequently made by chemistry and atomic theory. This periodic 

system of elements, however, is obviously a purely mental arrangement of a natural 

phenomenon, in this case that of the atomic weight series. Nobody found this system 

outside, packaged in a mineral mine, or inside, in a chemical retort. Although its 

implications and indications are enormously important for chemical practice, in reality it 

does not exist at all! Harmonists did something very similar 3,000 years ago. Through 

simple monochord experiments, they must have learned very early on of the linear 

partial-tone series with its simple number law. And one day an ingenious mind came 

upon the idea of interpreting this partial-tone series that he had found on the monochord, 

which is indeed identical with the overtone series. He calculated according to this partial-

tone series 1 1/2 1/3 1/4 etc. new partial-tone series, using the individual fractional values 

to start new series. Then he placed some beneath others, and thus the “periodic system of 

tones,” or the “lambdoma” as the ancients called it, or the “partial-tone coordinates” as I 

call it, was discovered. I invite the reader to consider this comparison of the periodic 

system of elements with our harmonic tone system of partial-tone coordinates in the same 

way as all comparisons should be considered: as an incomplete parallel, but one that 



touches upon the innermost core, between a well-known phenomenon (periodic system) 

and one as yet unknown (partial-tone coordinates). 

 Thimus, as has been remarked, elicited only the first, one might almost say the 

most primitive, laws of the lambdoma. All the more astonishing is what he was able to do 

with his few formulae in the way of  interpreting various symbols from the ancient 

wisdom traditions. The actual fruitfulness of the lambdoma begins with its redevelopment 

through the tone-number groups through the partial-tone coordinates up to their 

construction in the tone-space, which last is investigated and illustrated for the first time 

in §37 of this book. It is precisely in this spatial formation of the tone system that most 

peculiar configurations of tone-number groups appear, with which mathematics will have 

to work using new concepts such as the “geometric discontinuum.” Acousticians and 

music theorists, especially, will find there a wealth of problems, whose strict logic will 

repeatedly lead them back to the universal, harmonic system of tones. For with this 

system, a new era begins for music theory as well. 

 

Importance for music theory 

Today music theory, just like acoustics, lacks an arrangement of tones that allows it to 

derive the most important musical phenomena, such as the whole tone, scale, 

counterpoint, cadences, a legitimate coordination of the chordal with the melodic, etc. In 

the harmonic tone system of partial-tone coordinates, we have this arrangement. Since it 

can be realized on the monochord, its factual nature is beyond dispute. Here, also, it is 

just as remarkable as it is incomprehensible that all of “official” music theory and 

musical science, with few exceptions,185 have paid no attention to these things, to their 

own disadvantage. In my experience, these circles are dominated by an astonishing 

ignorance of the most basic acoustic and mathematical phenomena. Today books are still 

appearing on harmony, tone psychology, tone character, etc., which either completely 

ignore the mathematic-acoustic data on which the fundamental musical elements are 

based, or treat them by means of the stalest leftovers of physics textbooks – to say 

nothing of investigating the results of harmonic research, which would give them the real 

foundation for their work. So something is wrong there. The reasons are obvious: all 

these proponents of music theory and musicology are lacking in mathematic-acoustic 

education. Future musicologists and music theorists will have to acquire this education 

and encounter the results of harmonic research, otherwise there is the danger that their 

works will be out of date while still in manuscript, and be superseded before they are 

published. A further reason for the “dread” that music theory and music psychology have 

hitherto had for harmonic discoveries is the widespread superstition that the overtone 

series, being a simple natural law, is not suited for eliciting psychological laws. But who 

will claim in earnest that the overtone series is only a natural law? Are not the intervals of 

its primary ratios precisely anchored in our psyche, just as outside in nature? The 

intervals at the beginning of the overtone series – the octave, fifth, fourth, major and 

minor third, the whole tone – are they not spontaneously perceptible by our psyche as 

correct or incorrect? Be that as it may: in the following work it will be proven that many 

phenomena that were previously only graspable “psychologically,” such as scales, 

counterpoint, cadences, etc., can be read off directly from the harmonic system of tones.  

Here one can also say that music theory, by the same token as physics, only harms itself 

by clinging to its aged and doctrinaire standpoint. But harmonics as a science is not yet 



exhausted.with this rediscovery, reestablishment, and further development of the 

harmonic tone system, as yet unknown to modern physics and musicology. 

 

“Sound-image”; audition visuelle 

An entirely new domain that harmonics has opened up is the so-called “sound-image,” 

i.e. the conversion or metamorphosis of the acoustic tone-forms into optic, graphic 

images. As a collective term for this domain I have chosen the term “audition visuelle,” 

in conscious parallel to the concept of the audition colorée (color-hearing), which plays a 

well-known role in synesthesia. As for audition visuelle, it owes its possibility and 

emergence to the fact that every tone can be expressed in a number spatially (string 

length) or temporally (frequency), and can thus be illustrated graphically as a line. This 

applies both to the individual tone-ratios and to the tone groups and tone curves, as well 

as to all polar illustrations of the acoustic phenomena and configurations. The latter, the 

tone curves and acoustic polar diagrams, are mostly investigated for the first time in my 

works, and have their most exhaustive illustration in this book. In these “sound-images” 

of the audition visuelle the acoustic is thus transcribed into the visual: here we can see the 

tones, not as a simple conversion of acoustic vibrations into optic ones, such as is 

possible via electro-physical instruments, but as a transformation of the tone-numbers and 

their configurations into visual diagrams. This is something fundamentally new, different, 

but still completely workable within our “scientific” way of thinking. I have especially 

shown how fruitful these sound-images can be – fundamentally every harmonic diagram 

is one – in two scientific examples of application: in the example of the “partial-tone 

curve,” which turned out to be a constitutive element of the shape of  the violin body,186 

and in the “harmonic division canon,”187 significant for the history of art. The application 

of sound-images in the harmonic doctrine of correspondences and symbolism is given in 

many places in the following work. 

 

Ultrasound 

Recently “ultrasound waves” have become very important. These are tones of very high 

frequency, which we cannot hear, but which have a special effect, analogous to that of 

ultraviolet light waves, reaching into the atomic building blocks of matter. As “ultrasound 

radiation,” they are used in medicine. In my essay “Tonspektren,”188 I showed that the 

harmonic tone system and its laws not only reveal a whole series of close analogies to the 

laws of the optic spectra, but also that retrospectively, some hitherto unexplained 

phenomena of the latter can be solved through the tone spectra – which are actually only 

special cases of the harmonic tone system. Obviously, the harmonic tone system points to 

a deeper, universal law for which the “medium,” air or ether, is secondary to the norm 

behind it. If today’s “first trials” of ultrasound waves reach into those domains that 

belong to atomic research, and if, as I showed in “Tonspektren,” there is a close 

connection anyway between optic-atomic and acoustic laws, then future ultrasound 

research, if it is to have a theoretical basis, will have to rely willy-nilly upon the harmonic 

tone system. Here another wide and interesting field of activity awaits harmonics as a 

science. 

 

Gestalt mathematics 



Other domains for a purely scientific handling from the harmonic viewpoint – to which 

the above examples point – are, among others, language and mathematics. Regarding 

language, the harmonics of the form, melody, and rhythm (poetry) of speech must be 

examined, as well as writing; and as for mathematics, I see harmonic efforts in this field 

crowned with the emergence of a “gestalt mathematics” (cf. §4a and §36b), which builds 

the tone-number forms and their formulae and configurations into an autonomous, self-

validating branch of mathematics. Unfortunately my knowledge of this domain is too 

limited for me to offer anything profitable there. As far as I can see, it requires an expert 

in group theory to build a gestalt mathematics on a harmonic basis; for the starting point 

will always be the overtone series with its tone-number groups and geometric forms. 

 I believe I may here skip further references regarding “harmonics as a science,” 

such as the “law of harmonic quantization”189 and many others. In this section VI, I 

wished only to show that harmonics also has its contributions to make within the 

“scientific” way of thinking familiar to us today. The reader will find many other 

examples in the chapters that follow. By “scientific thought,” I mean here the attitude of 

research and of a researcher that would be considered “housetrained” within today’s 

university disciplines. 

 

Scientific thought; H. Friedmann; “haptics” 

Regarding the relationship of akróasis as a whole to scientific thought, one must first be  

clear about the latter’s heredity and origin. Since Hermann Friedmann,190 we know that 

this thought is “haptified” in its fundamental structure, i.e. oriented to the mode of 

thinking of the natural sciences, especially as it has developed since the Renaissance. 

With harmonics, admittedly, we dismantle the foundations back down to these “haptics” 

(= perception of the sense of touch, with its foundation pillars of measure and number!), 

namely to Pythagoreanism itself, of whose two primal approaches, tone and number, only 

the numeric, haptic aspect was subsequently developed as a basis for all further scientific 

research. Naturally this did not exclude religion, philosophy, and art in all their manifold 

forms. But the specific mode of thinking of the natural sciences, especially as it has 

crystallized in the last two hundred years in the exact sciences and above all in the haptic 

science par excellence – physics, and the technology born from it – has become such a 

dominant influence over all domains of science, our entire thought structure, and almost 

our entire lifestyle (civilization, comfort), that we would do well not to close our eyes to 

this haptification and to see it for what it is: a completely unnatural advancement, 

exceeding all human proportions, of a very one-sided ability whose overpowering 

virulence appears, in the atomic bomb, to have produced its first great warning signal, or 

– if people do not take notice of this “human” invention – its last mene tekel. 

 “Mensura is the primal function of the mens! We only grasp nature where we can 

measure, count, or weigh” – already Nikolaus Cusanus knew that.191 But: “Cusanus 

discovers intelligence as that domain of the spirit (mens) that deals with more than 

rational verdicts and conclusions, numbers and measures, namely with higher things, 

‘ideas,’ such as unity and wholeness.”192 

 

Science and harmonics 

The relationship of harmonics to modern science can be summarized in the simple 

statement: Not measure and number,  but measure and value! That is what modern 



civilization will not be able to avoid if it wants to become a culture again. This means not 

putting measure in one place (science) and value in another (religion, philosophy, art), 

but a regeneration of the scientific way of thinking from both Pythagorean approaches, 

i.e. under the reintroduction of psychic principles and norms (tone!) in the currently 

purely haptic way of thinking (number!). Thereby scientific thought will not only regain a 

human warmth and humane responsibility, but also the domains currently lying outside 

this thought, such as religion and the arts, will again be connected to this scientific 

thought through the symbols of the harmonic value-forms, and relieved of their splendid 

isolation as an activity for holidays and leisure hours. The possibility of this regeneration 

exists in the primal phenomenon of tone-number and the norms and laws flowing from it; 

and harmonics is the study of the transformation of this possibility into reality. 

 

VII. 

 

Harmonics as a doctrine of correspondences; Jakob Böhme 

The second foundation of akróasis is Harmonics as a doctrine of correspondences. We 

can characterize today’s predominantly haptified mode of scientific thought with one of 

those sayings of Jakob Böhme, of which this deep and sharp-sensed philosophus 

teutonicus made so many: “For that is the law of conceivability, that it does not emerge in 

the inconceivable.”193 But there is another type of thought, or rather another attitude of 

our thought and feeling, which is structured differently, and precisely for that reason 

exists outside the merely conceivable, the conceptual: the doctrine of correspondences. In 

my book Akróasis,194 I tried to depict this mode of thought in connection with Ernst 

Cassirer. Admittedly I find his chosen term, “mythical” thought, too broad, since 

mythology already reaches into symbolism, which surrounds yet deeper areas than are 

possible for a mere doctrine of correspondences. Despite this, we will stick with this 

term. 

 

E. Cassirer; “mythical” thought 

The philosopher Ernst Cassirer195 contrasts the conceptual form of “mythical” thought 

with modern scientific thought. He characterizes mythical thought as associative thought, 

within which the individual analogies are related to each other in external, often arbitrary 

ways. The most primitive form here is totemism. For the Zuni people, for example, there 

is a “septuarchy,” a sevenfold arrangement of their whole thought and lifestyle: “The 

Zuni village is divided into seven areas corresponding to the seven directions: North, 

West, South, East, the upper and lower worlds, and lastly the middle of the world. Not 

only every separate clan of the race, but also every animate or inanimate being, every 

thing, every process, every element, and every definite time period, belongs to one of 

these seven areas ... every spatial domain has its own specific color, number, etc.”196 It is 

the same in principle with astrological thought, and with mythos in general, which always 

attaches onto a “material part” of the world (the cosmic egg of the Orphics, the world ash 

tree of the Germans, etc.) and then links association to association in a chain, whereby 

causality (cause and effect) simply plays an external role of interrelationship. The 

mythical worldview is statically, spatially oriented, and thus predestined toward rigid 

images and symbols. 

 



The natural-scientific mode of thought 

The modern natural-scientific worldview is completely different: “The form of the 

scientific explanation of nature, whose main principles have stood irreversibly since the 

Renaissance, since Galileo and Kepler, mainly exists in unraveling all Being into a 

Becoming, into spatial-temporal relationships, and to base it in the laws of these 

relationships.”197 Further: “In the mathematical theory of natural events, which expresses 

these thoughts most purely and completely, every content and every event must first be 

converted into a complex of quantities that are generally regarded as changeable from 

moment to moment, in order for the explanation to be accessible at all. The task of the 

theory is, then, to ascertain how all these changes affect and dictate each other.”198 And: 

“That is also why our modern scientific thought, in order to be able to grasp any kind of 

Being, must first relate it to elementary changes and, as it were, break it down into them. 

The form of the whole, as it is present for sensory perception or for pure observation, 

disappears: in its place sits the idea of a specific regulation of Being.” 199 And now 

Cassirer compares modern thought to astrology, as one of the models of mythical 

thought: “The unity that modern science seeks is the unity of the natural law as a purely 

functional law; for astrology it is the unity of a constant and pervasive condition, a 

structure of the universe.”200 And at another point: “Science’s idea of law does not find 

such a dependence (between two psychic elements) where (as in mythology) the elements 

somehow correspond to one another, and where they can be mutually connected within a 

definite scheme, but instead where specific quantitative changes of the one dictate those 

of the other, according to a universal rule.” 201 

 We should pay special attention to this last sentence. What Cassirer means by 

“scientific thought” naturally does not only apply to science, but mutatis mutandis to all 

the thinking of modern times, including philosophy (“philosophy as a science”!), art, and 

religious studies, since causal-functional thought plays the lead role in these domains as 

well. 

 

Relationship of harmonics to “mythical” thought 

Regarding the relationship of harmonics to mythical thought, they first appear to be 

closely linked. Harmonics is also about correspondences; every harmonic value-form is, 

so to speak, the convex lens for a whole series of coordinations, which have little or 

nothing to do with each other outside the lens. But it is precisely this image of the convex 

lens that clarifies the fundamental difference between mythical and harmonic thought. 

According to Cassirer, mythical thought always starts from a certain real image concept 

(world egg, world ash), and then adds further image concepts onto it, which appear to our 

modern way of thinking, like the initial symbol, to be more or less arbitrary connections, 

or at least external ones. Harmonics, on the other hand, does not start its series of 

correspondences with any arbitrary symbol such as a world egg, but with a harmonic 

value-form (prototype) whose initial theorem is anchored psychophysically in nature and 

in our psyche, and as such is suited to the criteria of understanding (number) and feeling 

(tone), and can thus be judged and evaluated abstractly and concretely. The 

correspondences radiate outwards from these convex lenses of harmonic value-forms as 

though to the periphery of a circle. Regarded in themselves and without the focus of the 

lens, they appear just as “arbitrary” as in Cassirer’s mythological thought, but with this 



they arrange themselves in our causal mode of thought and are a function of precisely 

these prototypes or value-forms. I will give examples. 

 

Harmonic examples of the doctrine of correspondences 

The following facts are known to us: In the development of crystal surfaces the following 

numbers usually appear: 

 

... 1/4  1/2  2/3  1  3/2  2  4 ... 

 

If we place below these numbers the tonevalues: 

 

c,,  c,  f,  c  g  c΄  c΄΄ 

 

then in the tones f c g we have the functions subdominant-tonic-dominant, upon whose 

movement the chords of Classical, Romantic, and modern music are based. If we take the 

inner movement of the cadence autonomously, i.e. as the placement of thesis, antithesis, 

and synthesis, then we find ourselves in the domain of logic, where this triadic movement 

signifies the prototype of dialectic. Here, then, we have three instances from 

crystallography, music, and logic, which have nothing to do with each other practically, 

and cannot be derived from one another causally, but whose inner form or character is 

analogous and can be traced back correspondingly to the harmonic prototype of “step-

dialectic” (musically: cadencing). 

Another example: The blossom of the passionflower has five regularly divided 

stamens, upon each of which sits a pistil, equally regularly divided into three. 5 : 3 or 3 : 

5 is the minor third, and the importance of this, as well as the major third, in the two 

voiced singing of folk songs and as a typical interval of “romantic harmonics” is well 

known. If we grasp the third interval autonomously – it is the fifth tone of the overtone 

series – the we will remember the Greek letter E (= 5), which stood over a temple at 

Delphi and about which Plutarch composed an entire essay; we will further remember the 

pentacle, which produces the golden section, etc. Here, then, we have four instances from 

botany, music, mythology, and mathematics, which have nothing to do with each other 

factually and cannot be derived from one another causally, but whose inner form or 

character is analogous and can be traced back correspondingly to the harmonic prototype 

of the third. 

 Someone may now ask: “What should I do with such correspondences? Wherein 

lies the advantage in contrast with the causal method?” As a harmonist, I can make the 

following answer: 

 

Causal and correspondent modes of thought 

The causal mode of thought leads all too often to a false certainty, to an attitude of self-

evidence (“If you have it in black and white...!”), to a loss of experience in favor of 

established facts and laws. All great scholars and discoverers of this thought (Max 

Planck, etc.) made it clear that every science is only ever approximately “true,” and that 

within pure scientific thought no conclusive results or truths are to be expected. 

Moreover, for all these scholars the experiential content was mostly preserved. But the 

great majority of their colleagues and the laity came all too easily to believe, regarding 



science, that “truth” is to be found only here, within the causal-scientific mode of 

thought, and that when these truths are set before them, everything is completely clear 

and self-evident and one has “come a long way.”  

 While scientists are driven restlessly from one result to the next (Max Planck, in 

his speech at Vienna, 12.3.1929, spoke of the “goal, unreachable in principle, of a 

knowledge of true reality”!) and often an individual discovery is able to shake up a 

whole, supposedly well-founded “worldview” (case in point: classical and modern 

physics), the layman, and not only he, is stuck with the illusion that contemporary 

research imparts conclusive truth, that one can build on it, and that any doubt is 

forbidden, if not utterly ridiculous. Since the current results of this research are believed 

to be “factual” and “objective,” and there is a panicking fear of “psychic” references or 

trespassing into other domains, this “haptification” finally affects researchers and 

laypeople as an accumulation of scientific material that is lacking any psychic 

relationship to humanity as a whole, and leaves the person who seeks truth fundamentally 

unsatisfied – regardless of the element of uncertainty that he sees and feels as a result of 

the continual “revisions” of the scientific worldview. 

 The doctrines of correspondence, on the other hand – of which harmonics is only 

one of several – first start from an experiential content (in the above examples, from the 

dynamics of cadences and the psychic content of the third) and then look for the domains 

in which are to be found satisfactory analogies to this primary experiential content; in 

harmonics we call it prototype or harmonic value-form. The thinking here is not aimed 

toward cause and effect (proof), not toward a “goal unreachable in principle”; instead,  

the experiential content of the initial position is extended and transferred to the 

“corresponding” analogies. Thereupon a fundamentally different viewpoint emerges 

within our capability of perception. There, in scientific thought, we find a restless desire 

to know pursuing an ever unattainable goal, connected with supposedly “conclusive” 

results and the ever sharper focus on pure logic as its tool. Here, in the doctrines of 

correspondences, we find a calm introspection and a hearkening to the convergence of 

primordial prototypes and value-forms, connected with ideas in the Platonic sense and the 

focusing of these ideas upon the “intellectus archetypus” (Kant) of our psyche. 

 Both modes of thinking and viewing, the scientific and the correspondent, arrive 

at truths, if we take “truth” to mean the appeasing of our striving for knowledge. But in 

the two cases, these truths are anchored and structured in different areas of our psychic 

capability. I personally would be wary of a faceoff between the two domains. It is 

unquestionable that the causal-scientific way of thinking has its great and permanent 

uses, and will continue to have them. But it will have to get used to the fact that there are 

other approaches for our perception for eliciting the “truth,” and that if it really 

understands the serious doctrines of correspondences it can only see them as siblings, 

working together with it to mediate the truth. And there is more: every doctrine of 

correspondences, if it is to be taken in earnest – which is why I used the word “serious” – 

must use “scientific” means to ensure that its starting positions are unobjectionable. 

Certainly we harmonists place great value in the fact that our theorems, upon which the 

prototypes and value-forms are built, are grounded upon measure, number, and the usual 

criteria according to scientific methods. Only after that may observation and listening be 

let loose, and give themselves up to meditation on the series of correspondences. 



 We will now resume the thread of the above discussion with Cassirer. For the real 

doctrines of correspondences and especially for harmonics, there are not simple arbitrary 

assignations, as in mythical thought, but instead these assignations show themselves as 

causally supportable image concepts of a specific psychophysical Gestalt: that of the 

relevant harmonic value-form. If one thinks this through correctly and looks again at 

Cassirer’s definition of mythical thought, the question arises: shouldn’t it be possible to 

grasp all these assignations of mythical symbols and image concepts – naturally only as 

far as concerns the real ancient universal images, and not obvious nonsense – in such a 

prototypical, value-formal way? Certainly, from the harmonic point of view much of so-

called numerology is already psychologically dictated, as emanating from certain tone-

number gestalts already present in our psyche.205 For example, the abovementioned 

“septuarchy,” the sevenfold system of the Zunis, superficially seen as a “wild” totemic 

assignation hierarchy, receives its psychic foundation harmonically (7 as first number of 

dissonance, the seven-step scale as prototype). The same goes, among other things, for 

the doctrine of astrological aspects, which has indeed been explained since ancient times 

and later by Kepler through musical intervals, i.e. psychic forms. Furthermore, it can be 

harmonically proven that the “thing concept” of the world ash tree, mentioned above by 

Cassirer, goes back to the image concept of the “tree” that is common to almost all 

mythologies and religions (tree of paradise, etc.): it can be elicited directly from 

dichotomy, i.e. the division of the “partial-tone coordinates,” and therefore corresponds 

to a specific fundamental structure of our psyche and our ability to think (dieresis of the 

Platonic ideas!).206 Thus “mythical thought” would not be merely a type of imperfect 

prelude to our modern scientific thought, but completely equal to it as a human endeavor 

for truth, albeit structurally different. Cassirer, moreover, comes on the basis of his theory 

of the various “modalities” of our thinking ability to the similar conclusion that the 

various forms of thinking are in a way equal, though differing in nature. Moreover, as 

appears from the passages quoted above, he makes no bones about the pros and cons of 

the two types of thought: that above all, modern thought must first “break apart” before it 

can rebuild, and even then it will come only to “certain rules of Being” whereby “certain 

quantities dictate other quantities following a universal law,” and “the form of the whole, 

as it is present for sensory perception or for pure contemplation, disappears.” Naturally 

Cassirer assumes, like all thinkers of his type, that modern science has conquered 

mythical thought, but that a true conquest of the latter must rest upon knowledge and 

acknowledgment of it, since these are still lurking under the rug. 

 Here, then, harmonics has an important mission: to reintroduce the “harmonic 

value-form” into scientific thought, not as an antiquated doctrine of correspondences to 

be conquered, but as a new psychic structure of our scientific perception, verifiable by 

means of number and causality. Mythologems and symbols thereby appear not merely as 

a form of perception that once existed and was historically equivalent to our modern 

thinking, but is irrelevant today: rather it is something just as important as this modern 

thinking and still of value today, always assuming that one can grasp it causally and fit it 

to modern ways of thought. Above all, this avoids the danger of the mythologems being 

swept under the rug. To banish the spirits, one must first evoke them; and harmonics may 

have a similar mission to fulfill in the domain of science as depth psychology has within 

psychology. 



 Besides this fundamental discussion with Cassirer, from which I believe the new 

justification for a doctrine of correspondences emerges under harmonic auspices, there 

are at least two examples in modern times of correspondence based thinking: Fechner’s 

Zend-Avesta and modern Gestalt theory. 

 

Th. Fechner 

G. Th. Fechner207 works primarily with analogies in his Zend-Avesta.208 The earth, as a 

higher spiritual being, is in the middle between humans and God. The stars are conscious 

beings, the earth itself is an “angel.” Zend-Avesta means “living word,” everything 

speaks to us, and the analogies continue in hierarchical stages from familiar things and 

concepts up to the highest peak: to God. “In the stepwise construction of the world, there 

is always a fixed corporeal system enclosed from above, and thus a consciousness always 

encloses the lower things and holds it in connection with the omniscience in God.”209 The 

natural science of his time shrugged its shoulders at this work and declared Fechner a 

“muddlehead,” whilst for the theologians Fechner’s thoughts were too “materialistic.” If 

we moderns let the work influence us without prejudice, we know better than the judges 

of 100 years ago that both verdicts of those days were wrong: this is not just about 

knowledge or belief, but about a synthesis of both on the basis of a different type of 

thought, a gradation of correspondences. Asking about such thoughts: “So is it all true, 

what Fechner says?” is the same as asking whether a work of art is “true.” Every art 

makes analogies in the deepest sense, and all works of art stand against the background of 

correspondences. I do not mean this in the sense of “allegorizing,” but entirely concretely 

with regard to the inner construction of the artwork itself. The formed idea is not realized 

in art by means of cause and effect (causality), nor by pure feeling forms (belief), but on 

the basis of correspondences of artistic inspirations and their evolutions. Here, the result 

is “truth” just as in Fechner’s Zend-Avesta; only this truth reaches into other levels of our 

capabilities of consciousness and contemplation than those of the scientific and religious 

attitudes. 

 

Gestalt theory 

Another type of correspondence thinking occurs in the various directions of modern 

Gestalt theory, Gestalt philosophy, and Gestalt psychology. In Gestalt psychology,210 for 

example, a series of “Gestalt laws” are elicited on the basis of certain, predominantly 

optical phenomena, such as “the law of containment,” “the law of common movement,” 

“the law of the good curve or the common fate” (!) and others, which are not restricted to 

the initial domain, but find application and correspondence in all possible domains, and 

thus are fundamentally analogized. The advantage of Gestalt psychology over Fechner is 

that it traces its laws back to definite experiential conditions and universalizes them 

abstractly – similarly to what harmonics does with its theorems and value-forms. 

 I gave these examples of modern correspondence thinking only to show that 

harmonics as a doctrine of correspondences is in no way an anachronism today, and finds 

itself in respectable company. Its specific nuances in comparison with the two doctrines 

mentioned above would require similar explanations to those we have already expressed 

towards Cassirer. 

 

The difficulties of doctrines of correspondences 



Of course one must be well aware of the general and specific difficulties of 

correspondences. We are not standing on such “solid” ground here as exact scientists, 

logicians, or believers. Misunderstandings and mistakes are given wider leeway than on 

the hitherto trustworthy paths of familiar thought. 

 To give the reader an impression of these difficulties, I will give two examples 

from my own works. 

 

Two harmonic examples 

In Hörende Mensch, p. 191 ff., and in Akróasis, p. 132 ff., I compared the logarithms, 

base 10, of the median planetary distances (average distance from the Sun to Mercury = 

1), with the nearest primary senary partial-tone logarithms, base 2, and thence came upon 

an octave-reduced scale half major, half minor in character, and upon a remarkable 

localization of the first enharmonic steps d dˇ and b bˇ. The obviously shattered 

fragments that are asteroids are between d and dˇ, Jupiter outside b and bˇ, but still within 

the domain of the b value. I concluded from this that the dangerous area within the first 

enharmonic division domain must have resulted in the fate of the original asteroid-planet, 

which would otherwise be in the place of the major third, and I was reminded of the myth 

of Lucifer, the angel who was first noblest of all, then was destroyed – while Jupiter stays 

outside the second enharmonic division zone.  

 One of the first critics of this harmonic analysis argued as follows: it would be 

very presumptuous to attribute the evil of the world to fitting or not fitting into a scale! A 

scale has nothing to do with planets and their distances! My response, that Plato used the 

same analogy for his theory of the cosmos in his Timaeus scale, was answered thus: 

Plato, as an artist, is allowed to do this, and thus with Plato one never knows where he 

stops being in earnest and where the fun begins. So, Plato was a joker – strangely enough,  

whenever he is no longer understood today! On the evaluation of a harmonic analysis and 

the constitutive character of its correspondences as an answer to this objection – see 

above! 

 Another, I believe, well-meaning critic made more pertinent objections. First, the 

coordination of the tones with the medians of the planetary distances is equivocal, since 

each of the 12 (tempered) tones of the scale has a variation breadth of 1/12 and thus other 

tones could lie within these tolerances; secondly, it is entirely clear that from comparing 

9 planets with 12 tones, some kind of scale must arise. The first objection is only correct 

if I am thinking “temperedly” and silently introduce the concept of “variation breadth.” 

But harmonics thinks or perceives pure-tonally in such analyses, and thus the fifth and 

the octave have no “leeway” as intervals, as every string player knows when he tunes his 

instrument. There is only “variation breadth” in the intervals that follow: third, second, 

etc., and for these it is limited, certainly not 1/12 of the octave! The second objection 

would, again, be obvious from the point of view of “tempered” hearing, but absolutely 

not from the pure-tonal one. Because as it is clear that between 9 planets and 12 tones a 

scale, more or less, must emerge, thus it is evident that there must be senseless and 

sensible nuances of this (pure-tonal) scale. And it was the peculiar character of the scales 

I analyzed that set them apart from the others that had no sense. The critic, however, has 

either not noticed the most important part of my analysis, or else it appeared unimportant 

to him: first, the ratio of the two logarithm systems base 10 : base 2, which harmonically 

signifies the interval of a third. But the third (5 or 1/5) is the number of the Earth in 



harmonic symbolism, the gender interval.211 And secondly, the position of the asteroids 

between the first two enharmonic steps, and the position of Jupiter near the second pair, 

which are always especially significant harmonically: compare to this the peculiar 

correspondence of the harmonic head sphere to the harmonic sexual sphere in the “sound-

image of primal man,” §38a.2. For someone who thinks “uniformly,” i.e. temperedly 

here, and to whom correspondences such as the last two points mean nothing, this type of 

analysis is like an empty page on which he doesn’t know how to begin. 

 A second example: my harmonic analysis of the Pythagorean triangle with the 

sides 3, 4, 5 and the square numbers 9, 16, 25, whose permutations yield the chromatic 

scale.212 Here the same critic objected that it “also works with other triangles,” if their 

sides have the triadic ratio 3 f 4 c 5 as, e.g. with a triangle with sides 4, 5, 6 and the 

squares 16, 25, 36, etc. Obviously it “also works” with these and many other triangles. As 

harmonists, however, we think not uniformly but morphologically, and thus there is no 

doubt that the Pythagorean triangle with its primary and smallest triadic ratios 3, 4, 5 is 

preferred over all others; its symbolism and importance for the measurements of ancient 

temples (right angles) is also relevant. If I do not think in terms of the gestalt, thus not 

morphologically, and view other triangles as equal simply because they are triangles, then 

I can continue with the leveling and say that in the infinite plethora of numbers, there 

must be some numbers from which I can build the numbers for a chromatic scale – which 

is correct! 

 So – as a brief response to the above objections – one gets nothing from the 

doctrine of correspondences without a certain evaluation. But this evaluation can never 

come from the uniform concept of number or from logical conclusions alone, but must 

come from a formed number, namely the tone-number (as far as harmonics goes) and 

from a gestalt type of thinking that, while using logic and causality, does not rest upon 

concepts but on evaluations of these concepts, i.e. upon inner, psychic formative 

tendencies. Every evaluation, however, raises research out of mere factual analysis and 

has its actual origin in a domain of ideas that are “no longer of this world.” 

 According to Plato’s doctrine, there is no direct access to the world where values 

are known213 for the intellect (see the above quote by Jakob Böhme), no matter how sharp 

it may be. (Today we would say that there is no access for purely scientific thought, 

founded only on logic and factual material.) In that case, the doctrines of 

correspondences, of which harmonics is only one type, will recreate the indirect way, 

because they must be fertilized and propagated by values if the “Eros” in them is to be 

effective. 

 

And from the ether he (Zeus) joins together the golden chain, 

So that the All exists as One, and yet separately.214 

 

VIII. 

 

Harmonics as symbolism 

The third foundation on which akróasis is built is Harmonics as symbolism, or harmonic 

symbolism. 

 

Relationship of the harmonic doctrine of correspondences to harmonic symbolism 



The difference between harmonic correspondence and harmonic symbolism lies 

predominantly in that for the series of correspondences, the emphasis is put on the 

individual correspondence phenomena (analogies), whereas symbolism returns to the 

prototype that stands behind the correspondences. 

 

Analogy 

To recapitulate: an analogy is the agreement of significant indicators in two cases.  An 

analogy exists, for example, between the gills of fish and the lungs of land animals. The 

organs are dissimilar, but their function, breathing, is the same: herein lies the analogy. 

Analogical conclusions have high significance in practical and scientific thought, 

although they can often lead to misjudgments. Harmonics also works with analogies, but 

always with the binding force of the harmonic theorem, thus a centering of the two 

analogous facts in certain forms of the psyche and of nature. Fechner’s Zend-Avesta, as 

we saw, mainly uses analogies, such as that of the soul of the earth to the human soul. 

But this analogy, although beautiful and believed in by many, is completely nonbinding, 

since the tertium comparationis is missing, namely those forms which give rise to both 

earth soul and human soul. There are hundreds of analogies of purely geometric forms 

which are in accordance with plant forms; one could fill books with them. But there are 

just as many geometric forms to which no analogies exist in the plant kingdom. Where is 

the common law there? Such analogies have meaning only when I have found a reference 

point lying outside geometry and plants about which I have an inner certainty, and which 

I can test. To find this reference point in the domain of botany was the task of Harmonia 

Plantarum. 

 

Parable 

Matthew 13.10-11 reads: “Then the disciples came and said to him: Why do you speak to 

them in parables? And he answered them: To you it has been given to know the secrets 

of the kingdom of heaven, but to them it has not been given.” Here the parable is the 

clarification, the illustration of a religious truth by means of sensory narrative forms; thus 

it is not, in fact, an interpretation, but a comparison between spiritual fact and narrative 

representation.  

 

Fables, folktales 

In the profane world, the parable occurs in fables and folktales; these too are poetic 

settings of mostly ethical truths in a narrative and historically understandable form. The 

element of uncertainty here is not in possible false conclusions, but in an incomplete 

grasp of the parable or fable, which can still have great artistic value even if it is 

incomplete in this regard. The same goes for the parable concept in the visual arts: the 

allegory. For a deeply perceptive person, all of nature is a parable, whereby the akróatic 

background of this concept comes to expression. Everything “speaks to us” if we can 

only listen inwardly for this universal secret language. 

 

Symbol 

It is only a small step from parable to symbol, but a decisive one: the “eternal truth” that 

the parable paraphrases and makes into history is concentrated and stabilized in the 

symbol via the image concept. It is removed as far as possible from sensuality and given 



in an abstraction that, like a highly sensitive detector, allows our psyche to receive direct 

messages from the spiritual world. To be sure, the psyche must be perceptive to this, and 

sadly this perceptiveness has been lost to us, with few exceptions, since the rise of the 

natural sciences. 

 

Proclus 

For example, in the voluminous commentaries of the Neoplatonist Proclus, hardly known 

today, there are such deeply perceptive discussions in the Commentary on Book 1 of 

Euclid’s Elements about the concept of schēma = gestalt in relation to the mathematical 

symbol, that in contrast our modern handling of mathematical symbols looks like a 

complete mishandling. Nikolaus of Cusa also has a concept of the primordial symbolism 

of mathematical signs, writing in Vom Wissen des Nichtwissens:215 “We tread this path of 

the ancients, we compete with them and say that we will avail ourselves of their 

completely dependable certainty due to mathematical symbols, since only through 

symbols do we have the possibility of attaining the divine.” The relationship is similar 

with spiritual, religious, and mythological symbols. 

 

Bachofen 

However, we are not completely unaccustomed to the first, the intuitive inner view of the 

symbol. In Bachofen’s Gräbersymbolik der Alten, we find the following beautiful 

passage: “Human language is too poor to clothe in words the wealth of presentiments that 

the exchange of death and life awakens, and those higher hopes that belong to the 

initiated. Only the symbol and the mythos connected to it can satisfy this noble demand. 

The symbol awakens presentiment: language can only explain. The symbol strikes all the 

strings of the human spirit simultaneously: language is always obliged to devote itself to 

a single thought. The symbol’s roots reach into the most secret depths of the soul: 

language only touches the surface of understanding like a slight breath of wind. One is 

directed inward, the other outward. Only the symbol can connect the most various things 

into a unified collective expression.” Here, as in all Bachofen’s works, the full resonance 

of the symbol concept is still thoroughly alive. The same goes for Creutzer’s standard 

work, Symbolik und Mythologie, and for a whole series of Romanticists, especially 

Novalis and Carus, and for the French Saint-Martin as well as Franz Baader. An ancient 

symbolism is also alive and well in most Masonic lodges; and the rediscovery of 

Bachofen by Klages is well known. In contrast, however, there is the entirely asymbolic 

position of all modern science. If, for example, one finds this psychoanalytic definition of 

“symbol” in a reference work: “Substitute for an idea intolerable to the consciousness, or 

behavior through a harmless expression,”216 this might perhaps be useful for analysis; but 

in regard to a real symbol, such a definition is more than “harmless.” And the important, 

now widely read Lehrbuch der Religionsgeschichte by Chantepie de le Saussasye217 

reads: “The explanation of a myth should be nothing other than its history. The task is not 

to find a rational kernel from irrational stories, but to describe the origin and development 

of the myth.” When we read in the same work218 on the symbol: “The primary concern of 

man in religion is not a symbolic representation of his ideas and feelings, instead the 

attainment of certain things which he believes he can obtain through his illustrative 

activity,” it is no wonder that such a materialistic historicism explains that the old 

symbolists like Creutzer, etc., offer “only historical interest, not factual.”219 In the latest 



edition, this obdurate grasp has admittedly been corrected, but the overall character of 

Chantepie’s textbook has not been changed by such revisions. In dealing with symbolism 

and mythology, if the interpretation and the reference to spiritual backgrounds and inner 

psychic conditions no longer come first, then these domains will naturally become barren 

wastelands of “irrational stories,” which only philological mechanics can put into an 

acceptable historical order. In every consideration of myth and symbol, first the psyche 

must open up, and only afterwards the mechanics of the intelligence, otherwise one 

relinquishes all understanding. The fact that Creutzer, Bachofen, etc., were trapped within 

the limits of their time regarding research into historical factual material, just as we are 

within the limits of our own time, plays no role in the main issue: the grasp and 

understanding of the symbol itself. And in this regard, we still have everything to learn 

from them today. 

 In the harmonic symbol – I have also chosen the terms “prototype” and “value-

form” for this – we thus move out of the dynamic-static interplay of correspondences into 

the domain of pure ideas. An example of a harmonic idea, prototype, or value-form is the 

harmonic trinity. In my Grundriß eines Systems der harmonikalen Wertformen I made the 

first attempt to isolate harmonic ideas and prototypes and put them in order – admittedly 

a very incomplete work, which still needs many corrections and more research in the 

future, especially regarding the naming of the value-forms as well as their further 

construction. 

 The harmonic symbol must be authenticated through correspondences, and it is 

psychophysically anchored by the harmonic theorems, hence “scientifically” founded. In 

harmonics it is not hearing alone that holds the stage  – albeit the auditory forms are the 

starting point of harmonic thought and research – but seeing (diagrams, sound-images, 

optical forms) also enters in; the sense of touch applies measure and number to the 

“scientifically precise” bases; and finally thought is added with its logical forms as a 

regulator. 

 Since in harmonics we are advocating a new sensory theory, it should be 

discussed briefly in the next and final section. 

 

IX. 

 

Thinking as a sense 

In my Akróasis, p. 105 ff., I wrote the following:  

 

“Thinking is a sense, like all our other senses. Thinking has its physiological basis in the 

brain, as sight does in the eye, hearing in the ear. So there is a sense of thinking, just as 

there is a sense of sight, hearing, touch, etc. 

 “It has been a fundamental error of all philosophy since Socrates to believe that a 

philosophia (= love of wisdom) is possible only by means of thought and its logical 

forms. This first appears to be a paradox; for how else should philosophizing take place 

than with reason? But has not philosophy, in the highest meaning of the word, the highest 

thing as the goal of its knowledge: the spirit? Let us consider the following. Every sense, 

along with its being-domain, has a value-domain, e.g. thinking has reason, sight has the 

visual arts, the ear has music. But it is sheer European arrogance to accord access to the 

spiritual only to reason, the value-domain of thinking. Beethoven rightly said: ‘Music is a 



higher wisdom than all philosophy’; and who would deny that our other senses would 

likewise lead to the portals of the spiritual, to ‘wisdom,’ if only their value-domains were 

really experienced? 

 “Our ear, our eye, our sense of touch, [the original text of Akròasis adds in 

parentheses “Eros” – Tr.] ‘philosophize’ just as much as our thinking. To restrict the 

concept of philosophizing to logical thinking alone lands us with modern factual 

philosophy precisely where it has landed itself: before the ‘nothingness’ of existentialism, 

with its cerebral acrobatics performed by its pompous minions. 

 “Philosophy, as the love of wisdom in the broadest sense, can thus be obtained 

from the most varied human utterances and activities, and the ‘spiritual’ as a final stage 

can be reached in most manifold ways, but certainly not only through our thinking and its 

logical forms. This spiritual object is no longer subject to space, time, and causality; it 

matters not at all how and by what way it is reached, whether static or dynamic, 

cosmological or biological, artistic or scientific, for it exists outside of all these things; 

indeed, it exists outside consciousness itself. This spiritual thing is a pure meditative 

condition of our psyche, an immersion in the silence of the deity. 

 “By means of our sense organs: brain, eye, ear, sense of touch, etc., we receive 

impressions that all initially impress us materially. All these impressions are objectively 

registered, ordered, and categorized according to the structure of the individual sense 

organs. Here a psychic capability has already entered in, because all impressions would 

remain chaotic, were it not for something in our psyche that raises them to consciousness 

and forms them. 

 “But this ‘something’ lies in the prototypes of our psyche and not in the logical 

forms of our intelligence! In harmonics, we call the synthesis of these perceptions the 

human being-domain. If the various being-domains – those of thinking, sight, hearing, 

touch, etc. – activated from inside, i.e. “kindled” from a point in our psyche which we 

feel as the deepest, the best in ourselves and through which we suddenly experience the 

relevant being-domain in its own primal sound, primal light, primal tone – then we have 

reached the value-domain; we move out of logical laws into the norms of reason, from 

thinking into poetry, from hearing sounds into the world of music, from everyday seeing 

into the world of the visual arts. And if we have the strength and the inner disposition to 

extend this activity, this psychic kindling, this elevated experience of the world into a 

condition of repose, of meditation, of  ‘observing’ in Goethe’s sense, then we have 

achieved what akróasis means by ‘Ge-Hören’ [Ger.: “belong” – Tr.], and what we may 

designate as spirit and the spiritual.” 

 

I wrote this passage in 1946. The claim that thinking is a sense, and that there is a sense 

of thinking just as there is a sense of hearing, sight, and touch, mostly caused irritation 

and head shaking. I should have added that this classification of thinking is in no way 

unique to harmonics, and has been postulated by others as well.  

 

Baader 

“The senses,” writes Franz Baader,120 “are still a closed secret to today’s philosophy. It 

well knows that the spirit cannot be separated from the senses, but it disparages them 

overmuch thereby.” On 17.II.1829 Eckermann noted the following words of Goethe: “In 

German philosophy, two great things remain to be done. Kant has written the Kritik der 



Reinen Vernunft, whereby a great deal has happened, but the circle is not yet closed. Now 

someone capable and significant must write a critique of the senses and of human 

understanding, and when this has been as admirably done, German philosophy will have 

little more to wish for.” 

 

H. Pleßner 

The meaning of the senses as autonomous perception sources has recently been given 

more attention, as the above-cited work of Hellmuth Pleßner shows. A precise historical 

derivation and foundation of the harmonic sensory theory cannot be given here; 

nevertheless, we will introduce a few supplementary ideas. 

 

It seems, for example, to be taken for granted that thinking is the active “spiritual” part of 

our psychic capability, while the apperceptions of the senses are the passive “sensory” 

part, the “material” so to speak, by means of which the mind, or thinking, creates 

knowledge. Thus spirit is mostly identified with logical thinking, although Kant and 

others distinguish between intelligence (spirit) and reason (logic). But is it logical 

thinking alone that is “active,” does it alone have its a priori forms? Certainly not! Every 

process of hearing, seeing, and touching is not only receptive, but selects according to the 

inner forms of our sense organs only that which is in accordance with it. When I tune my 

stringed instrument and have the fifths pure, then that is an active function, not a passive 

one, of my ear and my psyche: because when doing this, I do not need to “think” at all! 

Every sense has exactly this kind of system of a priori’s as does our thinking. If thinking 

dwarfed our other senses by as much as is nearly always assumed today, if it alone 

expressed the spontaneity of our psychic capability, then it would have to manifest 

somehow, even without the other senses. But imagine someone born blind, deaf, and 

without a sense of touch, but with his intelligence intact. What could this unhappy person 

do with his intelligence?! If one answers this admittedly silly question with the “unity of 

our psychic capability,” then in this unity there is already the impossibility of requiring 

thinking alone for spiritual things. The preponderance of thinking over the other “senses” 

cannot be supported through the predicates “active” and “passive.” Even if thinking 

“takes up” and “works with” sensory impressions, like a central intelligence, that is a 

purely regulative work and has nothing at all to do with the “spiritual.” The a priori 

forms of structure of our senses let only certain impressions into the information center of 

the brain, as if through a filter. The brain reprocesses sensory impressions with the a 

priori forms of logical thinking. All senses, including thinking – and for this reason I 

classify it as a sense – have their physiological, material basis: eye, ear, touch sensors, 

and brain substance. Thinking as something completely exempt from materiality is a pipe 

dream, if not a fraud. 

 It is something entirely different when all senses, including thinking, are 

fertilized, or as I called it above, ignited, by the spiritual. Then the senses become 

enormously important carriers of the best that we humans have to say and impart: 

partaking in and realizing the realm of ideas in science, politics, art, and religion. 

 If we categorize thinking again among the senses, this is no belittling of its value, 

but quite the opposite: the senses previously denigrated as the spontaneous means of 

perception are raised to the level of thinking! There will always be argument and 

discussion about the hierarchy of all senses, including that of thinking. To Beethoven, 



tone and its spiritual “ignition,” music, meant more than all wisdom and philosophy, i.e. 

more than the perceptions obtained through thinking; a painter would put the world of 

light and colors above all else; for Hegel the “concept” was the non plus ultra, and so 

forth. But I believe that we will only come to any sort of correct judgment and evaluation 

of our various psychic capabilities if we can reduce the hypertrophy of thinking to its due 

measure, and according to the same measure raise the “senses” up from their 

undervaluation. Our harmonic theory of the senses intends and wishes for nothing else. 

 For in the last analysis, the important thing is not thinking, hearing, seeing or 

touching, but the spirit, the idea. One of the last great aesthetes of the German-speaking 

world, Moriz Carriere,221 writes: “The moods and conditions of a spiritual being are not 

unconscious or thoughtless, but self-consciously spiritual; thus music also becomes an 

expression of the spirit. How the spirit sees the world, how it has formed its thoughts and 

will into character, what the goals of its striving are: nothing of that is external to it, it all 

makes up its being, determines its condition, requires its state of soul. All of this sounds 

together when the spirit gives it musical expression. Admittedly it lacks the articulation 

which the voice has, as the bearer of thought; the tone is only a tone, defined by its 

sound, its dynamic, its duration, its pitch, not as sign or symbol of a concept, but only as 

expression of an emotion. But even if we make our thoughts clear to ourselves in words, 

even if they only achieve distinct certitude in that we speak them, still the entire spiritual 

life is far from being complete in speech; and the visual arts and music exist precisely 

because of this, because there is much that cannot be said, but can be painted and sung. 

The idea is not only a thought,222 it is also formative life force, and the way it realizes 

itself in spatial form can only be very insufficiently described: it can only be made 

perfectly apparent through illustration for the eye. Likewise, the idea is the principle and 

measure of the life of becoming, which never solidifies into fixed form, which never 

remains idle, but which lets the present pass by in constant change, and lets the future 

emerge from it.” 

 

* 

 

I believe that in this Introduction I have prepared the reader sufficiently to undertake the 

study of the Textbook with the correct psychic disposition. Much that remained to be said 

in these preparatory observations is contained in the following text. 

 I hope that this book can be a genial companion to the reader and scholar. So 

much is said and done, so much still remains to be said and done. But now let the 

teaching of harmonics enter the world! Will it find its way, will it get lost or disappear 

once more? The decision lies no longer within the author’s power, but in the will of that 

highest court of appeal, from which everything emerges and to whose harmonia aphanēs, 

to whose toning origin, everything will return again. 

 

(Written 1944; revised and augmented 1949) 

 

 

NOTES TO THE INTRODUCTION 

 
1 Gen. 1. 



2 Not its “speech,” as Luther translates – the Vulgate is correct here with “sonus”! 
3 Plutarch: de anima procreat, after Heraclitus. 
4 “Die Struktur der jüd. Religionsphilosophie” as an introduction: “Geist und Struktur der 

jüdischen acoustischen Logik” from his greater Hebraic work: “Die Stimme der 

Prophetie und der Geist der Musik” – published in Jüd. Jahrbuch für die Schweiz, Basel 

1919-1920. 
5 Der Zohar in selection translated by E. Müller, Vienna 1932, pp. 71-72. 
6 Op. cit., p. 85. 
7 Genesis 1, 2. 
8 Op. cit., p. 86. 
9 Op. cit., p. 93. 
10 Psalm 33, 6. 
11 E.g. the misuse of the old Gregorian sequence “Media vita in morte sumus,” against 

which the Church Council of Cologne 1316 had to intervene. 
12 Die Babylonisch-Assyrische Literatur, Wildpark-Potsdam 1928, p. 36. 
13 Avesta tr. by F. Spiegel, Leipzig 1863, vol. III, p. 28 ff. 
14 Zend-Avesta im Kleinen, tr. by J.F. Kleuker, Riga 1798, II, p. 41. 
15 Op. cit., p. 6. 
16 Eduard Röth: Geschichte der abendländischen Philosophie, 1846, vol. I, p. 396. 
17 The following quoted in the form of extracts from the Upanishads translated by Paul 

Deussen, Folio edition Diederichs, Jena, 1914, fol. 249 ff. 
18 In harmonic symbolism the sign 0/0, whose “equal-tone lines” pervade every being-

value = tone-number and give it its inner being. 
19 De Isid. et Os., ch. 21. 
20 Eusebius Pr. ev., III, after Porphyry. Cf. E. Röth, op. cit. I, pp. 138 and 60, and F. 

Creutzer, Symbolik und Mythologie, 2nd ed., 1821, vol. 3, p. 313 etc. – In a study of my 

own that has yet to be published, I was able to prove that the cosmic egg present in many 

ancient mythologies has its concrete harmonic prototype in a certain diagram of the 

“audition visuelle.” 
21 G. Roeder: Urkunden z. Religion des alten Ägypten, Jena 1915, pp. 166-167. 
22 I infer the following mainly from Creutzer, op. cit., I (1819), p. 450 ff., where the 

ancient references and later writings on Memnon are named. 
23  Tr. by R. Wilhelm, Jena Diederichs 1928 – I quote from pp. 56-57. 
24 Tr. by R. Wilhelm, loc. cit.  
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Editor’s and Translator’s Preface 

 

Editorial Principles 

 

The purpose of this translation of the Lehrbuch der Harmonik is to make Hans Kayser’s 

masterpiece accessible to the English-speaking world. The Lehrbuch, as its title 

proclaims, is a “textbook,” not a work of literature (though there are many eloquent 

passages in it). The textbook translator’s duty is to give the reader the closest possible 

equivalent of the original, without trying to “improve” it either by turning it into English 

literature, or by simplifying a grammar and vocabulary that are integral to the author’s 

thought process. 

 The compound words that German writers are free to create often have no single 

English word as an equivalent. Some favorite Kayserian coinages are Teiltonkoordinaten 

(partial-tone coordinates), Monochordkontrolle (testing on the monochord), or the 

endless compounds beginning with Ton (tone-number, tone-value, etc.) In finding 

equivalents for these, we have followed American English usage. 

 When Kayser quotes from non-German sources, which he does in great 

abundance and variety, he habitually uses the German translations available to him. 

Sometimes these date back to the eighteenth century, and often they are flowery and 

poetic at the expense of strict accuracy. Normally a translator would seek out the best 

recent translation of such works and insert it, but we find this inappropriate here. We 

think that our readers are better served by a close English equivalent of Kayser’s versions 

of foreign texts, especially the classical ones. Then our readers can get a sense of how 

Kayser read the texts and saw fit to present them to his readers. The reverse principle 

applies when he quotes other German writers, especially poets: we have rendered them 

literally rather than poetically. 

 Kayser’s readings of other writers, like his German style and his word coinages, 

are part and parcel of his whole enterprise. Although he was an extremely learned man, it 

may be that some translations misled him through being inaccurate or overly poetic, 

causing him to draw unwarranted conclusions from them. This is especially the case with 

the gnomic utterances of the Presocratic philosophers, including the Orphica and 

Pythagorica, when he quotes them from secondary sources. In such cases, the misleading 

is not to be corrected by us, any more than an editor of Kepler would presume to correct 

his tables of planetary motion. It is Kayser’s Orphism and Pythagoreanism that are 

significant here, not those of current classical scholarship. 

  We have made an exception in using the Revised Standard Version of the Bible 

for scriptural quotations, in order that the reader should feel the same familiarity as a 

German would with Luther’s version. And the one excerpt from an English source 

(Shakespeare) is of course given in the original. 

 One day, perhaps, the Lehrbuch der Harmonik will be revised, as any textbook 

should be, and Kayser’s notes and bibliographic apparatus will be updated. For now, we 

reproduce them with the minimum of editorial interference, not least so as to record the 

sources available to him as he composed this work in wartime exile. 

 We would like to thank Professor Siegmund Levarie for his many years of 

encouraging Joscelyn’s harmonic studies, and for his advice in this project; Dr. Peter 

Westbrook for having the vision to set the project in motion; W. Bradstreet Stewart of the 



Sacred Science Institute for overseeing it; and the anonymous donor who made this 

translation possible. 

[Add thanks to the person who changed all the German note-names; and any others] 

 

Ariel and Joscelyn Godwin 

Hamilton, New York, 2004-2005 
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§1. THE MONOCHORD 

 

§1. The Monochord 

The harmonist’s instrument for experimentation and measuring is the monochord: the 

one-stringed instrument (Greek: to monochordon, derived from monos = one, and chorde 

= string). In its simplest form it comprises a board with a string of given length stretched 

on it between two bridges. For practical reasons, I envisage a thirteen-stringed 

monochord (for the analysis of a self-contained chromatic scale of twelve notes), each of 

whose strings is 1200 millimeters long. Thus the name “one-stringed” is, strictly 

speaking, no longer correct and would be better replaced with “sonometer,” 

”phonometer” (both meaning sound-gauge) or “polychord” (many-stringed). However, 

since all thirteen strings have the same length, thickness, and tension, and therefore give 

the same tone, we are in effect dealing with only one kind of string. For this reason, and 

also for reasons of historical sentiment, we will keep the term “monochord.” 

 

§1a. Constructing the monochord 

One can easily make a monochord oneself, or have one built by a carpenter or piano 

maker. I recommend making the chest out of planed spruce boards 123 cm long, 26 cm 

wide, and 10 cm high, well glued together. 

 

Figure 1: 

 



 

So that the chest will not bend under the relatively high tension in the strings, it is 

advisable for the upper soundboard to be 1 cm thick, and the lower one at least 2 cm 

thick. The thin headboards on each end should be reinforced with strong blocks 3 to 4 cm 

thick at the points where the nuts will be fixed. A thickness of 1 cm should suffice for the 

boards on the sides. On each sideboard, cut two soundholes about 4-5 cm in diameter. At 

each end of the top board, screw on a brass nut 1.5 cm high, 1.5 cm wide, and 26 cm 

long, at an exact right angle to the length of the chest, so that between the two nuts there 

is a distance of precisely 120 cm (1200 mm). This precision is essential for exact tone 

analysis. Bridges for insertion beneath the strings, 11 mm high and with the cross section 

pictured in figure 1, should be cut from a rod of ash or hardwood, smoothed down by a 

carpenter. The insertion of the bridges must not result in the strings being pulled too taut; 

they should be just tight enough for the two separate parts to sound clearly, without 

rattling. If necessary, file small notches in the bridges. Place the 13 steel strings at equal 

distances from one another and fasten them with ordinary piano tuning pins on each 

string board at the head and foot of the monochord. With these pins, they can be tuned to 

the exact same note (here middle C) with the aid of a tuning fork. The easiest and 

simplest way to make the strings sound is to pluck them. But the sound is better if one 

strikes the string with a small felt-covered wooden hammer, which one can make oneself. 

 

§1b. Dividing the strings on the monochord 

For measuring divisions along a string 120 cm in length, it is best to use strips of 

millimeter paper 120 cm long, which can be fastened with drawing pins under the strings 

between the brass nuts. Since we will be examining many various tone-ratios, we will 

need a supply of replaceable paper strips, on which we will note the locations in question 

with lines and the appropriate tone and number signs. The methods of division will be 

specified in each case. 

 

§1c. Historical remarks 

The monochord is one of mankind’s most venerable tools for scientific research, with a 

history reaching back into impenetrable antiquity. Its significance first comes to light 

with the Pythagoreans, who by means of the monochord made the discovery – an epoch-

making one for Western scientific thought – that qualities (in this case, the hearing of 

tones) can be traced back to quantities (measurement through numbers). “Modern natural 

science was born as empirical Pythagoreanism,” writes W. Windelband in his Lehrbuch 

der Geschichte der Philosophie (1935, p. 326). However, one should not forget that for 

the Pythagoreans the tracing back of the qualitative to the quantitative, or as we 

harmonists would say, the path from tone to number, was only one aspect of this 

discovery. The other aspect was the transformation of quantity (string lengths on the 

monochord) into quality, i.e., of the measurable into the perceptible, the physical into the 

psychic, the number into the tone. For the ancients, this was a phenomenon at least 

equally wondrous, evoking their astonishment to a similar degree. Because of this dual 

aspect, the monochord soon became a kind of universal experimenting tool, a “canon” for 

psychophysical, scientific, and aesthetic investigations in the broadest sense. The 

monochord survived into the Middle Ages, though its usage was increasingly restricted to 

investigations in music theory, and it finally served merely as an aid to precise intonation 



for choral singers, thereby becoming the direct precursor of the clavichord, harpsichord, 

and eventually the piano. Thus the monochord is, on the one hand, the prototype of the 

exact experiment in the natural sciences in the West, and on the other, the direct 

forerunner of that very instrument – the piano – to which all our music is so greatly 

indebted for its enormous development. 

 

§1d. Bibliography 

On the monochord, the best work, mainly historically oriented and with a further 

bibliography, is Sigfrid Wantzloeben, Das Monochord als Instrument und als System, 

Halle, 1911. See also A. von Thimus, Das harmonikale Symbolik des Alterthums, I, 29-

30; H. Kayser, Vom Klang der Welt, 20, 50ff., 61, 78, 115, 149, 170; Abhandlungen, 87-

88; Grundriß, 47, 54, 58, 64. [See page 000 for full details of Kayser’s works.] 

 

§2. TONE-VALUE AND TONE-NUMBER 

 

§2. Tone-value and Tone-number 

These two concepts are the fundamental pillars that support all of harmonics: its starting 

point, path, and method. Together, they are simply the primal phenomenon of tone. In 

this phenomenon, number (the measurable frequency of vibration or the length of the 

string, pipe, etc.) is unified a priori with value (the audible, grasped through the psychic 

perception of values). When a tone sounds, its pitch can just as well be measured by its 

relationship to a fixed tone, using vibration frequency or string length, as it can be 

discerned by tone-perception, using the sense of hearing. This coincidence of pure objects 

of perception (tones) with physical quantities (the process of physical vibration) is far 

from obvious, and a very remarkable thing. In consequence, the harmonic approach to the 

primal phenomenon of tone-number offers, on a spontaneous and exact basis, the 

possibility of developing a science of its own, which we call “harmonics.” 

 The term “psychic” [seelisch in original – Tr.] as it should be understood in this 

and my other works, has been briefly explained in the Foreword. A universal definition of 

“soul” and “psychic” is impossible, since even the experts of today do not agree in their 

views. The first objection to our association of tone-number with physical and tone-value 

with psychic would be that the discernment of both components, the tone-number just as 

much as the tone-value, is a “psychic” function. For the harmonist, however, the 

phenomenon of tone arises not from the logical function of thought, but rather from 

actual conditions. And here it is unquestionable that we can and should associate the 

measurable and countable parts of the tone-phenomenon with the physical, and the 

audible parts with the psychic, while the knowledge of both components together – the 

“akroatic element” – must belong to the spiritual realm. Here, as in all of harmonics, rigid 

definitions are not important; what matters is the correct insight into the phenomenon 

itself. Once this is concretely grasped, it is up to individual discretion to choose one’s 

own definitions (cf. below, §12,2). 

 

§2a.Tone 

We  understand “tone” to mean not an arbitrary sound, but a sound that the ear can 

recognize as pure and at a specific pitch. For our investigations, the color and strength of 



the tone are not important; we are concerned only with its pitch, whether high or low, this 

being the characteristic that makes a sound into a tone, i.e., a specific acoustic individual. 

 

§2b. Value 

For values, we will use the common decimal number system, although it may lie in the 

interest of future scholars of harmonics to create a separate mode of mathematical 

expression for morphological reasons (“P” counting). Also, for the designation of tone-

value we must be content for now with the familiar signs for the seven-stepped diatonic 

and twelve-stepped chromatic scales and their variants, although here too it may be useful 

in the future development of harmonics to consider an autonomous system of notation. 

[This translation retains the “familiar” German note names, in order to avoid disjunction 

between the text and the diagrams. The differences from English usage will be clear from 

fig. 3 and §3. See also Editor’s and Translator’s Preface. Tr.] 

 

§2c. “Harmonics” 

The word “harmonics” comes from the Greek harmonichos, meaning harmonic, sensible 

of harmony. The noun harmonia (harmony) originally meant fitting together, bond, order, 

symmetry, concurrence, proportion, style (cf. the Introduction). The current 

understanding of the concept of harmony is oriented chiefly towards music, but in 

antiquity it had a much broader scope. Today’s “harmonics” is justified in once again 

using this concept in its original meaning by the fact that many of the ancient 

philosophers (Democritus, Archytas, Ptolemy, the mathematician Euclid, and others) 

wrote their own works on harmonics, and even Kepler used the same term in his 

Harmonice Mundi. For more on this, see the Introduction and the “Historical Excursus” 

at the end of this work, §55. 

 

§2d. Ektypics 

The synthesis of being and value, matter and soul, outer and inner, world and self – to 

name only these four paired concepts descriptive of a single condition – is the 

fundamental philosophical question of every age, and it is a synthesis that exists a priori 

de facto in the primal phenomenon of tone-number. Admittedly, the harmonic approach 

to this phenomenon has created no more than a prelude; it is the goal of harmonics as a 

science to write the full score, and of harmonics as a Weltanhörung (akróasis) to bring it 

to spiritual performance. [Weltanhörung is Kayser’s coinage, echoing the well-known 

term Weltanschauung, to denote listening to the world rather than looking at it. Tr.] 
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§3. TONE-VALUE 

 

When we speak of the primordial phenomenon of tone or tone-number (§2), we 

understand it to mean above all the synthesizing encounter between a material element,  

expressible through number, and a psychic element, expressing itself through the audible 

tone-value in question. In order to treat each of these elements separately, we use the 

term “tone-number” to describe the physical component of this phenomenon, and the 

term “tone-value” (or simply “tone”) for the psychic component. How, then, do we 

experience the tone-value? And what relationship does it have to the tone-number? We 

see a color and perceive it first as red, green, etc. We hear a tone and sense it first as high, 

low, in the middle range, etc. If we have perfect pitch, we can immediately identify it by 

its musical name, c, d, e, etc. Using indirect means, we can also measure the optical 

wavelength of the color in question, and the acoustical frequency, or vibration-number, of 

the tone in question. Color waves are measured in Angström units (a unit of measure for 

the wavelength of light, equal to one ten-millionth of a millimeter), and tone waves in 

double vibrations of the air per second. The term “indirect means” should be especially 

noted, because in the act of seeing a color or hearing a tone we cannot simultaneously 

determine the vibration-number in the relevant unit of measure. Fairly complicated 

laboratory methods are necessary for arriving at a numerical determination of optical 

wavelengths or acoustical frequencies. 

 Now let us take a step further and envisage two colors, perhaps a shade of red and 

a shade of blue, and investigate them in their relationship to one another. Of course we 

can make a purely aesthetic judgment: this shade of red goes best – is most pleasing to 

me – with that shade of blue. But there is no way to evaluate two different colors by 

saying that these two alone are “right” (except when defining complementary colors), nor 

to make a direct determination of their lightwave relationship, which in any case can only 

be determined indirectly. It is completely different in the case of a relationship between 

two tones, for example a fifth c-g. Firstly, when we hear a fifth, we are immediately in a 

position to judge whether it is in tune or not. Indeed, tuning stringed instruments depends 

upon this capability of our ear. Secondly, and this is the decisive point, together with this 

perception of tuning through intuitive feeling we are given a priori a definite number-

ratio, namely the relationship 2:3 (if expressed in frequencies) or 1/2:1/3 (if expressed in 

string lengths). In this sudden psychic “birth” of a number-ratio 3/2 or 2/3, as related to 

the unity of the fundamental frequency or fundamental string, our ear differs 

fundamentally from all other sense organs. This unique capability of “acoustic 

apperception” must be noted as something truly remarkable, indeed exceptional, because 

in the act of acoustic apperception there is the possibility of coming directly from the 

psychic perception to a numerical relationship; we speak also simply of “number,” since 

every quotient can be expressed in a number. This birth of number in the act of 

spontaneous acoustic apperception is, however, no longer a simple perception, still less 

an aesthetic event, but instead an evaluation. For these reasons we use the term “tone-

evaluation.” 

 

§3a. Orthography 



As remarked in §2b, we use the common musical notation, based on the letter sequence 

historically established in the German-speaking world to express the values of the 

diatonic scale: c d e f g a h c.  

 

figure 2: 

 
 

in which each tone can be raised or lowered by a semitone; (3) 

 

figure 3: 

 
 

which is indicated by adding the suffixes “is” for sharp and “es” for flat. An exception, 

whose historical explanation is interesting but not relevant here, is the note “b”, which 

strictly speaking should be named “hes”, and in exceptional cases will be notated thus. 

[Translator’s note. Readers surprised by the illogicality of German notation may 

appreciate a brief historical explanation. In early medieval music, some scales used b-flat, 

known as “soft b,” while others used b-natural, known as “hard b.” They were written 

respectively as a rounded and an angular letter b. These evolved into our familiar signs 

for flat (which the French still call bémol = “soft b”) and sharp (the natural sign being 

merely a modification of the sharp), but in German were misread as the letters b and h. 

And so they are stuck with them.] 

 This simple orthography of the “tempered” tone-system commonly in use in 

modern music, in which the octave is divided schematically into 12 major semitones, is 

not sufficient for harmonics, which has to do with puretonal relationships. In addition to 

the above letters of the alphabet, c d e f g a h, with their sharps and flats, the reader will 

find below three additional symbols that are affixed to these letters at certain places. 

Firstly, a stroke or prime symbol can be added at the right of the letter, above or below, 

for example, c or c, . This means the first octave above or below the central tone of 

Middle c – in notation: 

 

figure 4: 



 
 

The number of strokes to the right above or below shows the number of the octave. Thus 

c is four octaves up from Middle c; g,,, is three octaves below g. Secondly, at the top 

right there are sometimes raising (ˆ) or lowering (ˇ) symbols, for example dˇ or bˆ. These 

indicate that the tone in question is higher or lower than tones of the same value d or b, 

which were already present in the harmonic tone development or are assumed to be the 

norms for the tone-value in question. Thirdly, above and to the left of the tone letter, 

there is sometimes a small cross (+), a circle (°), or a circle with a slash through it (ø). The 

cross (+) indicates the tone in question as deriving from the seventh ratio, the circle (°) as 

deriving from the eleventh ratio, and the circle with a slash through it (ø) as deriving from 

the thirteenth ratio. This will serve as an introductory orientation. The practical 

application of these symbols, which at first appear somewhat complicated, will justify 

itself in due course. Its meaning emerges especially in training one to work with 

exactitude and precision, and also in the necessity of regarding tone-values in the light of 

their origin and position, without consideration of their numerical derivation. 

 

§3b. “Value” 

We use the terms “value” and “values” in the sense defined in §2 and §3 above. In 

contrast to religious, philosophical, aesthetic, and biological concepts of value, the 

harmonic concept of value is limited to the arrival at a “tuning,” a “rightness,” a 

“certainty.” In contrast with other concepts of value, such as the value of money, the 

values of wave mechanics, etc., the harmonic concept of value asserts its psychic 

characteristic. The unique nature of the harmonic concept of value comes from the 

conjunction of a world of experience with a world of rightness (or wrongness: in any 

case, the possibility of a criterion of certainty).  

 

§3c. Ether – air 

In physics, since earlier attempts to do so have failed, it is maintained that such “subtle” 

principles as that of the (hypothetical) ether cannot be brought into association with the 

“gross macroscopic” substance of the atmospheric air. Beside the fact that this assertion 

ignores the most primitive hypotheses of cognitive theory, it must be emphasized that it is 

not in the realm of harmonics to compare the outer appearances of the two realms (color 

and tone), much less so the media (ether and air), in which these appearances take place. 

Instead, harmonics discovers the legitimizing principles that stand behind color and tone 

and that underlie both realms. If this were not allowed, then there would be no science. 

Every search for a law assumes a tertium comparationis, and every law of nature –to say 

nothing of spiritual norms – is valid for various “realms”: the more meaningful the law is, 

the more comprehensive (and often the more heterogeneous) is the territory it embraces. 



 

§3d. Perfect pitch 

“Perfect pitch” describes the ability, through hearing, to immediately identify a given 

tone; or, inversely, to immediately give the exact pitch of any musical note. This is a very 

useful attribute for the practical musician, but in no way a requirement for true 

“musicality,” since comparatively unmusical people can also have perfect pitch. For 

investigations with the monochord, perfect pitch can actually be a hindrance, since one 

will always tend to judge the heard intervals by using one’s perfect pitch, i.e., following 

the scheme of temperament currently in vogue. With the criterion of pure tonal 

relationships, however, perfect pitch oriented to tempered pitches not only breaks down 

completely, but is downright misleading with regard to the fine puretonal differences. 

Someone who has perfect pitch would do well to first tune his monochord to a tone that 

lies between the tempered tones, and then only to listen to the intervals, turning off as 

much as possible his awareness of the tempered pitches. 

 

§3e. Universality of the primary intervals 

Interval means the space between two things; in music, it means the space between two 

tones. The primary intervals in harmonics are the octave and fifth, the secondary intervals 

are the third, whole tone, and semitone, and the tertiary intervals are the further, ever-

diminishing interval-steps. This applies only for the gradation of the criteria of purity or 

impurity in the act of acoustic apperception. In itself, i.e. with respect to the meaning of 

the single interval, the hierarchy is different. In the evolution of the intervals within the 

harmonic tone-system (partialtone  coordinates = “P”) the hierarchy (octave, fifth, third, 

whole tone, semitone . . .) coincides with the gradation of the criterion of purity. There 

again, if we assume the “measure” of harmonic music making, then the whole tone must 

be the measure of all things, as it is in music. If we are trying to interpret the space-time 

problem psychically, the third (major and minor) is crucial. As for the primary intervals, 

octave and fifth (c-c or c-c, and c-g or c-f,), they are and have been recognized as such 

by all cultures and epochs, and thus possess universality. 

 The steps chosen differ considerably from one culture to another, but all have one 

thing in common: the use of the octave as a framework, which is further divided 

according to the chosen steps. The scales thus vary according to the musical 

developments of the cultures; however, common to all of them is the feeling of the 

affinity of tones an octave apart. We are dealing here with a physiological or 

psychological phenomenon independent of musical development; Stumpf suggests that 

such an affinity exists for the ears of animals as well (Scheminsky, Die Welt des Schalles, 

1935, p. 138). The same goes, apparently, for the fifth; “The relationship of the fifth and 

the fourth, obtained by its inversion, with the keynote is so strong that it is valid in the 

music systems of all known cultures” (Helmholtz, Die Lehre von den 

Tonenempfindungen, 6th ed., 1913, p. 422). And when we also learn, as the paleontologist 

K. Absolon reports, that bone flutes have been found in the mammoth hunting stations at 

Unter-Wisternitz, whose separately bored soundholes enable them to give a suprisingly 

clear tone even today – usually two tones can be blown, a minor and a major third apart – 

then one must agree with Riemann’s words in his Grundlinien der Mathematik (4th ed., 

1919, p. 40): “Everything gives us reason to believe that our modern tone-system is not a 

function of the taste of the times, as some think, nor an independent creation of the 



human spirit, but instead, at least in its basic principles, something corresponding with 

and naturally necessitated by the nature of our spirit.” The “basic principles” of the 

modern tone-system are the octave and fifth, or to be more exact, the octave and fifth 

ratios, because we can develop a complete diatonic scale out of the numbers 2 and 3 

alone. The same is also true for harmonics: octave and fifth are the primary intervals, thus 

it is important to emphasize the universality of these intervals early on, since without 

them the whole structure of harmonics would be lacking a very considerable foundation. 

Lastly, here again the proof is in the results: harmonic research succeeds in demonstrating 

its legitimacy in the most diverse areas, elicited on the grounds of the primary and 

secondary intervals. Thus while its universal validity in historical or anthropological 

terms is important for the understanding, it is by no means essential as evidence for this 

legitimacy. If harmonic research does not succeed at this, then this universal validity is 

irrelevant anyway. 
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§4. TONE-NUMBER 

 

§4. Tone-number 

We will now, for the first time, try two experiments upon our experimental and 

measuring instrument, the monochord. These experiments are useful also for 

understanding §2 and §3, but appear only now because we are well prepared for them 

through the previous sections. The two experiments are similar in outcome and in their 

arrangement of the instrument, but their presuppositions, as we shall see, are completely 

different. 

 

1st experiment 

We want to hear an octave. To this end, we first insert a bridge under an open string; any 

point will do. Then we pluck or strike each section of the string, right and left, while 

constantly moving the bridge back and forth, until we a) hear the exact octave above the 

other open strings, or b) hear the exact same tone from each section of the string, on left 

and right. These two tones are the octave above the remaining (two or more) open strings, 

and therefore also the octave above the string we are striking, if we were to remove the 

bridge from it. Now, on the strip of paper, mark the point at which the bridge touches the 

string, and measure the distance to right and left, to the beginning and end points of the 

string. If we have heard “rightly,” i.e. if the octave is purely in tune, we will see that the 

two sections of string are of exactly equal length (1/2 : 1/2) and that each single part is 

exactly half of the length of entire string (1 : 1/2). What we heard as the higher octave has 

a 1 : 1/2 ratio (c : c) to the fundamental or open string. 

 

2nd experiment 



We want to find what tone comes from a string length ratio of 1 : 1/2. To this end, we 

divide the length of the open string (= 1) into two exactly equal parts (1/2 | 1/2), insert the 

bridge under the point of division, and strike both parts of the string. We hear, then, two 

identical upper octaves in relation to the tone of the open string, thus coming to the same 

conclusion as in the first experiment. 

 

Remarks upon the two experiments 

For a correct grasp of the harmonic approach, it is especially important to grasp the 

meaning and factual basis of these two fundamental experiments. In the first one, we 

arrived at a tone from a number, and in the second one, we obtained a number from a 

tone. First we recognized a value-ratio and converted this ratio into a number through a 

measuring procedure. Second we assumed a simple number-ratio and converted it, with a 

string, into a perceptible value. It is a fundamental, and indeed monumental distinction 

between judging the material object with the senses and thus bringing it (the string length 

ratio) to a numeric conclusion, and witnessing a psychic form (an octave) suddenly 

emerging to the senses out of the material, and experiencing this form. After 

contemplating and properly understanding this distinction, one will have grasped the 

meaning of the harmonic approach as a synthesis of value and being, soul and world, self 

and nature, that is new to our perception and holds great promise for the future.  

 

Tone quotients, tone decimals, tone logarithms, tone angles 

The tone-number, i.e. the numerical term for the tone-value, can be expressed in the 

diverse number-forms of mathematics. In this text, we use these four terms: 1. tone 

quotient, 2. tone decimals, 3. tone logarithms, and 4. tone angles. We understand “Tone 

quotient” to mean the rational ratio-quotient of a string length or the frequency of a 

fundamental tone; it is expressed as a fraction. 1/2 means half of the string length or 

frequency (vibrations) of the starting tone; 24/25 means twenty-four twenty-fifths of the 

relevant measure. We understand “Tone decimals” to mean the simple calculation of the 

tone quotients. Thus the upper octave 1/2 c gives, after calculating, the decimal 0.5 c; 

the fifth 2/3 the decimal 0.666 g (by string length). As one can see, fraction and decimals 

lie, so to speak, on the same plane; later on, we will mostly use the tone quotients 

(partialtone fractions) and use decimals only in special cases. We understand “tone 

logarithms” to mean logarithms in base 2, since these make it possible to divide the 

primal interval, the octave 1 : 2 into any parts we choose. Through this, even minimal 

differences in tone can be immediately recognized. In the partialtone fractions 8/9 bˇ, 

9/10 b, and 10/11°b, for example, one cannot see their finer differences in pitch without 

further information; if I add the logarithms: 8/9 bˇ 830, 9/10 b 848, and 10/11°b 863, then 

the differences become clear immediately. Thus compared to the fractions and decimals, 

the logarithms add a new mathematical element, since they give an adequate terminology 

for what we actually hear, whereas the fractions and decimals only express the 

measurable elements of the physical acoustical procedure. We understand “tone angles” 

to mean the conversion of tone fractions (tone decimals) and tone logarithms into polar 

coordinates, i.e. into a circular arrangement. The new element here is the direction 

(vector) through which the pitches move in their direction and distance from the center of 

the circle. This type of diagram is especially practical for illustrating various theorems, 

but also has its own significance with regard to harmonic ektypics. This short digest of 



the three types of harmonic “reckoning” serves only as an introductory orientation; they 

will be examined independently and in detail in §21, §33, and §36. 

 

§4a. The concept of “tone-number” 

A few of the readers of previous harmonic works have been irritated that harmonics 

speaks simply of “tone-numbers” and not of “tone-number relationships” as it technically 

should. It is correct that all of number harmonics is a harmonics of tone relativity, and 

therefore of tone relationships. However, what about the study of number in itself, i.e. 

mathematics? Is it not also a study of number relationships? Has a single number, without 

a relationship to the number one, any meaning at all? And don’t we nevertheless speak 

simply of “numbers”? In harmonics, then, we will content ourselves with the term “tone-

numbers,” as mathematicians do with their “numbers”! The fundamental difference 

between harmonic and mathematical number is another matter. This concerns, however, 

not the relationship to unity, but instead firstly the addition of a value, and secondly the 

completely different inner formation of the harmonic number, as opposed to the 

mathematical number. Compared to the uniform mass of mathematical numbers, 

harmonics presents number evaluated in a nonuniform way, a sort of “gestalt 

mathematics.” In harmonics, the number 5 is not just a uniform row of five unities, but 

rather refers to a wholly new element, namely the interval of a third, that was not present 

in the numbers 1-4. It may well be objected that every number, as a whole, has its 

mathematical gestalt, and as such is a novelty compared to all other numbers. But how 

am I to evaluate a number? A six is a novelty compared to a five, but as a plain number it 

is nothing more than the uniform addition of another unit. Also, in terms of the physical 

components, the tone 6 g is merely the addition to the tone 5 e of another unit of vibration 

frequency. In tone-value, on the other hand, 6 g is a minor third away from 5 e; 5 e is a 

major third away from 4 c! As one can see, the value consideration plays the deciding 

role; through the application of value, harmonic numbers decisively set themselves apart 

from mathematical ones. 

 

§4b. Bibliography 

On “tone-number” cf. §2e. On the concept of harmonic “experiments” H. Kayser Klang, 

45ff., Grundriss, 50ff. – Regarding mathematical and harmonic concepts of number, cf. 

idem Hörende Mensch, 13, 30, 31, 29, 133, 233. For the historical genesis of the various 

numerical expressions for the tone-values among the Pythagoreans, see Abhandlung, 

88ff. 

 

 

§5. STRING LENGTH – WAVELENGTH 

 

§5. String length – wavelength 

In the preceding sections, the terms “string lengths” and “vibration-numbers” have been 

used. They will be elucidated in this section and the next. 

 String lengths embody the spatial element of the acoustic sound process. The 

monochord is the simplest and clearest tool for experimenting with them. Every tone 

generation has its spatial element: the space of the column of air within a pipe or other 

wind instrument, the thickness of the body of a bell, etc., so we can say that this spatial 



element is an indispensable requirement for pitch generation. Higher tones require 

smaller string lengths, smaller columns of air, smaller vibrating media; deeper tones 

require bigger ones. When we speak in general of “string length” for the characterization 

of the spatial element, we do so because we can best use the string length to investigate 

the spatial laws of acoustics, and consequently use the term “string length” in the broader 

sense for the spatial aspects of harmonic theory. 

 

§5a. Ektypics 

In physics, the spatial element of a universal vibration process is commonly known as 

“wavelength.” Besides acoustic wavelengths, there are also optical wavelengths – the so-

called Angström units; electrical wavelengths – the phases of alternating current, radio 

wavelengths; wavelengths of earthquakes, recorded by seismographs; water waves, etc. 

All these wavelengths are measured spatially, and as far as the possibility of recording 

them numerically is concerned, they all come down to the prototypical idea of acoustic 

waves, i.e. string length. So as to preserve the acoustic character within harmonics, we 

will retain the term “string length.” 

 While it is no hardship, while discussing the frequencies (vibration-numbers) in 

the next few sections, to coordinate their temporal with their rhythmical character, the 

string lengths and wavelengths impress us primarily not in terms of rhythm or movement, 

but instead as concrete, formal, configured. But the only way we can show wavelengths 

is by graphic methods – as appears, for example, in §10 – so that here, too, we may 

obtain through visual means a strong rhythmical impression. It is this perceptible 

“rhythmical form” that gives a special meaning to the phenomenon of “string length” 

within harmonics. 

 Observations of the above type make little sense in purely physical terms. 

Physics, in contrast, seeks to level the difference between wavelength and vibration 

frequency, adjusting and compensating both elements “reciprocally” by means of 

common formulae. We shall see in §7 that this reciprocity is also of the greatest 

importance for harmonics. For physics, however, it has merely calculative meaning, no 

matter whether I view the wave phenomenon from the spatial or temporal perspective. 

 Every physics book has information about the formulae of the study of waves. (cf. 

§6b) Unfortunately, in modern physics textbooks it has become customary for 

“acoustics” to be allowed a very small space, if any at all. In the much-used work of 

Schnippenkötter-Weyer, Physik für höhere Lehranstalten (Lehrbuch, Oberstufe, 1934) 

there is no longer any chapter about acoustics, and the reader would do best for 

orientation to read either specialized works (§6b) or older physics textbooks in which 

acoustics is still covered in detail. 
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§6. VIBRATION-NUMBERS = FREQUENCIES 

 



§6. Vibration-numbers = frequencies 

The vibration-numbers, known as frequencies in physics, represent the temporal element 

of the acoustic sound process. Here the concern is not the length of the string, the area of 

the column of air, the weight or size of the bell, but instead the back-and-forth vibrations 

of the string measured in some accepted unit of time, the vibrations of airwaves in the 

tubes of wind instruments, or the vibration of any other sonorous material. This temporal 

element of the vibration of a tone is regular, i.e. the frequencies that follow one after 

another have the same exact temporal distance – the same rhythm – for each pitch. 

Higher pitches have faster frequencies, lower pitches have slower ones. Previous 

harmonic works have predominantly used the term “vibration-number” as a general 

designation for the temporal element – in contrast, or as a parallel, to the spatial element 

of “string length” (actually “string length number”) – and avoided the word “frequency” 

as much as possible, since the term does not mean much to nonspecialists. However, 

since the identity of “vibration-numbers” can only be clarified with frequencies, in this 

textbook we shall simplify matters by adhering to the term “frequency.” 

 “Frequency” comes from Latin and generally means quickness, influx, 

circulation; in physics it means number of vibrations. The unit of physical frequency is 

the hertz, equal to 1 vibration per second: a measure that we do not need for the 

illustration of harmonic theorems, since we will simply use the unit (which, if necessary, 

can indeed be converted into hertz) for all our tone-number analyses. 

 As for the experimental illustration of acoustic frequencies, this is a far harder 

problem than that of string length, which can be so easily demonstrated on the 

monochord. It is clear that the back-and-forth vibration of the string, for example, can 

hardly be measured in terms of a temporal unit with simple methods, since the individual 

vibrations, even in the middle range, come so quickly one after another that the eye 

cannot perceive them. Hence, there are various indirect methods, especially a few modern 

electro-technical gadgets – for example, the Siemens tone frequency meter, etc. – which 

give a relatively accurate direct measure of the individual pitches. All these gadgets are 

quite expensive, but are quite unnecessary in the study of harmonics because, as we shall 

see, the acoustic frequencies stand in exact reciprocity  (in an inverse relationship, for 

example the fraction 3/2 to the fraction 2/3) to the acoustic wavelengths (= string 

lengths). Therefore we can find the frequencies by simple “inversion” of the monochord 

numbers. 

 As for the ektypic realization of “frequency,” i.e. the phenomenon of vibration, 

this is such an enormous matter and covers so many different areas that a simple mention 

must suffice for now. Lastly, vibration finds its harmonic ektypics in the rhythmical and 

volitional (cf. §8). 
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§7. THE RECIPROCITY OF WAVES = STRING LENGTH AND FREQUENCY (SPACE AND TIME) 

 

In sections 5 and 6, we discussed the spatial and temporal elements of the vibration 

process separately; now we want to see what relationship they have to each other. In so 

doing we must first give an account of it through a short meditation on two important 

factors, which provide the background for realization of the tone-phenomenon: space and 

time. What do we know of these concepts in themselves? At best, we have a “feeling” of 

space as such, and of time as such (we “are” in space, we “become” in time), but when 

we try to give these feelings an intellectual form, we know one thing at least: that these 

concepts have nothing to do with one another, since each one belongs to a completely 

different world. It is clear that everything exists in space and happens in time; but how 

we are to imagine space and time, the spatial and temporal, in isolation, will probably 

never be satisfactorily answered. Although the isolation of these two “intuitive forms” (in 

the Kantian sense) is an almost insoluble problem, the bond between the two concepts 

poses no problem to us, because we, along with all of nature, live in space-time. With this 

consideration, however, we do not gain much more than the statement of a fact, for the 

crucial question immediately arises: in this world, what relationship do space and time 

have to each other, what form does space take in time, and what is time’s form in space? 

The treatment of the space-time problem in philosophy is as old as philosophical thought 

itself. Later in §47, in a deeper discussion of these problems in a harmonic setting, we 

will briefly discuss their philosophical ektypics. For the time being, we are concerned 

with the phenomenon of the reciprocity of time and space in the study of vibration, which 

finds its most evident prototype in the acoustic process. This “reciprocity” 

(Schnippenköter-Weyres Physik für höhere Lehrantalten, 1934, p. 337, actually uses the 

term Kehrwert) is so remarkable that we must examine it closely. If we start with the 

spatial element of the string length, set the primary open string at 1 c, and seek the note 

an octave higher c, we know that we must divide the string in two (1/2) for the octave, 

divide it in three for the fifth (1/3), etc., so as to be able to hear the appropriate tone. If we 

now investigate how many frequencies (side-to-side vibrations per time unit) these tones 

make, then the physical experiment will prove that the upper octave has twice as many 

frequencies per time unit (1/2) as the vibrating open string, and the upper fifth three times 

as many (3/1): 



 

Figure 5: 

 
 

As one can see, the same tones and intervals stand in exact reciprocity according to their 

spatial and temporal origin, i.e. the octave above, c, has the numeric terms 2/1 and ½, the 

higher fifth 3/1 and 1/3. Only when we examine its form does this reciprocity become 

remarkable. When we continue the series further in both directions: 

 

Figure 6: 

 
 

it shows that the right “temporal” side has a different appearance from the left “spatial” 

one, which becomes yet more noticeable if we arrange both number sequences by their 

geometric sizes: 

 

Figure 7: 

 
 

This Janus face of the reciprocity of space and time thus rests upon two different 

perceptible (measurable) forms: on the right, a progression of temporal elements that is 

uniform and equidistant, and on the left, a nonuniform, serial progression of spatial 

elements that fade away, diminishing as though in perspective. This, however, applies 

only when we divide the string length in halves, in thirds, etc., in short when we reduce 

the spatial element. If on the contrary we double the string length, or triple it, etc., i.e. 

seek the octave below, or the fifth below, etc., an inverted picture is produced with 

correspondingly different tone-values: 

 

Figure 8: 



 
 

The two rows after that look like this: 

 

Figure 9: 

 
 

Figure 10: 

 
 

If we start by increasing the string length, time “shrinks,” while space remains uniform 

and equidistant. If we start by decreasing the string length, space “shrinks,” while time 

remains equidistant. Later, in §47, we will see that the actual psychic phenomenon 

(major-minor) of space-time reciprocity lies concealed in this division and multiplication 

of the string. What is most important here is the phenomenon of equidistance and 

shortening, no matter from which approach we start. We naturally find the same 

relationships with their inversions when we start from the frequencies, only in that case 

the tone-values become complementary, i.e. f becomes g, as becomes e, etc. 

 The reciprocity of time and space appears, then, by analysis through tone-

numbers, to be an equidistance and shortening of the temporal or spatial elements, 

depending on the stance that I take. If I find myself in a uniform, equidistant, “Euclidian” 

space, then time will be nonuniform, serially diminishing, perspectival, decreasing. If I 

find myself in a uniform temporal event, then the space in which this event takes place 

must shorten and become “non-Euclidian”. 

 

§7a. Refutation of an objection 

The accusation has been made by critics of harmonics that the claim of the reciprocity of 

space and time is invalid for the following reasons: if the spatial element of string length 

increases, then the temporal element, namely the side-to-side vibration, must also 

increase. Space and time, then, would not be reciprocal, but instead equivalent. 



 Since this objection seems to have some validity, it is essential to examine it 

thoroughly. One must first agree on which standpoint the spatial and temporal elements 

will be judged from. It is proven that if I want to get from the fundamental (=generator) 

tone (1/1 c) to the octave above c, or vice versa, I must halve the “string space” (1/2) and 

double the “string time” (frequency). Here the reciprocity (1/2-2/1) manifests in number 

and interval, i.e. in the tertium comparationis, a third comparative viewpoint that is 

independent of time, space, and string. For we do not really know what time and space 

are in themselves, and what relationship they have to one another. If someone now retorts 

that if the string size is increased, the duration of vibration also slows down, i.e. 

“increases,” then an error in reasoning sneaks in, insofar as one is incorrectly spatializing 

the time element, evaluating it with spatial units of measurement. If I take this standpoint, 

then the vibration actually “increases” analogously to the increasing of the string length. 

Even this “increasing,” however, forces an illegitimate spatial view on the temporal 

vibration process; for I have no wish to know what distance the vibration occupies, but 

instead what time it takes, or in other words, what this “increasing” looks like from a 

purely temporal view. And here it becomes immediately evident that, calculated in time, 

i.e. in its side-to-side vibration, increasing the string space results in an abatement, 

decreasing, and deceleration of the string time (frequency), and therefore even confirms 

the above reciprocity. Perhaps it is better to say: increasing the space of the string length 

(in general: wavelength) results in a decrease in the time of the vibration-number 

(frequency). Also the terms “increase” (space) and “decelerate” (time) would be more 

correct than “large” and “small,” which are already too loaded with spatial associations. 

Incidentally, the “spatialization” of time, i.e. the one-sided perception of the temporal 

from the spatial point of view, is an old philosophical error that has consistently 

hampered the autonomous assessment of time. 

 If, as every physics book maintains, the reciprocity of space and time is not a 

special property of acoustics, but instead a quality of wave phenomena in general, and if 

on the other hand harmonics alone (cf. §47) is in a position to give a psychic explanation 

for these phenomena – which legitimizes the separate and attentive examination of the 

space-time problem precisely from the harmonic standpoint – then we can already point 

out some interesting correspondences that suggest how deeply this reciprocity is 

embedded in the most diverse areas. 

 It is amazing that physics has hitherto paid hardly any attention to the peculiarity 

of the form of this reciprocity, and has simply stayed with its mathematical terms (1/n : 

n/1). Otherwise, it would have had to notice the very remarkable correspondences that 

exist between this and the “Lorentz contraction” of the theory of relativity. This Lorentz 

contraction arose from certain conclusions regarding the negative results of the 

Michelson-Morley experiment and seeks to explain the latter through the “bold 

hypotheses that through movement, a solid body undergoes a contraction (shortening) in 

the direction of movement relative to the ether” (H. Weyl: Raum, Zeit, Materie, 1921, p. 

154). This “bold hypothesis,” however, is now formally accepted even in the space-time 

reciprocity of the universal vibration phenomenon – where “formally” does not mean 

noncommittally, but instead should be interpreted completely in the morphological sense. 

Furthermore, physics – specifically, relativity – must have hit upon yet another no less 

interesting correspondence with this reciprocity, namely a correspondence to Einstein’s 

paradoxical claim: that the universe is “finite” but yet “boundless” (A. Einstein: Über die 



spezielle und die allgemeine Relativitätstheorie, 12th ed., 1921, §31). Often used to 

demonstrate this paradox is the example of a sphere on whose surface one can wander 

“boundlessly,” but which is nevertheless “finite” as a  whole. Shouldn’t this somewhat 

banal example be replaced by the more suitable space-time reciprocity, which would start 

with the advantage of a legitimate physical origin: 

 

Figure 11: 

 
 

and secondly, would reveal the actual morphological background of this paradox: that it 

is presumably not about a simply spatial affair, but instead a space-time phenomenon, in 

which one vector is indicated as infinite, and the other finite? We are struck by yet 

another important correspondence to our conception of matter upon closer examination of 

the space-time reciprocity, if we simply examine its perceptual-morphological core, i.e. 

the way that it converges and shortens on one side and diverges uniformly on the other. 

 

Figure 12: 

 
 

Since the earliest times, consciousness has searched the matter in the world of the 

microcosm for limiting values, “atoms,” i.e. the last indivisible units; or rather it assumes 

the existence of these units as almost self-evident (atomism) – whilst the idea of the 

macrocosm as an infinite, borderless space seems to make no difficulties for it. This 

situation is especially strange, and the only explanation is that a pattern must exist within 

our fundamental intuitive forms: it causes every imagination of the “limited” to tend to 

the small (1/∞) and every imagination of the “unlimited” to tend to the large (∞/1). Here 

it may be objected that the term 1/∞ is in any case “infinite,” i.e. divergent and not 

convergent. That applies, however, only for considerations of the purely logical-

mathematical type. If I try to perceive it, for example by drawing lengths of  1, ½, 1/3 . . . 

1/∞, I very quickly reach a limiting value where it “goes no further.” It is just this process 

of diminution, this perspectival vanishing point, that constitutes the opposite of  “real” 

infinity 1, 2, 3 . . . ∞/1 – aside from the fact that objections can also be raised from the 

purely logical standpoint about the “divergence” of 1/∞; see the discussion about 

convergence and divergence in §191. On the further philosophical ektypics, cf. §16, 2; 

§19b, and §47. 
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§8. RHYTHM AND PERIODICITY 

 

In the primal phenomenon of tone-number we can again see these two most important 

principles, which while they are identical in their common point of reference, differ in 

their outward facing ektypics, the one appearing as “rhythmic,” the other as “periodic.” 

Connecting with what was said in §6 about the phenomenon of vibration, we now intend 

to pursue the series of analogies further, and grasp them more deeply. First of all we 

consider that a tone, i.e. something that can be psychically experienced, can only be 

generated by means of a rhythmic periodicity or a periodic rhythm of the vibrating 

medium (string, column of air, etc.) It is the vibration, pulsing in equal beats, that gives 

out a frequency, and first becomes a “tone.” 

 

§8a. Rhythm, periodicity, meter  

We should state here that we do not altogether reject the unilateral assignment of rhythm 

to the living and organic, and of meter to the dead and inorganic. The meter even of 

inorganic periodicities (planetary orbits and periods, etc.) requires certain tolerances and 

never follows perfect time, whilst the far-reaching freedom of organic rhythms always 

has an ideal “meter” as its rhythmical basis, otherwise these rhythms would be 

imperceptible. 

 Now, while in practice one can assign “rhythm” more to the spiritual and artistic, 

“periodicity” more to the scientific, and “meter” more to the technical areas, it would still 

be both wrong and impractical to apply these concepts in a hard and fast manner. For 

example, a person can be vitally “rhythmical” or unrhythmical in his movements; he can 

obey certain physical periodicities, and at the same time he can defy them. He can also, 

as a technician for instance, observe the most minutely accurate “meter,” or else he can 

ignore it; and in addition to all this he can, simply as a human being, possess “meter” or 

lack it. As one can see, the use of language is especially loose here! 

 

§8b. “Dynamics” 

It is appropriate here to include an observation about the concept of the “dynamic,” 

which plays a decisive role in the modern world view. In physics, matter has become a 

dynamic energy concept, and the atom, heretofore viewed as “static,” has collapsed into a 

configuration space of electrodynamic energy units no longer accessible through 

observation. All of technology is a single field of applied dynamics. In biology, material 

dynamism transforms itself into “vitalism”: life is movement and bears its authentication 

within itself, i.e. in the agitation of the self-moving. In philosophy, dynamism becomes 

voluntarism. Here, the tendency to view all acts of consciousness as voluntary has 

become so strong that it seems almost disreputable to occupy oneself, in Plato’s sense, 

with “eternal ideas.” In the arts, especially in modern music, dynamics has taken over in 

such a manner that one must wonder what is the point of this “motorization” of familiar 

musical instruments. Wouldn’t they be better replaced with “up-to-date” noise makers 

such as sirens, horns, gas motors, hand grenades, and other sound effects? Even the 

concept of God, now seen as the “living” creator constantly “renewing” himself in the 



world and the human soul, is becoming more and more entangled with a dynamic 

process, and thereby in danger of being replaced by a mere vital principle. And, carrying 

the essence of the dynamic to the extreme, one of the latest political systems simply calls 

itself “The Movement,” thereby affirming that the content, sense, reason, and goal in 

politics are completely insignificant, and that it is concerned only with movement, with 

the dynamic, and requires no further justification. 

 No perceptive observer can doubt that modern humanity, in life and death, is the 

victim of a dynamism run amok. This can only be stopped, and its ever more dangerous 

consequences prevented, if humanity can be harnessed to something stable, and if in 

every cultural area a “halt” can be called, in both senses of the word: [Tr.: German Halt 

means both support and stop] a “halt!” that both orients and restrains it. 

 Within the disciplines of natural science, this “halt” would provide a system that 

would order all dynamic and vitalistic events within a meaningful world of forms. In 

philosophy, a theory of perception would again be validated that coordinates dynamic 

voluntarism with a static doctrine of ideas; the latter alone would be without substance, 

the former alone would be senseless. In music, a melody run wild must be brought back 

to equilibrium through a meaningful chordal system; for the anchoring of all the great 

musical works in the psychic domain takes place only through the vertical aspect of 

music. And what truly religious person does not wish for, indeed long for, a concept of 

God that will lift him above the flurry of earthly events, and pray for a “halting place” for 

the soul among eternal, unchanging laws? 

 

§8c. Transformation of the dynamic into the rhythmic 

The contribution of harmonics to a rectification, i.e. to a natural adjustment and 

placement of dynamics, consists, generally speaking, in adding the static form element of 

the tone-value to the dynamic vibration element of the tone-number. Since this 

coordination exists a priori in the primal phenomenon of tone, and the birth of a value 

takes place with every frequency, the danger of the dynamic frequency running amok is 

inhibited from the beginning and “discreetly” restricted, or in other words raised to the 

formal sphere. 

 

§8d. Ektypics 

When we assign the rhythmical more to the active-personal and the periodic more to the 

passive-impersonal, there emerge two major divisions of “tectonic dynamics,” as we can 

generally call ordered vibration in its effects. 

 

§8d.1. Rhythmics 

In the fine arts, poetry and music, all composition requires an inner rhythm. As we see 

from classical sources (Vitruvius, etc.), ancient architects followed harmonic 

measurements, in which a rhythmic proportioning of space based on triadic ratios was 

fundamental. Rhythm in speech and poetry is represented by meter and verse measure, in 

which the small-scale rhythm is repeated in the rhythmic symmetries of the large-scale 

forms. In painting and sculpture, a definite rhythmical order of color, drawing, and form 

is always predominant with regard to the object; and herein lies the deeper reason for the 

often-heard opinion that in a work of art, the “what” is secondary to the “how.” This 

“how” is, however, nothing more than the inner rhythm of the constitutive material 



(color, line, spatial form), which first raises the nature of the subject to be portrayed to 

the status of an art work. Here, also, lies the true rationale for a positive evaluation of so-

called “abstract” art. In music, the rhythmical element is expressed in two ways: first, as 

in the other arts, in various elements of symmetry and analogy of the musical forms, and 

of the arrangement of melody and chords, and secondly in the metrical arrangement of 

beats. Strangely, the numbers 2 and 3 suffice for this, because musically we can only 

perceive 2- or 3-part groupings; we even hear 5-beat measures as summations of 2 and 3, 

or 3 and 2. Later, in §39, we will see that a complete scale can be built from the numbers 

2 and 3. A further harmonic investigation would have to show how important these first 

ratio creators are for the ektypics of a universal rhythm. As far as we can see, here too the 

framework of the “senarius,” i.e. the ratios from 1 to 6, will suffice. (See “senarius” in the 

Index.)  

 

§8d.2. Periodicity 

With regard to periodicities, we must first survey the three kingdoms of nature, then the 

domain of human will-formation, i.e. history. The concept of “cosmic” periods is so well 

known since ancient times that further examples are unnecessary. Significant for 

harmonics is Kepler’s Third Law, which Kepler discovered in his Harmonice Mundi after 

exhaustive harmonic cogitations, and which proves the existence of harmonics between 

space and time periodicities. Then there is the so-called “Platonic year,” a cycle of 25,920 

years; the cycles of sunspots, etc. In the smaller domain of the earth, we can see it in 

geological periods, in the shifting of continental plates; then in the structure of matter 

itself on a definite “rhythm” of atomic structures; in the “periodic system of elements,” in 

the symmetries of the various classifications of crystals, etc. The organic realms show a 

great number of periodicities in their temporal progression, which are at best recorded, 

but not further researched. This is surprising in view of the intensive research done on the 

rich evidence of morphology. The reason for the neglect of temporal regularities might lie 

in the fact that in experiencing them, one is faced willy-nilly with plain numbers whose 

deeper meaning is not apparent; whereas all spatial regularities result in a formal 

tectonics whose every unit is visible to us, and whose most abstract types still belong to a 

“world of forms” and not simply to a world of numbers. Here, with regard to a sensible 

grasp of temporal forms, especially periodicities, harmonic research has an important task 

to perform. As a foundation for this, a harmonic “chronometry” or “form mathematics” –

analogous to harmonic geometry – must be constructed, or newly created; i.e. the time-

forms must find their own discipline analogous to that of the space-forms. The 

establishment of psychic values in the numbers of the time-forms not only allows these 

numbers to be understood in a deeper sense, but also arranges them in a domain of our 

cognition that is most closely connected  to time: namely the temporal tone sense. Also 

the investigation of historical periodicities, for reasons already mentioned, has only just 

begun, and surprisingly enough has immediately veered off into a kind of historical 

morphology (as in Spengler, etc.). Consequently the investigation into the actual 

periodicities of historical time, with their symmetries, congruencies, etc., has been lost 

again, and transformed into a kind of spatial typology of history.  

 

§8d.3. Meter 



We can now further examine the concept of meter, with reference to its definition above 

under a. It has become commonplace, especially under the influence of Klages’ writings, 

to categorize the “metered” as all that is dead, sterile, machinelike etc., while “rhythm” 

alone possesses the exclusive privilege of a “living,” indeed “human” form. Certainly the 

machine seeks to embody meter to the last possible degree. But the meter is in no way to 

blame for its excesses; instead, the guilt lies with the demonic possession of humans, who 

have allowed the machine to become a curse instead of a blessing for civilization. 

Moreover, the fundamental insatiability of a given meter even within the highest 

technology raises the latter to a realm that is the complete opposite of everything 

machinelike: the realm of an ideality, a world of norms, of laws, of Being in the Platonic 

sense. The most precise machine (which if it can be humanity’s greatest helper, is often 

indisputably so simultaneously with its demonic effects!) never works accurately in the 

ideal sense;  yet what is left over is not “an earthly remnant, hard to bear”; the remnant of 

“inaccuracy” is that which completes the plan, the idea of the “machine” – as of any other 

entity – and which thus bears witness to the spiritual origin of the “meter” itself. In this 

respect one may also note the concept of human “tact.” [Tr.: Kayser here plays on the 

German word Takt, which means both meter and tact, as well as being the term for a 

musical bar or measure.] When we say that someone is “tactful,” presumably we 

unconsciously associate with this term some ideal descendant of “meter,” a certain fine 

sense of “tuning” and “rightness” in interpersonal relations. 

 

§8e. Restriction 

Under the influence of “dynamic” thought today, it has almost become fashionable to 

ascribe omnipotent power to “rhythm.” While harmonics has raised the “rhythm of 

being” among the value-forms of dynamic axiology, it is quite another matter to say “all 

is rhythm.” There is rhythm in everything – we can say that much without exaggeration. 

But along with rhythm there are equally important prototypical principles, such as 

polarity, proportion, quantization, trinity (dialectics), wholeness, etc., and even within the 

harmonic value-forms we must beware of a one-sided evaluation. 

 

§8f. The transformation of rhythm into tone-value. The siren 

Wilhelm Opelt points to an interesting experiment, designed to demonstrate the 

transformation of rhythm into tone-value, i.e. intervals and chords, in his work Über die 

Natur der Musik (Plauen, 1834; I was unable to find a copy of Opert’s main work, 

Allgemeine Theorie der Music, published in 1852). Opelt assumes in principle that the 

musical tone-system is developed from certain primary rhythms (2, 3, 5), a scheme that is 

familiar to us in other forms from the purely physical aspect of the science of waves, e.g. 

through the sine waves that are at the basis of all vibrations, and from Helmholtz’s 

investigations of the overtones and combination tones, etc. (Euler already used it in his 

Tentamen novae theoriae musicae.) Even this “other form,” i.e. the dismissal of the 

concept of rhythm and its replacement by a doctrine of frequencies based on the simplest 

whole-number relationships, must be seen as an impoverishment with regard to  

“akróasis”; hence it is important to outline Opelt’s ideas, which, by the way, are 

surprisingly simple. 

 The rhythmical relationships of simple ratios are most clearly represented as 

points on a line, which represents the number 1 (see fig.13). The first eight 



 

Figure 13: 

 
 

lines from the top thus show unity and its rhythmical divisions, 1 : 4, 1 : 5, 1 : 6, 1 : 8, 1 : 

10, 1 : 12, 1 : 16. Then follow combination rhythms 5/4, 4/3, 3/2, 5/3, whereby on the 

first of each group of three lines the numerator appears, on the third of each group the 

denominator, and on the middle line their sum. On the last five lines, for better 

comparison, the combination-rhythms 6/5, 5/3, 5/4, 4/3, and 3/2 are drawn next to each 

other, whereby, when 1 = c, then 6/5 = es, 5/3 = a, 5/4 = e, 4/3 = f, and 3/2 = g. 

 If for further clarification we want to express these rhythms (for we are still 

talking about rhythms as such, and not about tones) in note values, then for the divisions 

(1 : 1, 1 : 2) 1 : 4, 1 : 8, and 1 : 16 we have the signs: 

 



Figure 14: 

 
 

for the divisions 1 : 3, 1 : 6, and 1 : 12 the signs: 

 

Figure 15: 

 
 

and for the divisions 1 : 5 and 1 : 10 the signs: 

 

Figure 16: 

 
 

Also with these “monotone” rhythms, subdivisions are possible. For example, for the 

dyadic 1, 2, 4, 8, 16 we can show the combination of 2 : 4 : 8 

 

Figure 17: 

 
 

Or for the ternary divisions 3, 6, 12 the combination of 3 : 6 : 12 

 

Figure 18: 

 
 

The depictions become more difficult for the combination rhythms. For this one should 

compare the further rows in Fig. 13. Next, we choose the simplest combination rhythm 3 

: 2. It originates through the summation of the ternary and binary divisions of unity. 

Written out in notes, it looks like this: 

 

Figure 19: 



 
 

The combination rhythm 4 : 3 gives us this notation: 

 

Figure 20: 

 
 

For all combination rhythms with the ratio 5, we lack the possibility of an exact 

transposition into rhythmical notevalues. However, for the rhythm 5 : 4 we can notate it 

thus: 

 

Figure 21: 

 
 

(in millimeter increments within a unit of 120mm!). But a comparison with the 5/4 rows 

of Fig.13 shows that the exact measure no longer entirely agrees with the notation, which 

naturally does not prevent the fact that these quintuple and more complicated rhythms are 

precisely playable by specialists in rhythm (like the Basel drummers) and used in the 

highly sensitized rhythms of primitive, Eastern, and Asiatic peoples. In any case, with 

this analytical method we have the possibility of also bringing a denominator to even the 

most complicated rhythm, i.e. understanding them in their acoustical logic. We only show 

them in notation in order to demonstrate that our familiar European musical meters are 

already exhausted by the binary and ternary divisions. 

 How do tones come out of these rhythms? Nowadays we simply say that we 

translate the rhythmic numbers into frequencies, and then hear the tones in question. But 

with this modern method, the abstract frequency relationship is so much in the 

foreground that we neglect the rhythmic origin too much, or simply do not think of it. 

Hence it is good to learn a conversion method that shows the “transmutation” of rhythm 

into tones vividly and exactly. The best means for this is the siren: an instrument all too 

familiar today through its use as an alarm. 

 Wilhelm Opelt used an ordinary cardboard disk of about 30 cm in diameter, drew 

concentric circles on it  

 

Figure 22: 



 
 

(cf. Fig. 22), and divided this circle with points according to primary rhythms, which he 

punctured with a ca. 2 mm awl. For this disk he built a simple crank handle with a 

connection to set it in rotation, and while turning it, blew with a quill through the holes of 

the circle. It is clear that a faster turning makes all the circle tones go higher, and slower 

turning lowers them, but it is instructive that the tone relationships of the circle remain 

equal amongst themselves, assuming that the turning speed remains constant. This 

requirement is of course easier to fulfill today, since in modern physics laboratories we 

can easily keep standard metal sirens going at a constant speed by means of a small 

motor. We now assume that the disk rotates at a constant speed, whereby the binary (4, 8, 

16) divided circles give the tone c with its octaves. Then, counting from the middle (Fig. 

22) outwards, the first, third, and sixth circles should sound with their 4, 8, and 16-fold 

divisions three c-octaves, which they indeed do. The second circle, divided in sixths, 

sounds the fifth above c, the tone g; the fourth circle, divided in tenths, sounds the major 

third e; and the fifth circle, divided in twelfths, sounds g again. By means of the siren, 

then, we can directly see as well as hear the transformation of monotone rhythms into 

tones, i.e. equal consecutive points, beats, frequency impulses (or whatever one wants to 

call the rhythmic activating element). When the rhythm disappears, i.e. when we can no 

longer hear the single pulses as single beats and can no longer see them as points, the 

tones emerge: Q.E.D. The experiment is even more interesting for combination rhythms. 

For this, the circle to be investigated must be first be divided into a uniform measure, 

which allows subdivisions as practically as possible. Opelt chooses the number 12 and 

divides the outer parts of the circle accordingly. If we now want to bring the combination 



rhythm 5/4 onto the disk, then we first go (see Fig. 22, seventh circle from the inside) to 

the right up to the radius 4 and pierce the circle points 1 to 4. Then we divide the arc 1-4 

(120°) into five parts, puncture these five division points again, and thus get exactly the 

same 5/4 rhythm as in Fig. 13. By corresponding rotation and blowing we hear the 

interval c-e, a major third. The remaining ratios or combination rhythms sound the 

frequencies corresponding to their numbers. Here we can go no further into this siren 

experiment, though it gives many other interesting results (proof of combination tones 

etc.). What it demonstrates so instructively here is the transformation of primary rhythmic 

structures into tones, intervals, and chords. Anyone who cannot build such a siren can 

find one in a physics laboratory, though admittedly the “official” sirens in these institutes 

are mostly built for completely different purposes, mainly for counting frequencies. 

 

§8g. Verse rhythm of the ancients 

We turn now to another, more historical side of the problem of the relationship between 

rhythm and tone. In classical times the philosophers and theologians occupied 

themselves, as did the music theorists, with the harmonic backgrounds of rhythm and 

metrics. It is generally known that the ancient Greeks had very finely differentiated verse 

meters. Syllables and letters were related to harmonic measures; thus is it said, for 

example, that “the quantities of the letter sounds are equal in numerical terms to the 

intervals of the whole tone.” Aristides Quintilianus, from whose work Von der Musik 

(translated by R. Schäfke, Berlin 1937, p. 231) that sentence is quoted, elaborately 

discusses in his first book the harmonic interdependencies between harmonics, rhythm, 

and metrics. Also the Church Father St. Augustine, in one of his early works, Six Books 

on Music, deals with minute exactitude with the “syllables,” the “metric feet,” (Book II), 

“Rhythm and Meter” (Books III and IV), and “Verse” (Book V). (This interesting work, 

written in dialogue and extremely engaging even today, now exists in an excellent 

German translation: A. Augustinus: Musik, tr. by Johann Perl, Straßburg 1937.) We 

moderns can only be astonished at the undreamed-of delicacy, not to say the refinement, 

with which the ancients developed their capacity for empathy for harmonic tectonics of 

the poetic terms. For instance, Augustine (op. cit., p. 141), gives the definitive sum of all 

meters as 571! Today, if we see nothing but a frivolous game in these finely 

differentiated investigations, we are depriving ourselves of real understanding. If, on the 

other hand, we want to think and perceive in a more “Greek” manner, then rhythm and 

verse measure are the expression, or rather the means of expression for the inexhaustible 

harmonic relationships between the divine and the earthly, indeed for a divine catharsis: 

“Let us first restrain those wild appetites that constitute a weakness for the state of the 

soul, and let us turn ourselves to delectation in the spiritual contemplation of the world 

sounding in numbers: then will our whole life regain its direction towards God” 

(Augustine, op. cit., p. 251). 

 The technique of comparison between rhythms and meters in the two works just 

named ranges predominantly within primary harmonic ratios. The simple interval 

relationships are converted according to the time-value of their numbers into rhythms and 

meters. We know nothing of the use by the ancients of sirens as experimental 

instruments, but we have records of a remarkable instrument already used in ancient 

times at the initiations of the Mysteries: a type of jew’s harp [Maultrommel], which in 

principle can have been nothing more than a vessel with a pierced base fixed to a cord 



and which, through swinging in a circle, must have produced tones, intervals, or chords. 

(On this “rotating rhombus” see my book Vom Klang der Welt, p. 49.) Considering how 

advanced ancient Greek music theory was, it is more than probable that in the fabrication 

of this rhombus, the transposition (very simple, as we saw) of rhythms into tones and 

sounds was also discovered; however, like all important “Pythagorica” it was kept strictly 

secret. In Diel’s Fragmenten der Vorsokratiker (Vol. I, 3rd ed., p. 330) a fragment from 

the lost Harmonics of the Pythagorean Archytas is translated: “The same phenomenon 

[that slow movement causes a deeper tone, fast movement a higher one] appears with the 

‘whirlers’ which are swung round at the Mysteries: if they are whirled gently, they give 

out a low note, if vigorously, a high note.” For philologists interested in harmony, there is 

another rich field of study here, hitherto hardly investigated on this (harmonic) basis. A 

starting point may be found in the two cited works of Aristides Quintilianus and St. 

Augustine. Other works that seem important to me, which will also give indications for 

further reading, are Erich Frank: Plato und die sogenannten Pythagoreer (Halle 1923), 

useful and comprehensive work, though with all due respect wrong in its conclusions (see 

my essay on Pythagoras in Abhandlungen, p. 861); Eberhard Hommel: Untersuchungen 

zur hebräischen Lautlehre, I. Teil: der Akzent (Leipzig 1917); and Ben Josef: Die 

Struktur der jüdischen Religionsphilosophie (Jüdisches Jahrbuch für die Schweiz, 

1919/20). Lastly, a most interesting and exhaustive work, which Herr Dr. Schabad of 

Basel kindly brought to my attention, and which represents a chapter from a (not yet 

published?) larger Hebraic work: Die Stimme der Prophetie und der Geist der Musik. 
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§9. Resonance 

We are now ready to discuss this important theorem, which in the system of harmonic 

value-forms is expanded to “being-resonance,” since it can be demonstrated by the 

simplest means. We pluck a string on our monochord, and observe that the remaining 

strings (tuned to the same pitch) being a stronger or weaker vibration, depending on the 

strength of the plucking or striking. If a resonating body is tuned identically, then it 

sounds when its tone is sounded elsewhere; it “resonates.” Currently the most familiar 

use of this principle of resonance is that of radio receivers. Each apparatus contains a 

variable electrical oscillator from which we can choose to pick out, i.e. tune in, whichever 

wavelength is occupied by the station whose broadcast we want to hear. We can also test 

the sharpness of acoustic resonance on our monochord, tuning the string to be plucked 

somewhat higher or lower. We will soon see that with even a very small raising or 

lowering of the pitch, there is no longer any resonance in the remaining strings; the other 

strings remain silent and “dead,” because they no longer “hear” a tone that exactly agrees 

with their own tone. 

 What is going on here? 

 This question becomes all the more pressing, as the principle of resonance has 

long ago overtaken the acoustic realm in the exact sciences, has become general 

especially in the study of physics and electricity, and as we shall see, pervades almost all 



domains of human consciousness and creation. The purely material explanation is that 

resonance appears when the vibrations of one body are transmitted to another body of 

equal natural frequency through a medium. Let us leave the problem of the “medium” 

(air, ether, etc.) aside, even though many things about it are still enigmatic, and it is by no 

means so clear or self-evident as explanations of the above type seem to make it. What 

strikes us most forcibly is the fact that there are “various bodies of the same natural 

frequency.” This also seems obvious at first, but becomes remarkable as soon as we grasp 

the phenomenon of resonance absolutely, and observe its autonomous realization, 

wherever and however it may be. Thereupon resonance becomes a value-form of great 

amplitude. In physics and its applications to technology, we see resonance used 

copiously. In chemistry, resonance becomes catalysis: the mysterious catalytic processes 

are scarcely explicable without the analogy of resonance. The same goes for enzymes in 

the bodies of plants and animals: they can also only be interpreted as being-resonances in 

the material life cycle, as strengthenings or weakenings of resonance, held in equilibrium 

by the harmony of the collective organism. But there are also resonances in the psychic 

and spiritual realms. In the sympathies and antipathies of human relationships, in the 

simultaneous emergence of identical ideas and discoveries in different minds and nations, 

and even in the great historical resonances, often with gigantic effects both in the positive 

and the negative sense, we see the resonance principle raised to a virtually universal 

principle. 

 

§9a. Ektypics 

On April 16th, 1850, a battalion of French infantry marched across the 102-meter-long 

suspension bridge of Angers. The suspension chains broke and 236 soldiers’ lives were 

lost. The cause: resonance amplification of the natural frequency of the bridge through 

marching in time. Consider also the torsion vibrations and torsion pivoting of motor 

waves; the critical numbers of revolutions in the startup of machines that function at high 

revolutions; coupling and resonance in radio technology. When an element mediates, 

accelerates, or hinders the bonding of two other elements simply by being there, without 

changing itself, then it is called a catalyst. A union of hydrogen and nitrogen is hardly 

possible. But if I pass both elements through a catalyst – here, for example, platinum or 

an aluminum oxide containing iron – then the union is achieved immediately: from 

hydrogen and nitrogen ammonia is produced. The remarkable thing about this is that the 

catalyst is in no way affected by this process and remains absolutely “neutral”; the only 

possible explanation is that the catalyst has an inner being-resonance to the elements in 

question, and vice versa, while this resonance is missing in the two elements to be joined. 

Enzymes are the catalysts of organic life. They too are elements which cause large-scale 

chemical conversions in organisms, without being themselves affected or depleted. I will 

only mention here the resonances of sympathy and antipathy in the psychic, the birth of 

identical thoughts and ideas in the spiritual realm, since numerous examples will occur to 

every reader. 

 

§9b. Harmonics and Medicine 

In Musik und Narkose, a Bern University dissertation by Walter E. von Rodt (1903), the 

following theories were advanced as the combined results of a long series of experiments: 

“1. Narcosis is influenced through combination with music. The experiments with 



Gärtner’s tonometer demonstrate this: blood pressure rises with the introduction of music. 

2. The narcosis is much quieter and more consistent. 3. The stage of excitation is 

significantly reduced. 4. Vomiting during narcosis disappears in most cases, and nausea 

after awakening is less common and less intense. 5. Almost all patients who have 

encountered ether or chloroform earlier generally choose music narcosis and express their 

satisfaction with this experience.” 

 Even though anesthetics have significantly improved in the last 40 years and 

music is no longer being used as an aid, the phenomenon of physiological influence 

through music is interesting enough in itself to merit further attention. In the above case a 

wholly primitive influence took place, as shown by the equally bizarre and revealing fact 

mentioned by Rodt, that “loud, clanging military marches proved to be best.” The theme 

of music and medicine, however, is ancient. Mesmer, the founder of magnetism, was not 

the first to apply music deliberately to achieve the condition of somnambulistic sleep; this 

appears to have been one of the most important means of the “temple sleep” used in 

Egypt, and of all the ancient mysteries. De Rochas (Les sentiments, la musique et le 

geste, Grenoble 1900, p. 140ff) mentions James Braid, an English doctor who cites the 

Bacchantes of the Dionysian cults in his Neurohypnology as an example of musical 

hypnosis: “The Bacchante feels neither pain nor wounds in her orgiastic debaucheries, 

she acts in a state of sleep, created by the provocative musical rhythm in a doubtless 

pathological nervous system.” Schneider’s work System einer medizinschen Musik 

(Bonn, 1835) is a rich source for the significance of music in the medical sciences, 

especially recommended for readers who wish to acquaint themselves further with this 

material, in addition to the recommendations given in the bibliography below. Here iut is 

a matter of well-proven factual material, and it is astonishing that Schneider’s thoughts, 

experiments, etc. were not further pursued but were apparently completely forgotten. The 

English traveler Sir John Barrow (1764-1848) gives an account (after E.A.W. 

Zimmerman: Die Erde und ihre Bewohner, part 10, Stuttgart 1820, p. 150ff) of a peculiar 

“pulse therapy” used by Chinese doctors, which should be mentioned here, although it 

belongs more to the rhythmical theorems than to those of resonance. I note them here 

because of their belonging to medicine.  

 

“The Chinese believe that every part of the body has its own pulse, and 

that all illnesses can be determined most exactly through the pulses. The 

study of the pulses is, therefore, the chief element in China upon which 

everything relies, and the doctor not only studies the pulse for hours in the 

various limbs, but also gives instructions on how to feel the pulse. Barrow 

reports that the doctor whom he consulted with an indisposition arising 

from indigestion did not simply feel the pulse below on the hand: he ran 

his hand up to the elbow to follow it; sometimes he pressed heavily, 

sometimes lightly, sometimes quickly, sometimes slowly; in short, his 

fingers played as if on a piano. During the whole quarter-hour that this 

procedure lasted, he stared earnestly and contemplatively at the ceiling of 

the room. Such a process is prescribed for Chinese doctors in an important 

work: On the Secret of the Pulse. For each type of pulse they have a 

specific term and names. There are long-trembling, short-trembling, like 

the strings of the instrument called the kin, pulses that swim up, and gentle 



pulses that feel like the holes on a flute and suchlike. In short, their pulse-

feeling can really be compared to a type of chamber music, which then 

also harmonizes with their concept of the living body, in that they 

compare it with a well-directed sound.” 

 

Zimmerman then cites (ibid., p. 151) the “pulsemusic” of a “personal physician famous in 

his time” named Marquet, in whose book Nouvelle methode facile et curieuse pour 

connaître le pouls par les notes de la musique (2nd ed., Paris 1769) every type of pulse is 

depicted with its own tempo and notes! Here there seems to be plenty for us modern 

people to learn. Doubtless there is still a broad range of unexplored possibilities for an 

intelligent psychotherapy. It is well known that, besides hunger and love, hardly anything 

affects the psyche so deeply as music. And the idea of influencing the human psyche by 

means of tone – taking this concept in the widest sense – is bound to occur to us here. 

Since the concern here, from the harmonic standpoint, is the resonant influences of 

specific psychic forms, the tonal element must first be reduced to its simplest 

expressions: primarily and most simply into pure-tuned chords, simple melodic 

progressions repeated at regular intervals, which a musical doctor first presents for the 

patient’s choice. An hour of daily “chordbath” would surely heal most psychological 

breakdowns more quickly than other means, and a similar daily immersion in the calming 

euphony of a beloved melody would work wonders upon a shattered nervous system. 

Such “harmonic therapy” obviously requires not only musically sensitive doctors and 

patients, but also a pure-tuned instrument, which would render pure (not tempered) 

chords and melodies in perfect acoustical reproduction (e.g. using wooden pipes).  

 

§9c. Further anthropological resonances 

In the further pursuit of tonal resonances in and on humans, in both positive and negative 

(demonic) senses, only a few things will be noted briefly here. In the “lullaby” we can see 

the earliest and most beautiful effect of music upon people. In almost all travel 

descriptions of primitive cultures, there is talk of “enchanting songs” which have 

influenced both nature and humans in certain ways. The same goes for “magic music” in 

general, which was obligatory in all the religious cults of earlier peoples, and whose last 

offshoots are still among us in modern church music – which, indeed, is viewed explicitly 

as “elevating” the believers, thus indeed as a musical-psychic influence. The Rosicrucian 

Robert Fludd considered man as a resonator, i.e. an image of the cosmic “music”; the 

human organs are proportioned analogously to the cosmic resonances, and everyone has 

his own “tone,” corresponding to a cosmic configuration. Athanasius Kircher – unjustly 

denounced as nothing but a prolific writer – speaks similar thoughts (Musurgia, vol. IX, 

Ch. 7), concretely grasping our resonance problem: “Some sounds have a secret force 

upon certain bodies which are proportioned to them, so that it moves them but not others, 

imprinting its force on one but not on others, just as the magnet does not exert its force 

upon wood, lead, etc., but on like substances. Likewise there are certain sounds that are 

suitable and proportioned to excite specific bodies.” In the 29th canto of the Odyssey, we 

read that Odysseus’s flowing blood was staunched with music. Combarieu (La musique 

et la magie, 1909) quotes the writing of a certain Marcellus (Benedetto Marcello?) in 

which a healing method was given, from early medieval sources, of removing foreign 

bodies from the eyes: cover the head with the herb artemisia (mugwort) and then speak 



the words “tenunc resonco bregan gresso” three times. Marcellus calls this triple 

incantation “praecantatio,” whereupon Combarieu draws out the connecting threads with 

the number 3 that is much used in all magical operations; with the ternary division of a 

piece of music, the formulae spoken three times in Catholic rituals (eleison, alleluia, etc.) 

and so forth. We know of the medieval dancing manias (St. Vitus’ dance and the 

tarantella dance), and their tonal backgrounds, in which the music was sometimes used 

for stimulation to the point of frenzy, and at other times for healing. As a musical relic, 

we still have the minor genre of the “Tarantella.” The old Gregorian sequence “Media in 

vita,” originally a victory song of religious warriors, developed bit by bit into a type of 

curse song, so that the 21st article of the Church Council of 1316 had to intervene with a 

verdict against it: “In all churches obedient to us it is forbidden to utter oaths against 

people through the singing of the Media vita without our explicit approval.” Furthermore, 

certain types of tonal resonance effects should be noted, such as the Sirens of the Greeks, 

the Nordic Nixies (e.g. the Lorelei), and many corresponding figures in Chinese and other 

mythologies. We shall stop here and remark summarily that, completely irrespective of 

the factual or “mythological” merit of the above examples, an especially interesting area 

is still awaiting thorough treatment. But one must trace it to its true background – that of 

the value-form of resonance within akróasis – and learn to grasp its manifold emanations 

on the basis of the psychophysical underpinnings of this principle. 
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§10. Interference 

Interference is understood to mean generally a reciprocal action of concurring waves. If 

wave peaks meet there is a strengthening; if wave troughs meet there is a weakening; if 

peak and trough (at equal height or depth) come together, they cancel each other out. This 

phenomenon applies in the same way to waves in water, sound, and light (electricity), 

thus it must be inherent in matter. 

 We can distinguish three different types of interference: no. 1: the meeting of 

simple vibrations in proportion to the first whole numbers; no. 2: the meeting of 

vibrations of equal phase; and no. 3: the meeting of vibrations of nearly equal phase. 

 No. 1 is used in physics textbooks to explain the origin of a musical sound. If A, 

B, and C are different partial vibrations of a string (cf. Fig. 23), then the sum of these 

three “tones” is the “sound” D: in the case of acoustics, one with a predominant 

fundamental tone and, in the background, the two first overtones. 

 

Figure 23: 

 



Construction of the sine curve; “amplitude”; construction of the resultant 

We can learn two things from this Fig. 23. First, the geometrically precise construction of 

these and all the following waves or curves, called “harmonic” or “sine curves.” One 

divides a circle with radius equal to the wave width (= amplitude) into however many 

parts one wants (here 12); draws a horizontal line through the diameter and extends it 

beyond, then divides it into the same number of parts; then, by drawing vertical and 

horizontal parallel lines, constructs the points that delineate the curve. If I want a 

narrower wave (musically: a higher tone), I must make the horizontal wave axis shorter, 

but divide it into the same number of equal parts (with the circle division remaining the 

same), as B and C show, compared to A (Fig. 23). If, on the other hand, I want a greater 

or smaller amplitude, then naturally I must enlarge or reduce the radius of the circle 

accordingly. The exact construction of the resultant D (Fig. 23) arises from the addition 

of the heights of the curves above the horizontal axis, and the subtraction of those below 

it, as the analysis of a single point on the curve (a + b + c) shows, after which the reader 

can construct for himself all the other points on the resultant curve. 

 Helmholtz defined Fig. 24 (Tonempfindungen, 6th ed., p. 265) in the narrower 

sense of his time as “interference,” while he designated Fig. 25 as “beating.” Fig. 24, the 

meeting of equal vibrations (equal pitches) can go through endless different phase shifts, 

which however fall between two limiting cases (Fig. 24, after Helmholtz). 

 

Figure 24: 

 

In the first limiting case, both waves proceed in exactly the same way and add up to the 

resultant wave form 3. In the second, both waves are displaced by a half phase and add 

up to resultant 4, i.e. they annihilate each other, whereas before they doubled each other. 

Obviously innumerable in-between stages are possible between these two limiting cases, 

3 and 4, depending on where I place the beginning of the second wave, i.e. depending on 

the phase shift. 

 The “beating” can be visualized in the following way. The wave trains A and B 

(Fig. 25 after Scheminski) 

 

Figure 25: 

 

show only a small phase difference. As tones they would sound “impure” to us, thus if A 

were the tone c, B would represent a slightly lower c. Now let us add A and B, as above: 

we get the resultant C, which, translated into tonal terms, creates a tone that sometimes 

sounds loud, at other times soft; thus exactly expressing what is meant by “beating.” (See 

the acoustic textbooks given in §6 for the acoustic-experimental demonstration of these 

three types of interference, whose discussion would take us too far afield.) For present 

purposes, the resultants of various coincident vibrations should be clear from the 

examples just given. These resultants interest us both as phenomena in themselves and 

with regard to their formal realization. If we take the actuality of all realizations in the 

broadest sense, designating their separate stages as “being-values” (cf. §11) and assigning 

a “tone” (i.e. an individual phase) to each being-value, then the material side of this tone, 

the tone-number of its vibration, is always ready to cause an interference with the 

vibrations of other being-values. However, since “vibration” = frequency is only the 



material expression of a value – the tone-value – that is closely connected with it, the 

principle of interference extends to become a psychic value-form of universal 

significance. 

 All being-values stand in specific interference relationships, with regard to both 

their material and their psychic-spiritual realizations. To determine these fixed 

relationships individually would be a matter of eliciting the tone-numbers of the 

individual being-values. Here we come to the general principle. Regarding the formal 

realization, as already characterized through the resultants of the three previous 

illustrations, one should examine the following illustrations. 

 

Figure 26: 

 

Fig. 26 (after F. Auerbach: Physik in graphischen Darstellungen, 1912, p. 64) shows the 

resultants of two simple vibrations (frequency 1 : 2), each in two different amplitudes and 

phase differences. 

 

Figure 27: 

 
 

Fig. 27 shows the resultants of each of two vibrations of different frequencies, joined in 

pairs but of equal amplitude. Arrows are drawn above wherever the two waves coincide, 

thus also repeating the form of the resultant. 

 

Figure 28: 



 
 

Fig. 28 shows the waves 1/1; 1/2, 1/2; 1/4, 1/4, 1/4, 1/4 with their resultant; here the 

amplitudes are drawn in their greatest width, that is as circular arcs. The resultants are 

correspondingly far-reaching. The resultant of the second order can be seen in the 

drawing, in which only the sums of the 3rd and 2nd waves are marked, while the resultant 

of the first order marks the curve of the sums of all three waves. 

 

Figure 29: 

 
 

Fig. 29 shows the wave division 1/1, 1/2, 1/3, 1/4, and 1/5 with the resultant. Here, in 

contrast to Fig. 28, a narrow amplitude is chosen, so as to make clear the flatter 

interference curve that results. The reader is invited to draw on millimeter paper as many 

varied diagrams as possible of the above type, following the method of Fig. 23 (addition 

or subtraction of the amplitudes), preferably at intervals of 1 cm, so as to get an accurate 

picture of the curves. The drawings of these interference curves (resultants) are very 

attractive, and convey the lively and manifold relationships of concurring wave domains 

better than simply looking at the illustrations. 

 As an overall result, the inner dynamic is just as important as the outer formal 

tendency of interferences. Every resultant has a high point and a low point, between 

which rising and falling sections move with their own forms. Even for a “nonrising” 

wave collective, such as in Fig. 30, this fact is undisputed. 

 

Figure 30: 



 
 

This fact, which we first witness inwardly as a dynamic impulse, verve, ascent, etc., and 

as exhaustion, dwindling, descent, has its physical equivalent in its graphic image, i.e. in 

its formal realization. In physics, interference is merely a sum or difference of haptic 

wavelengths. But harmonics should “listen” more deeply, and also allow the feeling to 

speak, because the concern here is a harmonic primal phenomenon, the cooperation of 

vibrations with their value domains. 

 

§10a. Ektypics 

The following ektypic examples will show how the phenomenon of interference works in 

various applications:  

 

§10a.1. Mountain building 

1. When one examines these interference curves in their graphic form, their extraordinary 

similarity with the profiles of mountain peaks is immediately noticeable. This admittedly 

seems like a superficial analogy; however, it becomes considerably stronger when we 

consider how a mountain range comes into being at all. Among the various theories of 

mountain building, of which hitherto not a single one has enjoyed overwhelming 

acceptance, we shall mention “vulcanism,” which was especially debated during 

Goethe’s time; and the Wegener theory, widely prevalent today, which attributes the 

folding of the mountain ranges to the collision of two lighter continental masses floating 

upon the heavy fluid core of the earth. But couldn’t one imagine mountain building just 

as well as a crash of a wave, either from the depths of the fluid core of the earth or 

occurring from outside, at a given place on the malleable crust of the earth? It is known 

that the hitherto solidified crust of the earth has a similar relationship to the fluid core as 

an apple skin has to an actual apple. The idea that a sharp impulse occurs, from within or 

without, at certain points on the earth, in consequence of which a group of waves 

radiates, whose interference or resultant then shapes the earth’s malleable crust into 

mountains, is thus not at all absurd and would be worth geological investigation – all the 

more, as it is based upon unobjectionable physical principles (wave theory). The 

geologist should not be irritated by the fact that the harmonist is primarily interested in 

the tonal, i.e. psychic impulse behind the wave group; this is the concern of harmonic 

research. One should look again in this light at Fig. 30. At point A there is an impulse 

triggered in three waves of various lengths (2, 3, and 6) and various amplitudes. These 



waves cause an interference in the (continuously drawn) resultant, which would 

correspond to a very turbulent mountain range profile, of which indeed there are many. If 

one compares this with the resultants of the previous illustrations, and if the reader has 

cared to make other illustrations, then one cannot dismiss a priori the possibility that  

mountain building has actualized a sound synthesis of great richness. 

 

§10a.2. Rilke’s “Primal Noise” 

2. In Rainer Maria Rilke’s Collected Works (vol. IV, 1930, pp. 285-294), there is a 

remarkable prose fragment entitled “primal noise” [Ur-Geräusch]. Rilke reports here on 

the great effect that the invention of the gramophone had on him during his youth, and 

how, for him, “each of the waltzes” remained “carved figures” of this “independent 

sound, gathered up and saved by us outside.” Fifteen years later, while studying anatomy 

during his years with Rodin in Paris, his zeal led him to acquire a human skull; often he 

would gaze at it, especially at night, “in the often so strangely wakeful and inviting light 

of the candle.” Suddenly, the cranial suture in the skull entranced him, “and then I knew 

what they reminded me of: one of those unforgotten tracks, as they had been carved in a 

small wax cylinder with the point of a small bristle!” Rilke then proposes timidly, 

hesitatingly, almost fearfully, the idea of placing a gramophone needle upon one of these 

skull sutures: “What would happen? A tone would have to emerge, a melody, a music ... 

feelings – but which? incredulity, awe, fear, reverence –: yes, which of all the possible 

feelings prevents me from suggesting a name for this primal noise, which would then 

come into being...” 

 

Figure 31: 

 
 

Observe Fig. 31. Here are five different waves of randomly-chosen frequencies and 

amplitudes (shown for simplicity in zigzag lines) drawn together. The interference 

resultant is highlighted by a bolder line. Imagine these resultants correspondingly reduced 

in size, and compare them with a skull suture! Wouldn’t the deeper grounding of  

interference in the harmonic value-form be given here, as Rilke anticipated in another 

analogy, in the idea that the growth waves and growth rhythms formed the strange 

graphic of the skull sutures as a bundle of psychic tone waves, and synthetically arranged 

them as interference curves? Besides this “Utopia,” however, other ideas in Rilke’s 

essays are also important for the harmonist: ideas that were already touched upon in the 

Introduction, and which suggest, as Katharina Kippenberg remarked in her magnificent 

book on Rilke (I. A., 1938, p. 252 and Anm. 18), that Rilke “would have been 

enthusiastically open” to harmonic research, had he been acquainted with it. Rilke was 

struck (Ges. Werke IV, p. 291) by “how unequally and separately the present European 

poet is served by these informants (the five senses), of which virtually one alone, sight, 

glutted with the world, consistently overpowers him; how paltry is by comparison the 



contribution made to him by the unremarked sense of hearing, not to mention the lack of 

involvement of the other senses ... The question here is whether research work really 

broadens the extent of this sector in our chosen field. Does the acquisition of the 

microscope, the telescope, and many such contraptions that extend the senses up or down, 

really transport them to another level, since most of what is gained thereby cannot be 

penetrated sensually, hence cannot really be a lived experience?” 

 Since H. Friedmann (Die Welt der Formen, 2nd ed., 1930), we know that the one-

sidedness of poetry and research, rightly deplored by Rilke, is actually attributable not to 

the tyranny of the sense of sight, but instead to the sense of touch (haptic), which 

naturally especially “haptifies” the eye, i.e. subordinates it to impressions of an 

exclusively material kind. The fact and the manner in which the sense of hearing, 

heretofore completely neglected especially in its scientific aspect, can once again build a 

bridge to a “lived experience,” have been exhaustively explained in the Introduction and 

in many of the author’s previous harmonic works. It is the sense and goal of harmonics to 

once again point out correspondences in which only the poet’s intuition still dares to see 

analogies (e.g. of tonal graphics with the cranial suture!). Analogy is deepened through 

harmonic cognition into a psychic correspondence, precisely because it does not lack the 

material basis (the tone-number) and can also be pursued with scientific impartiality.  

 

§10b. Bibliography 

Besides the quoted literature, the works cited in §6b orient one within acoustics; on 

harmonic geology, cf. H. Kayser, Tagebuch vom Binntal (in Abhandlung). 

 

 

 

§11. Haptic – ektypic – prototype – value-form – theorem – levels – being-value 

Haptic comes from the Greek haptein = to hold, to grasp, to grip, and means that which is 

acquired through the sense of touch, i.e. the way of thinking and world view traceable to 

it. All of our scientific thought and research is predominantly “haptified,” i.e. only what 

has been gathered and grasped through some tactile method (experiment, factual research 

in the broadest sense) is acknowledged as acceptable. 

 

§11.1. Haptics 

To grasp and to grip are, however, two of the most primary and typical haptic concepts. 

The haptic sciences par excellence are physics and mathematics: prototypes respectively  

of material and spiritual haptics. The marriage of physics and mathematics begets 

technology. The strength of haptics is the control of nature, made possible through 

technology and the progress of civilization associated with it. The weakness of haptics is 

its blindness and deafness to all those higher values, which the other senses, most 

importantly the eyes and ears, convey to us. This isolation ends finally in the running 

amok of the false god of matter in which we find ourselves today, and which threatens to 

destroy culture and civilization alike. In his work Die Welt der Formen (2nd ed.) the 

Baltic philosopher Hermann Friedmann deserves credit for establishing the concept and 

being of haptics as a separate, higher ranking world view in comparison to “optics.” 

 What harmonics sets against haptics is of two types. Firstly, from the Aristotelian 

dictum “that which is not in the senses will not be in the intellect” arises the thought that 



every sensory perception, the haptically, optically, and acoustically perceptible, has two 

faces: a material aspect and a value aspect. In daily life, the eyes and ears “feel” only the 

material environment, while in art and music they perceive something entirely different: 

values which can be perceived not only as material, but also as psychic-spiritual. 

Analogous to this, it must be added that haptic touch perception exhibits both a being-

domain and a value-domain, so that its perceptions and products can have both a material 

being-basis and a psychic-spiritual value-basis. Anyone who has a sense of the 

humanitarian purpose of certain technologies, the beauty of certain experiments, etc., will 

readily acknowledge this. The misfortune of haptic-technological hypertrophy lies not in 

itself, but instead in its demonizing by people and its dissociation from that which is 

“human,” i.e. in its one-sidedness and dissociation from human values. The being of a 

machine lies in its function, its technical perfection. The value of a machine lies, beside 

the possible aesthetic value of its perfect functioning, predominantly in its usefulness for 

people, i.e. in an ethical purpose. In general, though, we understand the epithet “haptic” 

to mean a person who only recognizes that which he can perceive palpably in some way. 

 The second thing that harmonics can juxtapose against haptics is its own, 

harmonic way of thinking. There would be no sense in discounting haptics altogether, 

because we humans are indebted to it and have brought its great achievements to the 

point of absurdity. If we wish for an “overcoming” of the haptic world view, it is not a 

matter of eliminating what haptics has achieved thus far, but a pervading of its results 

with psychic value impulses. Here, the harmonic approach is useful to an especial degree, 

because in the primal phenomenon of tone-number, on the one hand the haptic 

component (the quantifiable-material part of the vibration process) remains fully 

preserved, but on the other hand, through the a priori connection of the haptic with the 

tone-value and with what is psychically perceptible, scientific research can embrace a 

great domain which previously had no place there: a domain of psychic-spiritual forms, 

which through haptic methods alone were almost or entirely inaccessible. The act of 

acoustic apperception allows the value (tone) to become perceptible or identifiable 

directly through the being (vibration-number); conversely, the being (number, string, etc.) 

is perceptible directly through the value (tone); and this without any detour through 

measurement. In this way, harmonics shows its exceptional position even compared to 

optics, as Friedmann’s work seeks to prove. Every optics, be it of ever so spiritual a type, 

will always seek in vain for a direct, spontaneous, a priori approach to the perception 

principle of haptics, without which this is unthinkable: i.e., to number. But without a 

direct appreciation of number, an appreciation of haptics is impossible. 

 

§11.2. Ektypics – prototype value-form theorem 

In §77 of his Kritik der Urteilkraft, Kant speaks of the possibility of an “archetypal 

intellect” which would be in a position to intuitively (archetypically) grasp the being of 

things, in contrast to our “discursive, picture-needing understanding (“ektypic intellect”).  

 

§11.2a. “Ektypics” 

So as to obtain a conceptual expression within harmonics for the fact-domain meeting us 

from the world of appearances, which is accessible to harmonic research and can be 

investigated and worked on by means of harmonic methods, I have chosen for this fact-

domain, in connection with the Kantian term, the word “ektypic(s).” “Harmonic 



ektypics” thus means everything within the most varied domains – natural sciences, 

spiritual sciences, art, religion – that can be grasped by means of harmonic principles, in 

other words the “application domain” of harmonics. 

 

§11.2b. “Value-form” – “prototype” 

We shall name the harmonic principles with the German term “Wertform” [here rendered 

as “value-form” – Tr.] and the Greek term “prototype” (literally: first form). 

 

§11.2c. “Theorem” 

All harmonic value-forms or prototypes can be deduced from or ascribed to one or more 

harmonic theorems. Every harmonic theorem must be confirmed and controlled through 

some tone-number experiment. In general, the harmonic value-form is the spiritual 

expression for a fact, established experimentally on the basis of one or more harmonic 

theorems. Since every harmonics lesson must proceed from harmonic theorems in some 

way, the theorems also dictate the arrangement in this textbook. Their value-formal 

correspondences will not, therefore, follow an autonomous system (as in Grundriß, Ch. 

3), but will follow whichever of the theorems whose disposition places them, according 

to immanence, in the three main sections of this book, A, B, and C. 

 

§11.3. “step” – “being-value” 

According to akróasis, every phenomenon of the natural, psychic, and spiritual world is a 

clear-cut unity, a form contained within itself. So as to identify this demarcation, and to 

assign each phenomenon its place in the cosmos (= order) according to possibility, we 

simply use the term “step” for each phenomenon. Moreover, according to akróasis each 

step belongs to two worlds: a world of being, through which the step has its facticity and 

realization, and a world of values, through which the step acquires its particular meaning, 

its purpose, in short its value. Step and being-value thus mean almost the same thing 

when applied to a third thing: the phenomenon; though the term “step” expresses more 

the outer formal element of the phenomena, and the term “being-value” more the inner 

essential element. 

 

§11.4. Bibliography 

For 1: besides the cited work by Friedmann, cf. H. Kayser, Hörende Mensch, 10ff.; 

Klang, 29-35, 72, 161; Abhandlung, 120; Grundriss, 33-43. – For 2a: Abhandlung, 

Foreword and 263; Grundriss, 48, 77, 78, 143. – For 2b: Abhandlung, 52, 264ff.; 

Grundriss, 44, 48, 143-147, 251. – For 2c: Abhandlung, 7, 8, 239; Grundriss, 78. – For 3: 

Grundriss, 79, 135, 148-188. Further see the terms defined in this section in the index of 

Akróasis. 

 

 

 

 

 

§12. Coincidences of the theorems of tone-number and their value-formal 

ambivalences 



As we conclude the first section of this textbook, in which the most important theorems 

of tone-number have been covered, together with a few of their ektypic correspondences, 

the primal phenomenon of tone-number needs to be discussed once more under the aspect 

of certain coincidences and a few of its value-formal ambivalences. 

 We use the term “coincidence” within harmonic theorems, for example within the 

primal phenomenon of tone-number, for the coincidence that takes place here between 

tone and number. “Ambivalence” means of two values, a union of opposite things 

founded upon inner equality. We use this term within the harmonic value-forms; thus, for 

example, the coincidence of tone and number elevates itself to the ambivalence of value 

and being. 

 

§12.1. Coincidence of tone and number 

The coincidence of tone and number, beginning with the primal phenomenon of tone-

number itself, traverses a whole multitude of steps, up to the highest value-formal 

ambivalence: that of value and being. It is important to keep these things in mind: first, 

that in harmonic coincidences and ambivalences there is never a mixture, in the way that 

something new is obtained from mixing H2 and O – namely, H2O. Both spheres remain 

autonomous. Secondly, however, this autonomy, its perceptibility only determined by the 

coincidence, is something like when light can only be known through darkness: one can 

only be known if the other is known. Both spheres, then, are inseparably dependent on 

each other. Through this, harmonics is saved both from dualism and from monism; in 

other words, the danger of dualism is prevented through monistic relationships, and the 

danger of monism through dualistic (or better: polar) relationships. 

 

§12.2. Extensive – intensive 

If I approach the material side of the tone-number from the haptic point of view, and the 

psychic side of the tone-value from the acoustic point of view, then I face a coincidence 

of the extensive (spatial – outward – material) and the intensive (temporal – inward – 

psychic), which transforms itself into the value-formal ambivalence of space-time, 

matter-psyche, static-dynamic. Further ambivalences emerge later in the examination of 

scales and tone groups. 

 It is important for the learner not only to read sentences such as the above, but 

also to take the time to consider them meditatively. He will soon observe the remarkable 

fact that the poles of the ambivalences are interchangeable with those of the initial 

theorem. 

 To elucidate this, we surrender ourselves to the inner view of the ambivalence of 

the extensive-intensive. In the extensive, the outward, spatial, we recognize the static 

repository of everything material, be they atoms or forces, and we have no difficulty in 

ascribing these correspondences to the material side of the tone-number phenomenon, i.e. 

the wavelength as a phenomenon in itself. It is no more difficult for our thought to turn 

itself inward to the intensive: to that which appears in the sequence of moments in time as 

the dynamic container of the psychically introverted, on the psychic side of the 

phenomenon of tone-number; in other words, to the tone-value as a psychic phenomenon 

in itself. The background of this inward-turning is legitimized through the Kantian 

definition of space as the intuitive form of the outward sense, and of time as the intuitive 

form of the inner sense. Now, however, if we use our perception for the representation of 



our sensation, or in other words, if we move from the sphere of thought to that of 

sensation, then we first experience a strong sensation of space in the extensive – think of 

the gigantic psychic space-impression of something like mountain peaks, the coast of the 

sea, the sunset on a plain – and the series of correspondences by necessity drives the 

tone-value back to the psychic side of the tone-number phenomenon. And likewise, in the 

intensive, the temporal, the dynamic, we can directly perceive the materiality of the 

environment, of life, of the course of nature’s laws that surround us. Seen or experienced 

from here, the series of correspondences would likewise lead back without fail to the 

material side of the tone-number phenomenon, i.e. the measurable and quantifiable 

vibration progression, which indeed has not only its spatial side, but also its temporal 

side. This polar exchange of the ambivalence-meaning, in contrast to the poles of the 

starting theorem, is connected with the major-minor polarity and the exchangeability of 

the tonegroups, determined spatially (by string length) or temporally (by frequency). It 

will be sufficiently explained in section C. We ourselves carry its anthropological 

characteristics in our right- or left-handedness. The concern here is to give the reader a 

typical example for one of these harmonic correspondence progressions, which are 

characteristic for the most varied harmonic prototypes. One particular caution is in place 

concerning the possibility of polar exchanges, not in their autonomous meaning (which 

remains constant in each case), but their meaningful mutual convergence: one must avoid 

the rigid determination of the polar relationships of these correspondences.  

 The terms psyche and psychic, as used and understood by the author up to now, 

were generally defined in §2. A universal definition is impossible, because the subject 

itself is ambiguous and variable. It would probably be better to speak of the “psychic” not 

as a concept but as an experience. Because harmonics likewise regards thinking primarily 

as a “sense” (with the brain as its physiological basis), the following scheme would result 

in terms of the psychic-material antithesis: 

 

Value-

domain 
Erotic Visual arts 

Music            |    Philosophy 

Poetry 

Psychic 

tone-value 

Sense organs 

Physiological 

basis 

Sense of 

touch 

Sight 

Eye 

Hearing 

Ear 

Thought 

Brain 
 

Being-

domain 
Technology Optics Acoustics 

Logic 

Science 

Material 

tone-number 

 

The entire value-domain can be summarized under the concept of the spiritual-religious 

and the musical; the being-domain under the concept of scientific perception. 

 

§12.3. Bibliography 
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§13. The overtone scale 



 

§13.1. The physical way 

When one blows into a valveless horn (Alphorn, etc.), the following tones ensue, 

assuming that the horn is “in c,” i.e. has c as its fundamental tone: 

 

Figure 32: 

 
 

Soon a limit is reached beyond which it is technically impossible to go; also the 

fundamental tone is mostly hard to produce, whilst the middle ones respond easily. 

 When placing a finger lightly on the c-string of a viola or cello, moving the finger 

along the string, and drawing the bow back and forth, one will notice that only certain 

places on the string easily respond with tones. It is the phenomenon known to every 

string player as “harmonics.” When one first draws the bow across the open string (1), 

halves the length by lightly laying a finger upon it (1/2), divides it in thirds (1/3), quarters 

(1/4), etc., one will hear the exact same tone in the same sequence as in the above 

example of the valveless horn. The individual intervals remain the same, naturally, no 

matter which fundamental tone I choose. 

 If, on a piano, one strongly strikes the low C: 

 

Figure 33: 

 
 

and at the same time plays silently (i.e. pressing the keys so that the hammers do not 

make the strings sound) the following keys: 

 

Figure 34: 

 
 

one will very clearly hear, after releasing the key of the deep c, the tones of the notes that 

were not struck at all. This experiment is the best-known example for the proof of a 

number of overtones already existing in the sound of every tone. Their succession and 



character is, again, identical with the overtones of the natural horn and the harmonics of a 

string. 

 For the three examples just given, firstly the “physical” background is common, 

because they rest entirely upon physical actualities: air column, string length, and air 

vibrations. Secondly, however, they are identical in their result: the appearance of a 

completely precise tone progression of exceptional peculiarity: 

 

Figure 35: 

 
 

whereby we always take the middle c as standard for the octave indications (cf. §2b, §3a, 

§20.2). 

 

§13.2. The psychological way 

Suppose we want to try to hear what tones are produced when a given vibration is 

doubled, tripled, quadrupled, etc. To put it another way (cf. §5), let us try to hear and 

notate the tones produced by dividing a monochord string in halves, thirds, fourths, etc. 

We will observe that, with the same c as the starting string, the progression of tones will 

be exactly the same as in the musical example above, only that in the latter case we must 

write the reciprocal number-series (1/1, 1/2, 1/3, 1/4 ...) under the tone-values in question 

for the string length. However, with doubling, tripling, quadrupling, etc., of the frequency 

the simple number series (1, 2, 3, 4 ...) suffices. 

 One can object that a physical basis also underlies this, since indeed without the 

material requirement of the vibrating string, this experiment would be impossible. There 

is, however, a great difference in whether I let nature speak for itself (in the above three 

examples in §13.1) and discover the numerical law through the sense of tone, or whether 

I myself intervene, taking the number law as a given, and only then hear what emerges as 

a psychological result (tone-values) from taking as a basis the simple whole-number 

series. In the first case, nature speaks, one might say, without our help; a gust of wind or 

other impulse playing on a closed column of air or on some resonating body could give 

rise to the same phenomenon. In the other case I am the one who first creates the 

requirements of the experiment. For this reason, we differentiate between the “physical 

way” and the “psychological way,” not in the sense that the overtone-phenomenon 

thereby changes or acquires a double face – in result it remains the same in both cases – 

but in the sense of indicating that are not facing a simple natural phenomenon here. 

Instead we have also a psychological phenomenon, i.e. one with a psychic form. And 

when one speaks of the “overtone series,” in general thinking only of the “natural” origin 

of this phenomenon, it is essential from the harmonic standpoint to emphasize its psychic 



side as well, and to insist that the overtone series, like the tone-number, is anchored both 

objectively and subjectively. The overtone series, then, is both a law of objective nature 

and a law of our subjective perception. Therefore it has psychophysical meaning. 

 

§13.3. Character of the overtone series 

When we now examine more closely this overtone series, which Helmholtz called a 

“remarkable law,” we shall observe a whole host of noteworthy things. 

 First there is the numerical expression of this law, which amounts to no more than 

the simple integer series. Here we have an exemplar of how little the plain numerical 

presentation actually says about any phenomenal actuality. If I write this series: 1 2 3 4 ... 

and try to find in these numbers alone an expression of form adequate for the overtone 

series, then I see how inadequate its numerical formula is in relation to the phenomenon 

itself. One might say that this inadequacy translates into a definite peculiarity: there are 

few laws in the exact sciences that can be formulated with the simple sequence of whole 

numbers. From this viewpoint, the psychic wealth contained within the overtone series 

might argue for the basic necessity of the whole-number series as a categorical 

expression of the quantitative in itself. 

 Secondly, there is the “quantum nature” of this law, by which we mean the 

sudden progression from one step, one fact, to another. The opposite to this would be 

continuous progression, i.e. the gradual transition from one step to another: 

 

Figure 36: 

 
 

This quantum nature is not inherent in the simple number sequence, even though it 

appears to be so, because I can, for example, imagine countless in-between steps between 

1 and 2, 2 and 3, and so forth, i.e. a “continuous” progression. The phenomenon of the 

overtone scale, on the contrary, is quantitatively formed, because its individual steps 

”leap,” as we saw in the above example – that is, in quanta and not continuously. This 

quantitative element of the overtone series and of all tone differentiation is most 

significant as a prototypical norm for ektypic effects in various domains, as we shall see. 

 Thirdly, as an inner psychic expression of the overtone series there is its 

intervallic quality. This is the “soul” of the overtone-phenomenon, and raises it, as the 

tone-value does for the tone-number, to the sphere of an inner psychic appraisal or 

perception. What interests us most here, however, is the peculiar form of this “psychic 

quantization.” Here we first hear (cf. examples §13.1) the octave c-c, then the fifth c-g, 

then the fourth g-c, then the major third c-e, then the minor third e-g, then a 

diminished third foreign to the tone-system, g-xb, and a large whole tone xb-c with the 

step 7xb in the middle (foreign to the tone-system, discussed later), then the larger whole 



tone c-d, etc. As one can see, the intervals become ever smaller, while our ears only 

consider tolerable those “pure” intervals, i.e. those whose step answers to an inner norm, 

for whose generation the “senarius” suffices, i.e. the steps 1-6 with their multiples (see 

“senarius” in Index). 

 Next we come to the fact that the most important intervals (octave, fifth, fourth, 

thirds, whole tone, and the semitone between 15 h and 16 c) and especially the pure 

major triad (c-g-e) arise from the first steps of the overtone series. As soon as we 

psychically grasp these results, i.e. hear them and perceive them as psychic wholes, we 

must surrender to astonishment and wonder – the first requirements of all true 

philosophical reflection – that a pure natural phenomenon releases in us such a plethora 

of psychic forms, and on the other hand, that the inner norm of these forms lying within 

us sounds again outside in nature, independently from us, in such a simple law. The 

reader is invited to position the above intervals successively upon the monochord, and to 

psychically assimilate them thus: dividing the string in halves, thirds, quarters, etc., and 

each time comparing the resulting intervals with the corresponding notes on the piano. He 

will notice the differences, especially with the third (e) and the so-called “pure” seventh 

(xb).  

 As a fourth element, we will mention the morphological expression of the inner 

and outer content of the “diminishing” character of the overtone series. In the pure 

number series 1 2 3 ... this element, indeed, is only expressed when we divide the string 

in 1, 2, 3, 4 etc. parts: 

 

Figure 37: 

 
 

But the diminishing effect, with its constriction and shortening, is also concealed in the 

continually shrinking intervals, therefore in the inner psychic content. So, from the 

dynamic point of view we can speak of a diminishing of the tone quanta 

 

Figure 38: 

 
 

also in the material, numeric sense; a gradation of ever weaker and narrower intervals 

compared to the exemplary strength of the primal tone (1). This morphology of the 

overtone series, shown in both diminishing (>) and increasing (<) forms as well as in its 

quantum nature, is a very characteristic peculiarity of our law, whose meaning, as we 

shall see, is absolutely prototypical, and allows a plethora of ektypic relationships and 



conclusions. In a later section (§19) we will emphasize the diminishing and increasing 

element separately as “perspective,” for this element turns out to be the constituent 

morphological element of the harmonic logarithm (cf. §36), i.e. the tone-value. We will 

discuss it in its relationship to the element of “equidistance.” 

 

§13a. Ektypics – the law of harmonic quantization 

Let us summarize the four characteristic elements of the overtone series: its simple 

numerical expression, its quantum nature, its psychic intervals, and its morphological 

content. Then we shall try to weld the synthesis of these four elements into an 

autonomous form, a general law for which the overtone series is a prototype. We will 

then be able to speak of a “law of harmonic quantization.” Some ektypic documentation 

for this law follows. 

 For an easier appraisal of the following examples, one should keep an eye 

especially on the diminishing and increasing character of the law. From this aspect, a 

plethora of correspondences emerge. Physics already offers examples of the element of 

“diminishing,” always growing weaker, softer, smaller, after the thesis, attack, starting 

point, impulse, outset – or whatever one wants to call these origin-elements. It is so in the 

decrease of gravitational strength with the increase of distance; the scales of temperature 

(warmth and coolness); in the “serial” laws of the optical spectra. The perspective-

quantitative element already lies a priori in the concept of the “series”; in the decrease of 

light dispersion; in all physical energy changes that after their initial impulse are 

“braked” by air, friction, etc.; in the various interference phenomena of general wave 

theory; and so on. The law of falling bodies can, in a certain sense, be associated with an 

“increase” of distance, because here coefficients increase, instead of decreasing as in the 

above examples. 

 In chemistry the so-called Liesegang rings, certain differentiations of the aromatic 

relationships, valences, etc. reveal an underlying general law of harmonic quantization. In 

astronomy the planets’ distances demonstrate a visible “increasing,” while their densities 

and speeds obey a direct “serial diminishing.” In geology we see a definite quantifiable 

diminishing in the durations of geological epochs, in the formations themselves, and in 

the layered structure of the earth’s interior. In the biological sciences, the inner dynamic 

form-potency of our law becomes blatant, both in temporal and spatial aspects. Almost 

every plant form obeys, in form and growth, a quantitative harmonic “dichotomy”; we 

see the same thing in the growth of animals, especially in the laws of cell composition 

and growth, just as in the chromosome numbers and rules of heredity (mutation theory). 

Common to both domains is a markedly “jumpy” (quantum) progression of genealogies, 

i.e. a development from simplest types to ever-different ones, within whose collective 

lineage the individual prototypes continually “wear out” (diminish), so as to make new 

room. Taken as a whole, this lineage is always diminishing, as paleontology explicitly 

shows us. 

 If we move now from the realm of objective facts to that of our human 

subjectivity, we need only ascertain the effect of human will upon our law. Already 

purely physically, it will become evident that every corporeal effort, no matter with what 

vehemence the “upbeat” is undertaken, will progressively weaken and eventually 

diminish. Think, for example, of the course of all wars of aggression. With regard to 

epidemics there is the initially strong “virulence” of the pathogen (influenza, for 



example) and its later diminution. The same goes for our psychic capabilities. One need 

only mention the word “enthusiasm” to admit the impossibility of a permanent condition; 

and this applies mutatis mutandis for all impulsive changes. Even the course of culture 

obeys the law: its different stages follow a quantum harmonic diminution in which the 

individual cultural leaders (thinkers, visual artists, musicians) can be seen as the 

“harmonic quanta,” i.e. the psychic individuals who give the impetus for an epoch, which 

then dies away with their epigones. Thus one can judge, for example, the great artistic 

and philosophical epochs: Greek art and philosophy, the Renaissance, the awakening of 

science with Galileo and Descartes, German idealistic philosophy with Kant at the head, 

the era of music beginning with Bach, and so on. As the spiritual summit of the “law of 

harmonic quantization” we can contemplate Plato’s so-called “Dieresis (division) of 

Ideas” (cf. Julius Stenzel, Zahl und Gestalt bei Plato und Aristoteles, Leipzig-Berlin 

1924; and the article “Platons Akademie” by Hans Herter in Forschungen und 

Fortschritte, 20th year, No. 22-24, August 1944). I mention it here because strictly 

speaking it belongs to the “tonegroups” (§20a). Stenzel (op. cit., p. 31) first gives the 

following arbitrary scheme for the “dieresis of numbers”: 

 

Figure 39: 

 
 

but then (p. 40) he adds the “Tetraktys” from Plato’s Timaeus: 

 

Figure 40: 

 
 

which, as we know, is only a “selection” of the harmonic “dieresis,” and actually must be 

written thus (cf. §39, 2a): 

 

Figure 41: 



 
 

 It is clear that Plato’s late philosophy foreshadows both the dieresis of numbers and the 

ideas of our harmonic scheme: 

 

Figure 42: 

 
 

which inevitably arises from the monochord divisions as a direct expression of the law of 

harmonic quantization. Hans Herter writes in his aforementioned essay on “Plato’s 

Academy”: 

 

Its meaning for the future as a scientific institute has grown all the greater: 

it indicated the direction that the doctrine of Ideas must take in its 

subsequent development. The problem of the One and the Many became a 

burning issue, consisting in the relationship of the separate Ideas to their 

sensible images; but in a new turn of events it came back to the 

relationship of the highest idea of the Good to the cosmos of the other 

Ideas. On the one hand, it was a question of clarifying the relationship of 

the world of the senses to the world of Being, and on the other hand, the 

systematic ordering of the world of Ideas itself. Plato sought to solve these 

two challenges with the method of “division” (dieresis), whose 

understanding has been especially deepened by J. Stenzel. Characteristic 

for this procedure is the descent from the higher and more universal ideas 

to the lower and more specialized ones: a superior idea is divided into two 

(or more) ideas, which rule out each other and leave room for no further 

possibility; each of these ideas is subdivided according to the same 

principle, and this process is continued until one arrives at ideas that allow 

no more division and have their direct likenesses in the world of senses. 

Thus, something like the idea of a creature is divided again and again, 

until in one of the eternally numerously ramifying strands, the ideas of 

Man and Woman are reached, which are reflected in the colorful play of 



variations of this world’s appearances. On the lowest level of the world of 

ideas, then, intellectual awareness coincides with sensory perception; a 

correlation of both worlds is found, which is controllable by the human 

spirit. When the dieresis is carried out completely in all directions and 

through all ramifications, then the pool of ideas is completely absorbed, 

and the Being of each in its own place precisely decided. But also in our 

world of senses, there can be nothing now that is not grasped through its 

idea. Thus the plethora of phenomena, that seems to flow away into 

eternity, is brought back within limits and thus ordered and made 

comprehensible. 

 

As shown in the above examples, the “law of harmonic quantization” has primarily the 

meaning of a “skeleton law,” within which the individual elements (number-form, 

quantization, interval content, diminution, increase, depending on their ektypic effects) 

are openly expressed to differing degrees. Therefore it gathers together a great number of 

phenomena, often very far removed from one another, under a common point of 

reference – this law aspires to be nothing more, and should promise no more. The fact 

that it brings such a plethora of correspondences “under one roof,” however, should 

command the attention of synthetic thinkers and researchers. And in further detailed 

analysis it will become apparent what “exact” roles the number-form and interval form 

play. This itemization is tackled in my Tonspektren regarding the optical spectra, in my 

Tagebuch vom Binntal regarding the structure of the earth’s interior, and in many other 

respects in my other works. 

 We must also pay attention to the “convergent” and “divergent” form of the 

perspectives (§19a.2) within the “law of harmonic quantization.” Thus, for example, in 

the historical events leading up to today we can observe a steadily increasing 

“compression” of the epochs: the morphology of the law has a “convergent” perspective 

with regard to the present. If I drop a ball from a tower and its speed increases from 

second to second, then the morphology of the law has a “divergent” perspective with 

regard to me. Further, as is already apparent from the analysis of the overtone series, 

equidistance lies together with perspective at the basis of the law of harmonic 

quantization, because I can perceive the number-series 1c 2c 3g 4c 5e ... both 

equidistantly (purely arithmetically) and perspectively (decrease of the interval). This 

combination of perspective and equidistance comes to both arithmetical and psychic 

expression in the combined over- and undertone series ... 1/3f,, 1/2c, 1/1c 2/1c 3/1g ... . 

We will discuss it later (§47.1), especially with regard to the space-time problem (§19.2). 

The author intends a separate treatment of the “law of harmonic quantization” within the 

framework of “harmonic studies.” 

 

§13b. History 

The Pythagoreans knew that string division according to the simplest whole number 

progression – identical with our modern “overtone series” – produces tone-values. This is 

most ancient knowledge, as is suggested by yet older sources of Eastern wisdom 

teachings. The actual physical-psychological meaning of the overtone series was newly 

recognized in our time by Zarlino and Mersenne. It has been extensively discussed in 

Helmholtz’s Lehre von den Tonempfindungen in the acoustic sense, i.e. as an acoustic 



phenomenon of a law inherent in every sound. Thus also the synonyms “Teiltöne,” 

“Partialtöne,” “Aliquottöne” for overtones. 

 

§13c. Bibliography 

For 1-3 see the acoustic works already named by Helmholtz, Scheminsky, Jeans. Further, 

H. Kayser: Hörende Mensch, 48, 52, 77; Klang, 59-68, 65, 77, 79, 101, 108, 170; 

Abhandlungen, 42, 44, 46, 47, 67, 116, 127, 128, 131, 133, 145; Grundriss, 47, 66, 82, 

105. – For a, see especially essays III-VII in Abhandlungen. For b, Thimus is important, 

in which there are several historic details about the ancient history of partialtone  

differentiation. 

 

 

 

 

§14. The undertone series 

 

§14.1. The physical way 

Although the objective evidence for the real existence of the overtones (§13.1) is 

relatively easy, it raises an old, hitherto unsolved question with regard to the undertone 

series. Auerbach (1878) holds that the arousal of a series of undertones is possible; for 

example, in that when one strikes a tuning-fork strongly then sets it upon a tabletop, with 

the lightest touch possible, then one will hear the octave below in the distance. With 

certain materials it is also possible to produce the fifth beneath the lower octave, the 

second octave below, etc. In fact, most materials, agitated in this way, give forth 

undertones. Helmholtz (Tonempf., 6th ed., 1913, p. 76) speaks of the audible “undertones” 

of a resonator, when its own note belongs to the “harmonic overtones” of the undertones 

in question: “These are the sounds whose periods of vibration are two, three, four, five 

times, etc., greater than that of the tone of the resonator. If this is c, for example, one 

hears it sound when a musical instrument gives forth: c f c As F D C etc.” That, 

however, is nothing other than the undertone series beneath 1/1 c: 

 

1/5 1/4 1/3 1/2 1/1 2/1 3/1 4/1 5/1 frequencies 

as,,,, c,, f,, c, c c g c e tone-values 

5/1 4/1 3/1 2/1 1/1 1/2 1/3 1/4 1/5 string lengths 

            | 

Undertone series ← → Overtone series 

 

Because of his harmonic doctrine, Riemann believed that the undertone series needed 

immediate attention, and as he indicates in his Musiklexikon, he attempted repeatedly to 

prove their real existence. He comes to the somewhat surprising conclusion that “despite 

the commensurability of the vibration forms, a tone cannot make the undertone series 

audible as multiples of its vibrations, because every tone necessarily generates the entire 

series of undertones, but each one generates more undertones, according to its ordinal 

number – the second twice, the third thrice, etc. – thus progressing so that they must 

annihilate each other through interference.”  



 Bells are easiest for demonstrating undertones. In almost every bell, in addition to 

the “striking tone,” one can hear several over- and (especially) undertones. One 

undertone is often so strong that it is at least equal in volume to the striking tone, if not 

louder. Finally, in the so-called “combination tones,” we have before us the definite 

existence of undertones. These are the “third tones,” which are produced by two tones of 

different pitches sounding simultaneously. For example, when the primary tones are 

played on a harmonium, the combination tones can easily be objectively verified. The 

best way is to play a third or sixth in the middle to high range: the deeper combination 

tone in question will sometimes be so clear that the primary tones are hard to hear 

through it. The vibration-number of the combination tone always corresponds to the 

difference between the frequencies of the primary tones (thus the term “difference 

tones”). According to Helmholtz, for example, the combination tones of the major sixth 

g-e are: 

 

Figure 43: 

 
 

According to Tartini, the discoverer of combination tones: 

 

Figure 44: 

 
 

One sees from these examples, however, that individual undertones are easily verifiable, 

but that hitherto a clear proof of the objective existence of an undertone series, analogous 

to the overtone series, has not been physically attained, and the arguments for and against 

it have not yet been settled. 

 For our harmonic purposes, however, the real physical existence of the undertone 

series is unimportant, as we will see in §20, because this emerges independently as a 

product of theoretical interpolation of the overtone series. Also, it has a very real 

psychological existence, as will be shown shortly. 

 

§14.2. The psychological way 

Let us now interrogate our monochord and listen to which tones emerge with a doubling, 

tripling, and quadrupling of a given length of string. For this, it is best to use 1/8 of the 

string. We will hear the following tone-number progression: 



 

Figure 45: 

 
 

If I start with the whole monochord, then I must naturally double these, triple them, etc., 

so as to obtain the same tones in a lower octave; the numerical law would then follow the 

simple number series 1 2 3 4 ... 

 This “psychological way” shows us, with indisputable evidence, that in this 

undertone series we have before us the exact mirror image of the overtone series, both in 

terms of numbers and in regard to the tone-values. Moreover, for our psyche, the 

undertone-values are just as “real” as the overtone-values, and the number law and its 

acoustics are just as “real” as the overtone series. Finally, the string vibrates in the given 

units of measure, and in our ears, these vibrations activate the tone-forms in question. 

Thus the real physical existence can be left as indifferent, unless one only considers 

“real” that which we can physically measure. The undertone series, then, has a 

psychophysical reality, because it can be psychically gauged on the monochord just as 

exactly as the overtone series. One must finally free oneself from the tyranny of the 

haptic, and concede a perception of reality to the remaining senses! The musical 

evaluation of the undertone chord is another matter, as is the ektypic meaning of the 

undertone series in a further sense, which we will come to later. 

 

§14.3. Character of the undertone series 

Here, in connection with §13.3, we can summarize briefly. The numerical expression is 

reciprocal to that of the overtone series; the quantization is the same in both; also the 

psychic expression follows the same interval sequence, thus producing the minor chord 

with the frequencies of the undertone triad, and the major chord in the overtone triad – 

inversely for string length (cf. example 45). Likewise the undertone series shows an 

analogous “perspective” to the overtone series. Both series differ only in two elements, 

though these are fundamental. Firstly, being mirror images they are reciprocal in relation 

to their numerical law, interval sequence, and “perspective,” i.e. they are to each other as 

right and left hands. Secondly, connected to that, in their reciprocal expression of the 

values of major and minor, which in itself encompasses two whole worlds. We will 

discuss that, and the philosophical background, in §22.1, §40.1b, and §40.2. 

 

§14a. Ektypics 

After the above, it is evident that the undertone series supports the “law of harmonic 

quantization” just as much as the overtone series. The necessity of its existence for 

harmonic logic, apart from its physical objectivity, will be shown in the array of 

partialtone  coordinates (§20). 

 



§14b. Bibliography 

For 1: F. Auerbach, Acoustic, 1909, p. 364; H. Riemann: Die objektive Existenz der 

Untertöne in der Schallwelle, 1876; Katechismus der Musikwissenschaft, 3rd ed., 1921; 

Musikalische Syntaxis, 1877; H. von Helmholtz: Lehre von der Tonempfindung, 6th ed., 

1913, p. 76 (harmonic undertones of the resonator). For 1-3: H. Kayser, Hörende 

Mensch, 53; Klang, 108, 122, 164ff.; Abhandlungen, 42-44, 47, 67, 131, 145, 149, 152 

(especially the “tone spectra” as a whole); Grundriss, 72, 82, 105. 

 

 

 

 

§15. The whole numbers 

In the following sections 15-24 we will examine individually the various characteristics 

of the overtone  and undertone series. The expression “partialtone  series” could be 

applied here, and shall be used later for all harmonic series constructions in the whole 

space of harmonic configuration; but for now we will avoid this term, because the subject 

at hand is the prototype of all partialtone series: the overtone series, with its mirror 

image, the undertone series. 

 As already remarked in §13.3 and §14.3, the series of whole numbers, with their 

reciprocals, is the constituent arithmetical element of both the overtone and undertone 

series. So as to correctly assess this situation and not to fall into a cheap attitude of 

implicitness by saying “everything’s clear here,” etc., we must think not of the number, 

but instead of the value. If we start thinking or perceiving from the tone-values, and see 

that the major and minor triads that soon emerge, together with their intervals and their 

characteristic individualities of tone, render frequencies or string divisions following the 

order of the simple whole-number series – then that is completely “clear” to the shallow 

mind. For the deeper thinker, however, beside clarity there is amazement and wonder at 

the fact that the simple whole-number series is the formal-material expression of such a 

plethora of psychic forms. From the harmonic standpoint, we might well ask whether 

even these psychic forms do not in themselves represent one of the deeper backgrounds 

for the form of the number concept, which indeed rests upon the series of whole numbers. 

 As all those who have philosophized about numbers have agreed, this number 

concept is not at all self-evident. “Whoever knows the endless literature about these 

questions,” writes W. Birkemeier (Über die Bildungswert der Mathematik, 1923, p. 35), 

“will perhaps agree with E. Husserl (Philos. der Arithmetik I, 1891, Foreword): ‘I could 

not name a single significant question in whose answering those involved even reach a 

tolerable concord.’” After all, Poincaré writes (Wissenschaft und Methode, 1914, p. 110): 

“Today in analysis, we only deal with whole numbers and with finite and infinite systems 

of whole numbers, which are interconnected through a network of equalities and 

inequalities.” And H. Mikowski (Diophantische Approximationen, 1907, p. v) says: “The 

source of all mathematics is the whole numbers. I understand this not simply in the 

traditional sense that the concept of the continuum derives from the observation of 

discrete quantities, but am thinking much more of recent discoveries. The mastery of the 

exponential function by means of circle division, and the comprehension of the elliptical 

functions by means of the modular equations, persuade me that the deepest connections 



reside in analysis of an arithmetical nature.” And from Kronecker comes the sentence: 

“The good God created the whole numbers; everything else is the work of man”! 

 If one inquires after the general sense of numbers, and seeks an answer to this 

question from, for example, the mathematician Gerhard Hessenberg, one finds in his 

academic inaugural speech from Tübingen, “Vom Sinn der Zahlen” (Leipzig 1922): 

“there is simply no sense in speculating about the sense of numbers, or about the sense of 

the sense of the number signs.” If, in contrast to this nonsense, one consults the Greek 

philosopher Proclus’s profound declarations (from 1,500 years ago) about the essence of 

number, one would be seized with horror at the appallingly low level of modern 

philosophical reflection, if one were to universalize the “borderline case” of Hessenberg 

(unfortunately shared by many of today’s mathematicians, such as Waismann and 

others). On the contrary, when one looks backwards into history to examine the number 

concept and how it emerged in the minds of the great mathematicians, one must conclude 

that most of them rejected simple formalism, and strongly tended to grant number an 

ideal existence, in the Platonic sense. With this deeper metaphysical grasp of the number 

concept, they went about their work with the typical attitude of the ancients, of which A. 

von Humboldt (Kosmos, 1847, vol. II, p. 394) says in an unsurpassably beautiful way: 

“Intellectual work shows itself at its most exalted when, instead of requiring exterior 

material means, it derives its illumination solely from that which issues from the world of 

mathematical thought. An enthralling charm, acclaimed by all antiquity, lies in the 

contemplation of mathematical truths, of the eternal relationships of time and space as 

revealed in tones, numbers, and lines.” 

 To reach a comprehensive appraisal of the whole-number series, therefore, we can 

say “that the idea of the iteration (i.e. the definition through thorough induction, through 

constantly repeated exercise) of the natural number series is an ultimate basis of 

mathematic thought” (H. Weyl: Das Kontinuum, 1918, p. 18, 27, and 37, with regard to 

Poincaré). Thus behind the concept of “iteration” there is actually quantization, which 

will be discussed in §16. This, however, means nothing other than that the whole-number 

series, with its “quantization,” constitutes the base of all operations based upon numbers. 

 Precisely from this aspect, the harmonic “approach” to the whole-number series 

ought to be interesting. We first “hear” primarily not the numbers, but the tones and 

intervals of the overtone series. The fact that these intervals and tones obey such a simple 

numerical law of frequencies or wavelengths – 1, 2, 3, 4, 5, 6, ... – forces into acceptance 

a “secret arithmetic of the soul,” under which expression the great Leibniz understood not 

a psychic “arithmetic of pebbles and peppercorns” but instead psychic forms. These 

forms must be present in us a priori, if our ear is at all to hear these characteristically 

peculiar tones and intervals as it does hear them, namely, evaluating them according to 

very exact standards of purity and impurity. Thus we can also say that with the tones we 

secondarily “hear” the numbers, just as spontaneously as the tone-forms, without 

subsequent “measurement.” 

 Let us now think through this situation properly: the existence of certain forms in 

our psyche whose numerical law is identical with the series of simple numbers. In 

retrospect we may conclude that the form of this whole-number series is created, formed, 

indeed demanded in a certain sense by the fixed forms of our psyche. One of the reasons 

for the emergence of the whole-number series with its reciprocals could thus be of a 

harmonic nature. We do not in any way deny that there could be others, but we are 



anxious to hear whether, and in what way, philosophy, logic, or psychology have other 

psychophysical interpretations to give! 

 Incidentally, the historical development of the number concept comes to our aid 

somewhat. F. Waismann says (Einführung in die mathematische Denken. 1936, p. 40): “It 

seems that in earlier times, certain fractions such as 1/2 1/3 2/3 were seen as independent 

and individual numbers, not derived as secondary creations of the corresponding whole 

numbers. These natural fractions, which might perhaps have had more of a formal, 

qualitative [!] meaning, were later incorporated into a system, with the development of 

calculation, and with that emerged what we now call the system of rational numbers.” 

 But these primary fractions 1/2 1/3 2/3 are nothing other than the numerical 

expression of octaves and fifths, the first two and most important intervals. Thus  

Waismann was quite right in saying that these intervals, just because they are psychic 

intervals, “might perhaps have more of a formal, qualitative meaning.” Only against the 

harmonic background are they at all understandable as “independent and individual 

numbers with qualitative meaning.” The reader will have noticed that in the above 

material, the simple whole-number series is understood to include the series of their 

reciprocals, of simple fractions. This is because we apply the “two-, three-, fourfold, etc.” 

or the “half-, third-, etc.” to both the string division and the frequency, so that the simple 

whole-number series 1 2 3 4 5 6 ... is valid both as a multiplier and as a divider for the 

harmonic progressions. But here arises an especially important consequence for 

harmonics, through which its number concept differs from the current one of practical 

mathematics. The issue here is the placement of the zero. The modern practical number 

concept is founded upon the series: 

 

Figure 46: 

 
 

whereas the harmonic number concept is based upon the series: 

 

Figure 47: 

 
 

Admittedly, there are mathematicians who, for theoretical reasons, use the above 

harmonic series (b) instead of the customary one with the zero in the middle (a) at the 

beginning of the practical number concept – for example, V. Geilen (Wiedergeburt der 

Mathematik aus dem Geiste Kants, Sammlung Vieweg, Vol. 53; 1921). Another 

consideration of the harmonic type, however, shows that this harmonic series obviously 

corresponds to a deeper level of our number consciousness: the psychic form of the 

primary tone relationships. If we want to integrate the zero and the negative numbers – 

both comparative latecomers in the history of mathematical symbols – into the harmonic 

tone-system, we will discover them as the logarithmic expression of tone-value notation, 



as in the system of partialtone series (cf. §181), which finally requires that the above 

series (a) must be of a secondary nature, in contrast with the primary series (b). We 

regard, then, the series: 

 

Figure 48: 

String length:  e c g c c c, f,, c,, as,,, 
  1/5 1/4 1/3 1/2 1/1 2/1 3/1 4/1 5/1 

Frequencies: as,,, c,, f,, c, c c g c e 

 

with its characteristic tones and intervals, as the number concept that emerges into our 

consciousness from the prototypical forms of the psychic subconscious. 

 

§15a. Ektypics 

It would be superfluous to give ektypic examples, since the whole-number series, with its 

reciprocals, is the foundation of arithmetic and its areas of application. See further the 

following sections. 

 

§15b. Bibliography 

Besides the works cited in the text, I currently know of only one recent work that 

attempts to grasp mathematics more deeply: Andreas Spieler: Die mathematische 

Denkweise, 1932. – On the harmonic number concept, see A. v. Thimus, Harm. 

Symbolik, I, 249ff. Hans Kayser: Hörende Mensch, 13, 27-29, 31, 100, 131, 133, 223; 

Klang, 17, 34, 35, 37, 39; Abhandlungen, 13, 82, 84, 88, 89, 91; Grundriss, 149, 150, 
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§16. The quanta 

 

§16.1. The quanta 

The problem of the quanta is closely connected with that of the whole numbers. “We 

know from numerous experiments that the atomic world is governed by new, outlandish 

laws, in which there emerges a harmony of whole numbers that is not yet completely 

understandable to us: Planck’s so-called quantum theory.” (M. Born: Die 

Relativitätstheorie Einsteins, 2nd ed., 1921, p. 257.) 

 We could make this “harmony of whole numbers that is not yet completely 

understandable to us” understandable through harmonic analysis, i.e. through precise 

observation of the “harmony” that stands behind the numbers not as a heuristic flourish, 

but as a real condition. Since the whole-number series is a discontinuum, it is a fitting 

expression for the discontinuum of quanta. “Quantum theory” is probably one of the most 

difficult areas of theoretical physics today. As an extreme of utter mathematical 

complication, it touches upon that other extreme of utter mathematical simplicity: the 

whole-number series. This is reason enough to wonder about the nature of these “quanta” 

at the core of quantum theory. 



 Around the beginning of the twentieth century, Max Planck, investigating “black 

bodies” (bodies that absorb all radiation that strikes them), came to the conclusion that 

the energy of radiation in a vacuum could only be passed on to matter quantum-wise, i.e. 

“jumpily,” and could only be surrendered from matter to vacuum quantum-wise. “It is 

advisable to disclose here at the beginning what a time-honored, noble edifice must be 

demolished to make room for the new one” (S. Valentiner: Die Grundlagen der 

Quantentheorie in elementarer Darstellung, Braunschweig 1921, p. 1). This “time-

honored, noble edifice” of previous physics rested upon the primary assumption of 

continuum, i.e. of a constant, steady, and nonerratic process of natural events. Planck, 

thus, had to “let go of the notion of a continually shifting energy, and accept that for the 

radiation process, its energy changed erratically, and therefore that energy was, in a 

manner of speaking, made up of minute indivisible particles. Planck applied the concept 

of the atom, which was previously only considered valid for the building of matter and 

the nature of electricity, to energy. To distinguish the ‘energy-atom’ from atoms, 

electrons, protons, etc., it was dubbed a quantum (ε). The dimension h is the product of 

energy and time. This product is called ‘action,’ h corresponding to the quantum of 

action. Through experiments, its numerical value has been calculated; it is very small: h = 

6.55 × 10-27 erg. sec.” (Schippenkötter-Weyres: Physik f. höhere Lehranstalten. 

Oberstufe, Lehrerbuch, 1934, p. 816). 

 What interests us in Planck’s discovery is not the status it has since achieved both 

in physics and in certain circles of the natural sciences affected by cognition theory. What 

is important for us is the encroachment of “erratic,” discrete ideas, also in the domain of 

energy, whose supposedly continual nature we have always had to handle with specially 

invented arithmetical operations of integral and differential calculus, so as to grasp it 

“macroscopically.” Our modern physics, which indeed stands largely under the sign of 

quantum theory, is truer to Pythagoreanism than the physics of the past generation. One 

hears voices here and there saying that the Pythagoreans, as the first number theorists, 

were also the first quantum theorists, in the sense of the serious meaning of whole-

number relationships. But the Pythagoreans were not only number theorists (a status to 

which they have been degraded by our haptic way of thinking), but tone-number 

theorists, and consequently their “quantum theory,” primitive though it was, had a 

fundamentally deeper meaning: a harmonic meaning, i.e. a meaning embracing nature 

and the psyche, whereby every number quantum corresponded to a psychic meaning. 

 Atomism, for all of time, has been based on ultimate discrete entities. (H. Weyl 

says in his book Raum und Zeit, Materie, 1921, p. 183: “What we commonly call matter 

is atomistic by nature,” and transforms the earlier atoms into “energy nodes”: “Such an 

energy node propagates through empty space just as a wave of water moves over the 

surface of the sea” [ibid., p. 183].) In surveying atomism, the similarly derived electrons 

of electrical theory, and the many fundamentally discrete elements in the following 

ektypic examples, we can universalize the shared element of “quantization” and attempt 

to grasp its autonomous constitutive side. 

 This constitutive element of quantization, this pulse beat of rhythmic positions 

with rest-pauses in between, is not a lowering of high idealistic notions of nature to the 

level of gamboling billy goats, as the old opponents of atomism and the new opponents of 

“materialistic” thought believed (“There are no holes in nature!” says O. Spann 

temperamentally in his Naturphilosophie), but the complete opposite. Here, in the deepest 



sense, we encounter an articulation, a speech symbolically expressed in letters and 

syllables which has not come to any sort of realization in nature or through human 

language. In harmonics we already have, in the overtone series, the prototype of this 

“quantization,” this beautiful, stepwise manifestation of a universal articulation. Nature 

itself speaks to us here (the leaping of the overtones when a valveless horn is blown, 

violin harmonics, etc.) in quanta of perfectly exact articulation, just as prototypical forms 

exist in our psyches, which call for the same quantization via the sense of hearing 

(intervals, scales, and in a further sense every melody and chord arrangement). 

 

§16.2. Continuum-discontinuum (Leibniz) 

Here is the place to discuss the two concepts that are raised by the concept of 

quantization itself, and which indeed have emerged from its problems: Continuum-

discontinuum. 

 Almost all such fundamental problems of mathematics, physics, and cognitive 

science, as well as of other disciplines, are concentrated by Leibniz’s truly great and all-

embracing spirit into a radiant focus, doubly illuminated by the times preceding and 

following him. If we begin our deliberations with Leibniz, it is not solely because of this, 

but also in reference to a curious part of A. v. Thimus’ Harmonikalen Symbolik (I, p. 53) 

in which it is suggested that Leibniz might have occupied himself with harmonic 

investigations.  There it says:  

 

According to a notice in Mitzler’s magazine, Musikalische Bibliothek (vol. 

II, part I, 1740, no. X), there has been found among his unfinished literary 

works the beginning of a detailed paper about harmonics, with which the 

great man seems to have occupied himself towards the end of his life. A 

certain Bokemeyer, from Wolfenbüttel, reported the following to Mitzler 

on this subject: “In any case, there are a few Latin folio manuscripts by 

him in the library of Hanover, two of which I have held in my hands. 

Therein he has written something remarkable about rhythm, and a few 

things about musical history, mostly on harmonics, which he treated 

extensively for mathematical reasons. Only because he died while working 

on this, it all looks somewhat raw and unedited, and although certain parts 

of it have been ironed out, it does not seem to be in any real order.” The 

writer of this (Thimus) visited the premises a few years ago (ca. 1860), 

where he was kindly permitted to search through the manuscript legacy, 

which had not yet been fully catalogued. Here he satisfied himself that 

among the catalogued manuscripts, no work such as Bokemeyer described 

was present. One might eventually be so lucky, in the gradual sorting and 

publication of Leibniz’s estate, to find the paper described so exactly by 

Bokemeyer among the fragments of writing not yet catalogued. 

 

Today, 1942, the great publication of Leibniz’s works is indeed underway at the Berlin 

Academy. Unfortunately, due to the unfavorable political situation it was impossible for 

me to search for the manuscripts in question – an interesting task for a future harmonic 

philology! 



 Leibniz occupied himself all his life with the problem of the continuum. Over and 

over he came back to it as one of his most central trains of thought. “Continuity is 

inherent in time, just as it is in extension, in qualities such as movement, indeed in every 

process in nature, since such a thing never goes by leaps and bounds” (Hauptschriften II, 

p. 64, F. Meiner-Verlag 1906). So as to be able to handle the continuum mathematically, 

Leibniz invented infinitesimal calculus, which fundamentally means nothing other than 

the recording of continual processes by means of a discrete, “leaping” number concept. It 

is interesting now, however, that Leibniz saw the same problem philosophically: how 

should I imagine shape, form, or indeed individual entities, originating from the 

continuum? “Because continuity itself – for extension is nothing other than a continuity 

with the characteristic of simultaneity – cannot constitute a complete substance any more 

than multiplicity or number, for which something must be present that is counted, 

repeated, and continued. I believe therefore that our thought first comes to satisfaction 

and rest in the concept of energy, not in that of extension. Also for the concept of 

capability or energy, no further explanation need be sought than that the energy is the 

attribute from which change arises, and whose subject is substance itself.” (Leibniz in de 

Volder, loc. cit., p. 289). This concept of energy is now the bridge to “real unity,” i.e. the 

monad: “Now, multiplicity can only derive its reality from the true unities, which have 

another origin. They are something completely different from mathematical points, which 

are only limits and modifications of extension and which can certainly not engender the 

continuum through their juxtaposition. To find these real unities, I must return to a real 

and, as one might say, animated point, i.e. a substantial atom, which must comprise 

something formal or active, if it is to represent a complete being.” This one must 

“understand in the same way as we think of our souls” (L. Neues System, loc. cit., p. 259-

260). This “real unity,” the monad, is therefore not a material energy center, but a psychic 

one, with which the continuum concept is still preserved, since the whole system of 

monads stands in the continuity of a superior cohesion, directed towards God, the 

“highest monad.” The monads are psychic, conceptual energies, which stand as 

metaphysical discontinuities in the “real” continuum of a universal psychic energy field – 

an energy field whose only “substantial points” (= monads) are arranged in the hierarchy 

of a development from imperfect to perfect. The monad is, then, as Laßwitz rightly says 

in his Geschichte der Atomistik (1890, vol. II, p. 483): “The necessary consequence of the 

concept of variability, which consists in making the continuum conceptually graspable, in 

which every state is grasped as a tendency to change.” 

 As one can see, Leibniz attained three things by proposing the monad concept. 

Firstly, an ensouling of the rigid materialistic concept of the atom – monads are 

emphatically designated as “metaphysical points” whose existence as psychic energy 

centers we must imagine analogous to our psyches. Secondly, the monad is the seed of all 

formation within the continuum of dynamic events. Thirdly, owing to a “pre-established 

harmony” there emerges an a priori correspondence between psyche and matter: “The 

souls follow their own laws, which consist of a definite development of their notions 

according to good and evil, while the body, for its part, follows that which is assigned to 

it, namely the rules of movement. In spite of this, these two essences of completely 

different types meet and correspond to one another like two clocks identically regulated, 

even if they are built in entirely different ways. This I call pre-established harmony” 



(Betrachtungen über die Lebensprinzipien und über die plastischen Naturen, loc. cit., p. 

65-66). 

 The reader must admit that there emerges from Leibniz’s train of thought an 

astonishing and precise correspondence to the harmonic approach: to the primal 

phenomenon of tone-number, the only difference being that what Leibniz dogmatically 

states, in harmonics one can really grasp, perceive, and prove. In the “monad” of the 

tone-number the discontinuum is preserved; it stands within the continuum of harmonic 

value-forms, and the “pre-established harmony” is a priori inherent in this primal 

phenomenon, because tone (psyche) and number (matter) stand in exact relation to one 

another. We have found it necessary to briefly expound Leibniz’s ideas here, because 

they are very important for the anchoring of harmonic thought in the context of modern 

philosophy, despite fundamental differences in specific prototypical harmonic 

assumptions and ektypical conclusions. As we know, since the beginning of the 20th 

century endeavors have been underway to again see Leibniz’s thought processes in the 

correct light, in contrast to their curtailment through Kant (for example, B. Louis 

Coutourat in his work Die philosophischen Prinzipien der Mathematik, tr. by Siegel, 

Leipzig 1908). 

 In the first pages of his Evolution créatrice, Bergson alludes to the deep 

strangeness of the mathematical definition of the phenomenon of time in contrast to a 

directly experienced continuity. H. Weyl (Das Kontinuum, 1918, p. 68) says: “The 

category of natural numbers can indeed furnish the fundamentals of a mathematical 

discipline, but not the continuum as given by perception.” He writes of “a deep chasm” 

(p. 71) between the intuitive and mathematical continuum. However, Weyl also acutely 

sees the dilemma (loc. cit., p. 70): “It cannot be our task here to discuss why we are not 

satisfied thereby, why we still force the exact concept of real number (i.e. the 

discontinuum) upon the continuum, even after we have experienced a real event in a real 

world and our phenomenal time has spread cosmically over this world ... since we see 

manifested in all of this not mere schematized violence, nor an economy of thought 

contrived merely for the satisfaction of our practical duties and goals, but true reason at 

work to reveal the Logos dwelling within reality.” The dilemma in the mathematician’s 

approach is the irreconcilability of something experienced with something demanded by 

reason, or to put it more simply, the discrepancy between feeling and thought. 

 Since harmonics unifies feeling and thought on the basis of the harmonic 

approach of the tone-number, we must investigate what factual relationship continuum 

and discontinuum have to one another from the harmonic viewpoint. 

 To this end we shall employ direct considerations without historical ballast. We 

can treat every reality in space (body) and time (event) as a partial continuum. If we 

abstract yet further, then space and time, for our thinking, will remain the two primal, 

prototypical continua of the material approach. But we can also perceive space and time 

psychically. The sight of the sea, of a plain, of a mountain range, sinks back into the 

continuum of psychic “space” in our mind; we sense our involvement in the temporal 

progress of our life’s destiny as direct enclosure within the continuum of a psychic 

“time.” These two psychic continua cannot be grasped with existing mathematical tools, 

but that is irrelevant given the fact that they can be experienced, and in no way indicates a 

“deep strangeness” or “chasm” between intuitive and mathematical continua. Both, 



indeed, meet in the unity of man. It only goes to show that the current number concept 

was and is unsuitable for grasping the intuitive continua of space and time. 

 In the harmonic view, or hearing – for which we have chosen the Greek term 

akróasis – we wish not only to unify the intuitive with the mathematical continuum, but 

also, just as importantly, to unify the intuitive, i.e. psychically experienceable continuum 

with the mathematical discontinuum. 

 The two harmonic prototypes for the intuitive continua of space and time are the 

the holistic forms of the chord and the melody. In the holistic form of a chord we 

experience the mathematical partial continuum of a tone-number configuration that 

sounds momentarily, i.e. simultaneously, and thus is “timeless” and spatial. In the holistic 

form of a melody we experience the mathematical partial continuum of a tone-number 

configuration that is successive, linear sounding, and thus “spaceless” and temporal. The 

intuitive continuum, then, is synonymous here with a spatial and temporal form-

experience. The mathematical continuum is here synonymous with a vertical-spatial and 

linear-temporal tone-number succession. 

 Both intuitive continua, however, stand simultaneously upon the basis not only of 

a whole continuum but also of a discontinuum of the individual tone-number elements. 

This discontinuum, already “promoted” to a mathematical partial continuum through the 

tone-number succession, becomes an actual intuitive continuum through the experience 

of the chordal and melodic holistic forms. Furthermore, it can be grasped as 

discontinuous with other forms, and then rises into a higher holistic form, etc. An 

example might clarify this. From the simple tone-forms, arising from the pure 

discontinuum of tone-numbers, already incorporated into a mathematical partial 

continuum (number proportions), there emerge the holistic forms, the intuitive continua 

of a “harmonized” melody, i.e. of a closed melody resting on a chordal basis. This 

spatiotemporal experienceable continuum incorporates itself with other continua of the 

same rank, and returns with these others into a new discontinuum, through which a higher 

holistic form, such as the continuum of a movement of a sonata, is reached. The process 

repeats and there arises the new, superior continuum of the three- or four-movement 

sonata itself. 

 Let us now consider this process precisely. If we universalize the above example, 

we must say that discontinua and continuum unify themselves in every being-value. As a 

unique, individual, indivisible form, i.e. something limited, quantitative, singular, it is a 

discontinuum; whereas taken as a whole, i.e. as an existing value anticipating the ideal 

continuum, it is a partial continuum. In this anticipation of the eternal – as we can 

designate the experienceable continuum – there presumably lies the secret of all 

formation and all manifestation.  

 

§16a. Ektypics 

 

§16a, ad 1. Quanta 

The series of whole numbers, receiving a new interpretation through the psychophysical 

law of the overtone series, has already been discussed above; so has the discontinuous 

structure of the modern concept of matter, which receives a new meaning through this 

“law of whole numbers” and its phenomenal effects within quantum physics. If the 

validity of quantum theory is beyond question for modern physics, one cannot ignore that 



this last is only an overlapping of the atomic discontinuum with the concept of force, i.e. 

of energy. That itself is nothing new, because the dynamics of, for example, geological 

forces have already been presented as entirely discontinuous in the older so-called 

“catastrophe theory” (Cuvier, etc.) Also today, there is a tendency to recognize certain 

interruptions in the large-scale geological epochs; certain times of profound, 

revolutionary happenings followed by longer or shorter quiescent periods. Nature even 

makes leaps (natura fecit saltus!), and if we grasp the quantum concept generally, we see 

a universal, all-embracing value-form from which almost no area is excluded. From the 

stars, “atoms” of the macrocosm, down to the atoms, “stars” of the microcosm, an 

emphatic articulation pervades creation, a tendency towards quantization. In the natural 

sciences I am reminded of the discontinuous “fine structure” of matter, and of how it 

appears macroscopically in the laws of crystal formation. Not to mention the aforesaid 

astronomical and atomic discontinua (here especially blatant in the “leaps” of electron 

paths!). In projective geometry the straight line, the prototype of the continuum, is 

defined as a “series of points.” In biology, I am reminded of the discontinuous elements 

of cell growth (chromosome laws), of De Vries’s mutation theory that arose 

simultaneously with Planck’s quantum theory (erratic changes in heredity mechanisms), 

of Mendel’s laws, and of the classification of genealogies in the animal and plant 

kingdoms in general. In spiritual realms the discontinuum simply creates the possibility 

of perceiving and expressing in the “quanta” of numbers and words. With regard to 

historical epochs, we are currently experiencing once again the object lesson of a 

discontinuum that is both  “intuitive” and mathematical, organized without soul or reason 

to the last degree, in which sight and hearing fail us and the last remnants of a reasonable 

continuum seem to be totally gone. Here I must cite a fine piece from Schiller’s Über die 

ästhetische Erziehung des Menschengeschlechts, which shows the poet’s approach to the 

discontinuum problem: “The condition of the human spirit before any instruction is given 

to him through the impressions of the senses ... is an empty eternity ... Now his senses are 

stirred, and from the endless throng of possibilities, he shall obtain a single reality. An 

imagination arises in him. What in the previous condition of simple determinability was 

nothing but an empty ability will now become an active energy and receive a content; at 

the same time, though as an active energy it has a limit, whereas as a simple ability it was 

unlimited. Thus reality is there, but infinity is lost. To describe a form in space, we must 

limit the endless space; to conceive of a changing in time, we must divide the entirety of 

time. Thus we attain reality only through restrictions, we gain positions or real situations 

only through negation or restraint.” 

 

§16a, ad 2 (Continuum-discontinuum) 

But after the arsis follows the thesis, after the rising the sinking, after the “catastrophe” 

the time of calm. As in the radiation of black bodies, the energy is amassed, to pass 

suddenly to a higher level and there in turn to remain in apparent latency until the next 

“leap.” Thus there are empty spaces, rest stops, between all discontinua, made possible 

by the quantum condition. 

 But perhaps these rest stops are already an outflow of the continuum? Could it not 

be that even this emptiness, this nothing, this rest between the acts, is a constitutive 

element of the continuum? That the individual “quanta,” figuratively speaking, the 

islands emerging from the sea of the continuum, could be part of a deeper event? 



 Be that as it may, we believe that we have now furnished an adequate means to 

grasp the continuum-discontinuum relationship, whereby every being-value possesses the 

double aspect of continuum and discontinuum, according to the value of its being-

content. If I concentrate upon the discontinuum, the “quantum” (not meant in contrast to 

the qualitative, but instead as a “quant,” i.e. as a discontinuous element), then I am 

dealing with an individual, one-time thing. If I concentrate on the continuum, then 

something must be there that I can imagine continually, and that can only be some 

wholeness-union of discontinua, or the discontinuum itself held up as a whole, thus a 

partial continuum. This participation in the ultimate, great, superior spatiotemporal 

continuum propels all being-values (and thereby the perception of these being-values) 

into the arms of the eternal and divine. Thus we can view the whole world of appearances 

and perceptions as a finite hierarchy of discontinuous being-values, of which every one, 

belonging to some partial continuum, tends on the whole towards the infinite, supreme 

continuum, wherein it finds eternal rest (the harmonic symbol 0/0). 
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§17. The Intervals 

Interval means the space between. We already learned about the universality of the 

primary intervals (octave, fifth) in §3e, while §13.3 discussed the intervals of the 

overtone series (which, heard starting with the 1/1, are the same as those of the undertone 

series): 

 

Figure 49: 

 
 

 

We shall now further define the names of the intervals, and give characteristics for at 

least the primary intervals. 

 

§17.a. Names of the intervals 

It is important to be aware of a certain discrepancy (inconsistency) with regard to the 

designation of intervals. In harmonics we use the same terms as in music: 

 

Figure 50: 

 
 

where it is obvious that these interval designations comply with the steps of the scale, i.e. 

with the steps they occupy within the seven diatonic tones in the octave. It is an entirely 

different story if we do not use the scale as a basis, but instead use the numeric origin of 

the individual intervals. 

If we want to produce octaves on the monochord, we must divide the string in 2 

parts, or 4, 8, 16, etc., or else multiply the string length by 2, 4, 8, etc., thus using as a 

basis the “dyadic” number succession (from the Greek dúo = two): 1 2 4 8 16 32, i.e. 2n. 

Here we find a certain concordance with the scale, since 1 and 8 are the same in this 

succession.  

With the fifth it is different. If we want to produce fifths on the monochord, we 

divide the string in thirds. 1/3g is the octave-fifth above the open string c; 2/3g is the 

fifth above c. Whereas the interval of a fifth is the fifth step within the scale, we must 

divide the string in 3 parts, or 9, 27, 81, etc., or else multiply the string length by 3, 9, 27, 

etc., thus using the number three as our ratio builder – in short, a “triadic” number 

succession (from the Greek trēis, tría = three): 3 9 27 81, i.e. 3n. 

It is the other way around for the interval of a third, the third step of the scale. If 

we want to hear thirds, we must divide the string in five parts, i.e. multiply the frequency 



by five. Therefore, for the interval of a major third, we use 5n = 5, 25, 125, etc. If one 

places bridges under 1/5, 2/5, and 4/5 of a string tuned to c, one will hear that the sections 

in question produce the tones e, e, and e. If I want the next third up from e, gis, I must 

take 1/5 times 1/5 = 1/25 of the string, and strike the string sections 1/25 2/25 4/25 8/25 

16/25 to produce the tones gis gis gis gis. With a monochord 120 mm long, the string 

sections would measure 4.8, 9.6, 19.2, 38.4, and 76.8 cm respectively. Of course, it is 

always easier to hear the tones from the longer string sections than from the shorter ones. 

To elicit major thirds, then, we need a “pentadic” ratio (from the Greek pénte = five) 

which, as with the fifth, signifies a discrepancy; since, as we have said, the interval-

designation comes from the succession of steps of the scale, whereas the interval-

production comes from the string lengths or vibration relationships. The starting points 

are different, hence the different designations. The reader, if he remains conscious of this 

discrepancy, will soon get used to the fact that we use the musical terms in the 

designation of intervals, but must naturally retain the numeric term of the interval in the 

ratio. 

 When seeking further intervals, there are three criteria regarding the rank of their 

progression. Firstly the overtone and undertone series, secondly the scale, and thirdly the 

system of partial-tone coordinates. Let us consider the overtone series (frequencies): 

 

Figure 51: 

 
 

Here we have the sequence: octave, fifth, fourth, major third, minor third, whole tone, 

etc. – a ranking, as one can see, that simply complies with the interval size. If we 

consider the preceding example of scalar intervals (Figure 50), we arrive at the sequence: 

unison, second, minor third, etc., whose ranking also follows the interval size, except that 

here it is calculated starting with the smallest interval. The third criterion, namely the first 

appearance of the relevant intervals in the system of partial-tone coordinates (which we 

will discuss in §20), also produces the sequence and ranking: octave, fifth, major and 

minor third, major and minor whole tone, etc., indeed the same as in the overtone series, 

but within a specific index and “pure-toned,” not tempered. In higher indexes, 

increasingly smaller intervals emerge, until finally only the numbers, and no longer the 

tones, can be distinguished. If we notice now that fourths and sixths are simply 

“inversions” of fifths and thirds, we find the typical intervals to be: 

 

octave     fifth      third      second 

 

the latter (also known as the whole tone) with its subdivision, the semitone or minor 

second. As for the second or whole tone, whose acoustic origin we have not yet 

investigated, this interval designation has a discrepancy with regard to its originating 

number, in that we must divide the string into seven or nine parts if we want to produce 

second intervals (= the second step of the scale). If we take the interval by itself, i.e. 



without considering its musical or acoustic origin, it is obvious that we are using it in a 

special musical case. Thus we generally speak of the progression of the (tempered) scale 

in major and minor seconds, even though “second” (= the second step) is no longer the 

correct term here, and it would be better to speak of whole tones and semitones, which is 

indeed done most of the time. In the same way, in the teaching of musical harmony, all 

intervals are autonomized, so that we can “attach” each interval, e.g. the fifth, to each 

tone of the scale: 

 

Figure 52: 

 
 

Harmonics is concerned with pure-tonal, untempered relationships. Later, in scale 

designation and further chord analysis within the system of partial-tone coordinates, we 

will see that here we have quickly blundered into a difficult and interesting enharmonic 

problem regarding the exact designation of tone-value and intervals – into a subtlety of 

tone-perception and spiritual observation of tonal relationships no longer known in 

modern music. Doubtless it was well known to the Greeks, and probably also to the 

ancient Chinese and Indians. In harmonics, then, we chiefly apply the typical intervals: 

octave, fifth, third, and whole tone, whose numeric ratios (2 4 8 ..., 3 9 27 ..., 5 25 125 ..., 

9 81 ...) and octave reductions (3/2 g, 5/4 e, 8/4 c, 9/8 d, etc.) can be read off directly 

from their positions in the overtone series or in the system of partial-tone coordinates. 

 

§17.2. A short characterization of the typical intervals 

 

§17.2a. The octave 

The octave is the only interval that always gives the same tone-value when it is 

replicated, i.e. the raising to higher powers of its frequency or string length (generally 

speaking: tone-number). On this rests its significance as the framing interval for the scale, 

indeed for all chordal and melodic relationships. This is by no means self-evident; it is a 

primal phenomenon of great significance, especially regarding practical harmonic work 

and the analysis of harmonic norms and laws. If we hear an octave: 

 

Figure 53: 

 
 

then we have, as with the “unison”: 

 

Figure 54: 



 
 

the perception of an absolute concord (consonance), but on a higher plane. Whereas two 

primes are two identical tones of the same pitch, and the interval of a unison is 

fundamentally not a real interval, but instead signifies only the first step of the scale 

repeated, the octave is composed of two identical tones of different pitches. The tones of 

an octave are different with respect to their tone-number, but the same with respect to 

their tone-value. If one performs the experiment upon the monochord, one will notice yet 

another thing: it is relatively easy to tune the octave exactly. A well-practiced ear can 

hear deviations of 1-2 mm upon a 120-cm monochord, and if we use the “beats” as an 

aid, we are in a position to identify a 1 : 2 octave relationship with almost absolute 

precision. This first and most remarkable property of the octave as a framing interval 

grants it an exceptional position among the intervals. To this we can add yet another 

remarkable property, already discussed in §3: the ability of our psyche to absorb this 

interval as a form, an ability upon which, as we know, the foundations of the act of 

harmonic apperception are built. All “octave operations” thus leave their tone-values 

unchanged and only change the number, i.e. the height or depth. The two octave 

operations are: 

 

Octave operations 

Octave potentiation 

 

Figure 55: 

 
 

and octave reduction 

 

Figure 56: 

 
 

for example: if I wish to bring a high tone into a lower position, I reduce the octaves: 

 

Figure 57: 

 



 

That is, I climb down by octaves to the desired 5/4 e. If I want to go still lower, I can 

reduce the octaves further: 5/4 e 5/8 e, 5/16 c,, 5/32 c,,, etc. Inversely, in octave 

potentiation, I climb upwards from a low ratio: 

 

Figure 58: 

 
 

Or suppose I have found a group of numbers in some circumstance which I would like to 

analyze harmonically. First one always operates with octave reductions or potentiations, 

until one has the numbers together within an octave, for example: 

 

Figure 59: 

 
 

Admittedly, it is rare for an analysis to have such smooth results as a pure triad. For 

“irrational” number references in harmonics, the theorem of “tolerances” comes to our 

aid, i.e. the “atmosphere” surrounding every tone-value (cf. §19a.1 and §51), through 

which the existing tones and intervals work consciously as psychophysical gravitation 

points towards which the relevant numbers are drawn. We will speak repeatedly of the 

theorem of octave operations, and of the octave itself, but now turn our attention towards 

the interval of the fifth. 

 

§17.2b. The fifth 

It is the second most important interval, next to the octave. For the fifth, we also have a 

very exact sense of purity, which we can easily observe by dividing a monochord string 

in 3 parts and letting the two resulting sections – 1/3 g´ and 2/3 g – sound against the 

open string 1/1 c. Even a slight movement of the bridge allows us to perceive the interval 

as “impure” – an ability of our psyche that stringed instrument players use to tune their 

instruments in pure fifths. On the monochord, the fifth can also be tuned indirectly “by 

octaves,” since the three-part division produces 1/3 g and 2/3 g, thus an octave interval 

g-g. If we pluck the two string sections 1/3 and 2/3, we can indirectly tune the purity of 

the fifth relative to the open string, by judging the purity of the octave. In listening to the 

octave, we perceived a great expanse together with complete concordance, since there the 

primal tone only repeats in a higher or lower location; whereas we perceive the fifth as 

the strongest difference between two tones, simultaneously with complete consonance. 



This interval is known in music as “dominant” with good reason – a description which, as 

we shall see in §42, has, beside its intrinsic rationale, great possibilities for theoretical 

and practical application. 

 

§17.2c. The third 

The third. Here our tone-perception splits, as do the theoretical findings – whose bases 

will not appear until §39 – in the major and minor thirds, which characterize the major 

and minor triads: 

 

Figure 60: 

 
 

c-e is a major third, c-es is a minor third. On the monochord, we first seek the major 

third, for which we divide the string into five parts. We place the bridge under 1/5, strike 

the sections 1/5 and 4/5, and hear the tones e and e: a double octave, which allows us, as 

with the fifth, a very exact positioning of the major third. Let us disregard this criterion, 

however, along with the division point 1/5, and attempt to detect the third only in relation 

to the open string c. If we move the bridge back and forth until we hear what we perceive 

as a “pure third,” we will notice that for the shorter string section we can move the bridge 

within a range of 1-3 mm (on a 1200-mm monochord) and between 10 and 12 mm on the 

longer section, and still hear a major third. Here we have the first example of the 

variation range of an interval, i.e. a certain amplitude, a psychic breadth of tone-

perception, a “tolerance,” which as we will see, is connected closely with the theoretical 

possibility of various “pure” third intervals. After many trials in this area, we will 

discover that this “third-space” tends toward two gravitation centers: first we will hear 

the 1/5 (4/5) as satisfying our perception, but then with a further shortening of ca. 12 mm, 

we will hear the 16/81 e^, emerging from the sequence of fifths: 1/3 g 1/9 d 1/27 a^ 1/81 

e^. Between these two thirds lies the tempered e. (To bring the 1/81 e^ to the same level 

as the 1/5 e, I must octave-potentiate it: 1/81 2/81 4/81 16/81, taking 16 times 1/81 of the 

string length.) Perfect pitch (see §3d) and tempering both cause the musician certain 

difficulties in all such analyses. The tempered e, on our 1200-mm monochord, is slightly 

higher than the 1/5 e and slightly lower than the 16/81 e^. Accustomed as we are to the 

tempered e of all our keyboard instruments, it is often hard at first to make decisions with 

regard to “pure-tonal” relationships.  But after a bit of practice, we soon learn to tell a 

“pure” third apart from the tempered third, as long as the listener – which in my 

experience is the usual case – does not immediately decide on the 1/5 (4/5) e as “normal” 

while conceding that the 1/81 e^, as the other pole of the space of the major third, is 

“somewhat sharp, but still pure.” 

 Let us now seek the minor third c-es. We move the bridge from the point of the 

major third (1/5) further toward the smaller section of the string, until we believe we hear 

a minor third, i.e. the note es. Whoever is unsure about this should strike a middle es on 

the piano, or whatever note makes a minor third in relation to the fundamental tone of the 



monochord. Also here we will soon see that we can move the bridge back and forth 

within a certain margin (on our monochord this margin is around 2 cm, so somewhat 

more than with the major third). Within this margin we always “hear a minor third” and 

initially find it difficult to decide upon a fixed point. If we make a measurement, then we 

find among the “senary” (see §13.3) relationships that of the larger section of string to the 

point at 1/6 of the string length (20 : 120 cm); we cannot move the bridge much further, 

because quickly there comes a zone of impurity, and then the sphere of influence of the 

major third. In the shorter section of string we find the points 27/1 esˇ and 1/75 dis – I 

give these tones, of which the former originates from fifths 3 · 3 · 3 and the latter from 

thirds and a fifth 1/5 · 1/5 · 1/3, without further commentary here. At this stage, the 

reader should merely be aware of the variation range of the minor third, and of how 

within its space, just as with the major third, there are fixed points, gravitation points, 

which are actually the reason behind this variation range. A criterion can, besides, be 

verified with the means already learned: place the bridge exactly at 1/6 of the string 

length, and in the longer section 5/6 the pure minor third will sound, while in the shorter 

section 1/6 one will hear the major third g above this minor third. This g is, however, the 

pure fifth of c, so that here we also have an indirect criterion of purity for the position of 

the minor third 5/6 es, and know that this 5/6-third is theoretically just as favored as the 

4/5 e, the major third. 

 

 §17.2d. The whole tone 

The whole tone. The first appearance of the whole tone, the major second in the overtone 

series, is in the tone-value of the ratio 9. Here, as with the fifth interval, theoretic control 

is very easy, because when we position the bridge at 1/9, the longer section of string 8/9 

sounds the whole tone (relative to the open string) and the shorter section sounds the third 

octave above, 1/9d (8/9d 4/9d 2/9d 1/9d). However, 9 is 3 · 3, and the relationship 

of the first two fifth intervals that appear in the partial-tone series shows that a fifth-

relationship plays a role in the whole tone’s construction: 

 

Figure 61: 

 
 

These fifths f-g have the relationship of a whole tone to each another. Let us now attempt 

to determine the variation range of the whole tone upon the monochord (string lengths) 

by listening. We will find that from the point 1/9, we can only move the bridge a little bit 

higher (towards the longer section), but can move it much farther in the lower direction 

(towards the shorter section), about 12-15 mm. In this deeper region, precisely at the 1/10 

division point, is the so-called “major whole tone,” 9/10, which is 80/81 of the total string 

length different from the “minor whole tone” 8/9. If we test both string sections for this 

large whole tone, we hear in 9/10 the “major whole tone” d^, but in 1/10, as the ratio 10 



specifies, we hear a pure e in a higher octave. If we octave-reduce this high 1/10 e 

from 2/10 e to 4/10 e to 8/10 e, until it is in the same octave as 9/10 d^, we see and hear 

immediately that the two string sections that created the tone 9/10 d^ (10/10-1/10) have 

the relationship of a major whole tone to one another: 8/10 c – 9/10 d^. 

 

§17.3. Interval power and constancy 

 

§17.3a. Interval power 

By interval power we mean the successive placement, one after another, of the same 

interval. We have already seen the most important interval power above (§17.2) in the 

octave series: 

 

Figure 62: 

 
 

On principle, every interval can be built into an interval-power series: 

 

Figure 63: 

 
 

whereby all these power series incorporate both the operations of potentiation and 

reduction, and among which the octave potentiation and octave reduction are by far the 

most important. But the other interval-power series also play an important role as 

selective elements, as we shall see in §45. 

 

§17.3b. Interval constancy 

By interval constancy we mean the persistence of the interval’s tone through its various 

upper and lower octaves. Actually, interval constancy is only a special case of interval 

power: octave power. The emphasis on interval constancy here is grounded in the 

extraordinary morphological fruitfulness of the interval-constancy series (for example, in 

the development of blossoms; see my Harmonia Plantarum, plate VIII). To characterize 

these series according to their beginning ratios, we will speak of dyadic series (from the 



Greek dúo = two) when using the ratio 2 as a basis; of ternary series (Latin terni = every 

third) when using the ratio 3; and of quinary (Latin quinque = five) or pentadic (Greek 

pénte = five) series when using the ratio 5: 

 

Figure 64: 

 
 

Here, each further ratio can naturally also be taken as a starting point for an interval-

constancy series; as practice shows, however, the three series constructions shown above 

are the most important, since they are aligned with the triadic ratio c g e. It is interesting 

that interval potencies and interval constancies only coincide in a single interval, namely 

the octave (i.e. in the dyadic ratios): 

 

Figure 65: 

 
 

Here, in both instances, the tone-values are equal, and in this example we have another 

proof of the octave’s special status. 

 

§17a. Monochord exercises 

The reader who has conscientiously examined the above monochord experiments will 

now wish to further complete his division chart in the form of millimeter paper, affixed to 

the upper board of the monochord with tacks or by some other means. There are two 

ways to do this. Either he can prepare the division table in question following the ratio 

table at the end of this book, or else he can temporarily note the tone points already 

discussed upon a provisional table, so as to gradually familiarize himself with the system 

of monochord divisions. Perhaps he will decide upon both ways; as the book goes on, we 

fall back more and more on the monochord division, and the complicated ratios, 

numerations, logarithms, etc. will unveil themselves as very simple things once they are 



discussed. But I will urge the reader once again to practice repeatedly and thoroughly on 

the monochord, just as a musician practices his instrument. The great joy that this 

practice will bring, beside the astonishment and wonder at the bounteousness of this great 

phenomenon, will immediately give the keenly perceptive person the certainty in the 

appraisal of harmonic laws and norms that is essential for the understanding of harmonic 

ektypics and symbolism. 

 

§17b. Ektypics 

Today, the concept of the interval is used so generally in the most diverse areas that it is 

profitable to consider the nature and significance of this concept more deeply. Its 

musical, or rather tonal, origin is indisputable. Besides acoustics, modern physics applies 

the concept of the interval in various phenomena of vibration in general and of electricity 

in particular: phase intervals, intervals of atoms’ paths, serial and linear spectra, the 

Zeeman and Stark effects, radio waves, the Röntgen spectra, etc. In chemistry there are 

“rhythmical precipitations” whose intervals are investigated, and the law of multiple 

proportions, whose intervals are in constant relationships like musical intervals. In 

crystallography, the important and less important intervals of surface differentiation are 

known; geology and paleontology allude to certain intervals of geological and 

paleontological epochs; in cytology, there is the “octave doubling” of cell growth and 

body-cell chromosomes, compared to germ-cell chromosomes – further, there are diploid, 

triploid, and tetraploid forms, which seem to be built upon a definite overtone series (for 

example, 7-14-21... as a law of growth (1 · 7, 2 · 7, 3 · 7 ...) The domain of the organic 

sciences is full of instances of ontogenetic and phylogenetic correlations, i.e. interval 

references, in which the “tonal” fixed points of the relevant intervals continually try to 

reach the “optimum.” Also in the humanities, beginning with mathematics, the concept of 

intervals plays a role in the deeper sense of correlative, proportional convergence, which 

has admittedly not yet been fully examined. Historic isomorphisms, as treated by modern 

historic morphology, suggest intervals of similar historical characteristics, independent of 

when the epoch in question occurred. 

 Behind these interval concepts stand two forms: relationship and totality. 

 

Relationship and totality. 

The interval stretches between two limits: the tone points, which first actualize it. In the 

moment of sounding, however, these limits disappear and we hear the totality: the 

interval. The term “relationship” is too general, and must be further specified. To this 

end, we substitute a better-known concept: the function. When the being-value of one 

function changes, the others are affected. This fact underlies all natural laws. When the 

greatest cosmic objects exercise “attraction” upon the smallest ones, the smallest ones are 

also acting upon the biggest ones, however minimal this influence may be. Normally the 

function f(x) = a assumes another function for f(a) = x, which is perfectly illustrated by 

the interval concept. If I place the tones c and g in the relationship of a fifth, and then 

substitute g with e then c with d: 

 

Figure 66: 



 
 

a major third arises while the c is still constant, and a fourth while the g is constant, 

meaning that through the changing of one quantity, the significance of the other one also 

changes. But it is not only the significance of the constant tone that changes: the totality 

of the relationship of the two tones, i.e. the interval, changes. 

 If we use this example as the basis for a universal view, we will encounter the 

important theorem of the universal relationship of all being-values, which is identical 

with that of a universal intervallic quality (chords, melody), and which proves that, 

discounting the importance of haptic sizes, all being-values are in some value relationship 

to one another. Within this value relationship, the being-values are no longer isolated, but 

are together with other totalities, intervals, psychophysical forms, that have their own 

sound. In this theorem of universal intervallic quality, which adds psychic validation to 

the merely functional moment, harmonics sees the companionship concept anchored: a 

general relatedness of the being-values of organic and inorganic nature, together with 

their spiritual effects in human thought and action. Thus the psychic totality of the 

relationship is completely independent from the outer “weight” of the individual relation 

values. 

 

Plato and the octave operation 

There is an interesting passage in Plato’s Timaeus in which an instructive harmonic 

connection to the so-called “doctrine of the four elements” is established, which is 

relevant to the theorem of octave reduction and potentiation that is so important for many 

harmonic operations. There it says (Phaidon edition II, 412) in connection with the pre-

eminence of geometric proportion, according to whose laws the world of manifestation 

begins: “So God placed water and air between fire and earth, bringing them as closely as 

possible in the same relationship to one another, so that fire was to air as air to water, and 

water to air as water to earth, and thus joined and connected all the universe.” If one takes 

fire = 8, air = 4, water = 2, and earth = 1, then one has the proportion 8 : 4 = 2 : 1. This is 

a typical octave operation, giving the fundamental framework for all operations within 

the law of harmonic quantization. On the other hand, against the background of this 

proportioning we see in a new light the old teaching of the four elements, which plays a 

great role right up to the idea of the four temperaments, and whose physiognomic value 

seems to have been newly affirmed today.  

 

§17c. Value-forms 

We will be able to address the symbolism of the individual intervals once we have come 

to know their position and significance in the tone-system. Here, we can briefly discuss 

an important phenomenon for which our monochord experiments have prepared us: the 

phenomenon of purity-impurity, or in musical terms, consonance-dissonance. When we 



say that we “tune” stringed instruments by ear, we are barely conscious of what we are 

actually doing, what capabilities we use for this, and what phenomena are associated with 

it. Even the fact that we can detect the clear-cut formal unity of an octave, fifth, third, and 

second without knowing or thinking about it, using only the sense of hearing, hence only 

pure perception, and spontaneously judge these sounds as “right” or “wrong,” is 

something extraordinary. Every sundry criterion of “being in tune,” be it in the domain of 

natural laws, optical vision, or spiritual relationships, demands that our thoughts and 

perceptions make larger or smaller detours, indirect reasonings, or axiomatic 

pronouncements. What makes this even more extraordinary is the fact that our psyche is 

here able to perceive a number relationship, and to do so spontaneously, without 

checking it through any kind of measuring technique. The most astonishing thing about 

this psychophysical perception process, however, is not the apperception of intervals and 

numbers, but this criterion of “purity” and “impurity” that makes it possible in the first 

place; for we set it above any other criterion when we want to judge whether an interval 

is “in tune” or not. 

 In this criterion of harmonic purity, harmonics sees the direct access to a world 

that was heretofore barred from all scientific endeavors: ethics. A chemical reaction is “in 

tune” according to the quantities of substances deposited – but this “tuning” has no access 

to our psyche. All physical experiments are “in tune” according to number and 

measurement – but the number and measurement do not make sounds, i.e. they are 

assumed to be “objective,” independent from us, and any psychic connection would seem 

suspicious to the physicist, if not ridiculous. All logical conclusions are “in tune,” but 

they say nothing to our heart or soul. The great works of architecture, painting, music, 

poetry, and philosophy are also “in tune,” even when one might wish some of them 

otherwise; but in this case we can no longer say that they are nothing to us, that our souls 

remain unstirred: quite the opposite. Here there are relationships that affect the artistic 

part of our psychic ability, and even though our modern aesthetics and morals want to 

hear nothing of it, we must insist that every relationship of our psyche to a great work of 

art has an ultimately moral character – not that this should “improve” us, but that we feel 

ourselves, with and in these works of art, to be in a “purer,” more orderly world, saturated 

with the spirit of the Deity, a psychic state that no longer has anything to do with 

aesthetics, but already belongs within the domain of ethics. Everyone who can lose 

himself in a work of art feels this most deeply, and can say so, if indeed he finds a need 

for words. Pure ethics, simply “the Good,” is a domain in itself; but the Greeks were not 

mistaken in their concept of kalón k’agathón, the Beautiful and the Good, in which action 

and thought, will and consciousness must join, if man is to fulfill his mission. 

 If we now return to an approach comprehensible to our thoughts and perceptions, 

which connects the concepts of legitimate exactitude and normal rightness, we will find it 

in the harmonic theorem of in- and out-of-tune, consonance-dissonance, and purity-

impurity. This approach means, admittedly, the lowest level at which natural scientific 

thought touches upon ethical perception. But from the akróasis of a pure interval, the 

deep psychic experiencing of a pure chord in whose soundscape an Anton Bruckner 

could forget himself, an uninterrupted progression of ethical meanings of ever greater 

psychic breadth leads right to the summit: to the concepts of good and evil, right and 

wrong. And this continuity of the progression is decisive for our need of perception: that 



here we have found a path, albeit a very small one, between the realm of being and the 

realm of ethical values. 

 

Existence-ethics 

If we consider the harmonic criterion of purity generally as the foundation of the value-

form of “existence-ethics” (Grundriss, p. 299ff.), hence as a psychic form inherent in us, 

then we also understand why purification exercises or practices play such a great role in 

almost all religions. The symbolism of this value-form emerges from the psychic into the 

field of material realization. The purity of ethical norms is undisputed for us; but one 

wishes that what nature is to man, what nature presents to him, would partake in this 

purity, and consequently one arrives, by way of religious ethical aspects, at purification 

practices of the most diverse types. What types these might be hardly matters in the light 

of the deep anchoring of this need, as the often grotesque examples show plainly enough. 

It is also no coincidence, to name just one example, that the Pythagorean order put such a 

great emphasis on purification (dressing in white linen, abstinence from beans, etc.) 

Pythagoras’ philosophy was indeed based upon tone-number experiments; the theorems 

that he handed down to us, in many cases, can only be understood by means of harmonic 

analysis, and it is certain that the purification rites and exercises that prevailed among the 

Pythagoreans could be traced back to the psychophysical phenomena of consonance and 

dissonance that are revealed in harmonic experiments. This was a matter for the secret 

Pythagorean teachings, and was only imparted to the pupils after a period of probation. 

 

The symbolism of the octave 

Regarding the symbolism of the main interval, the octave, and its potencies (1 2 4 8 ... or 

1 1/2 1/4 1/8 ...) we will notice something further in connection with what was said 

above: architecture has, for all of time, naturally used the ratio 1 : 2 or 1 : ½ because of 

its simplicity. According to Flinders Petrie (Pyramids and Temples of Greece, 1883, p. 

21) the outline of the Mastaba at Medum, and a sarcophagus found there, have the 

proportions 1 : 2; likewise the ground plan of the temple. The colossal hall at Karnak is 

102 m long and 51 m wide; the Temples of Zeus at Agrigentum, Selinus, and Athens 

have the ratio 1 : 2 in their floor plans; and so on. Especially remarkable dyadic 

relationships emerge in the numeric analysis of certain ancient Greek names and 

concepts. Why is it, for example, tetraktus and not tétras (= fourness)? Because if A = 1, 

B = 2, Γ = 3, ... Ω = 24, then “TETPAKTYΣ” is the sum of 19 + 5 + 19 + 17 + 1 + 10 + 19 

+ 20 + 18 = 128 = 27 (Eisler: Weltenmantel und Himmelszelt, Munich 1910, II, 336, 

according to Wolfg. Schultz). Here the fourness points to the sacred symbol of the seven 

(27). But the octavation to the 7th power is what neither Eisler nor Schultz noticed! It is 

relevant to this that the secretive title and world symbol of Pherekydes, heptámuchos, 

gives the same result when added up in the same manner: 5 + 16 + 19 + 12 + 20 + 22 + 

15 + 18 = 128 = 27 (Eisler: ibid., p. 337). A passage in Dio Cassius (born 150 A.D.), 38, 

18, agrees with this, in which the interval of a fourth is explained as a construction 

principle of the seven days of the week, and for which one needs a “circle” of seven 

fourths to produce a closed scale (cf. Britt-Weingartner: Tonleitern und Sternskalen, 

Leipzig 1927, p. 1ff., and Eisler: ibid., II, p. 339). Also the term AIΩN AΠEIPOΣ (the 

eternal unbounded), occurring in Orphism, results in the letter sum 128 = 27 (Eisler: p. 

423). AIΩN EIMAPMENH  (128 = 27) serves as the primal being and “only wise one” for 



Heraclitus. According to Poseidonius, Heraclitus should have also used the term “Logos” 

for this supreme deity Aion Heimarmene (Eisler: p. 695). “Sounds are letters for 

Pythagoras, and these = psēphoi (verdicts)” (Eisler: II, p. 686): so here we have the 

harmonic background for “gematria”! 
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 §18. HARMONIC LOGARITHMS 

 

§18.1. The nature of logarithms 

Beginning here, we should forget the common definition of the logarithm taught in 

school: “the logarithm of a number a in base b is whatever number one must potentize b 

by to get a as the result.” This is comparable to defining humans thus: “A human is a 

mammal that walks upright, whose abnormally large brain development unfortunately 

gives it the ability to think.” Both descriptions are undoubtedly correct. The harmonic 

logarithm not only simplifies mathematical operations in harmonics; it makes them much 

more transparent, and most importantly: the nature of the logarithm itself is of the 

harmonic type, i.e. its deepest principles first become understandable through the tone-

number, and thence psychophysically anchored in man. Michael Stifel, a contemporary 

and ally of Martin Luther, provides the following series in his Arithmetica integra (pub. 

1544, with a foreword by Ph. Melanchton): 

 

Figure 67: 

Exponents: -3 -2 -1 0 1 2 3 

Powers: 1/8 1/4 1/2 1 2 4 8 

 

He writes: “It would be possible to write an almost wholly new book about the wonderful 

properties of these numbers. But here I must creep away, and leave with closed eyes.” If 

we assume today that by these “wonderful properties” Stifel simply meant the fact that 

one can perform “simpler” arithmetic with the exponents than with the powers: 

 

Figure 68: 

Exponents: 3 + 5 = 8 

Powers: 23 + 25 = 28 

 

then this could be correct, assuming that for Stifel, something else was happening along 

with the “simplified arithmetic”: a “wonderment” at the phenomenon in itself, that here 

two fundamentally different mathematical planes can unite, and indeed that through one, 

the other becomes more transparent and clear. The fatal catastrophe of a slip of the 

mathematical view from the heart into the head, into simply intellectual discursive 

thought, had not yet occurred; even 100 years later, the unification of perception and 

thought was present in Kepler. 

 If we write out the aforesaid series (Fig. 67) with its tone-values (frequencies), 

thus: 

 

Figure 69: 

1/8 c,,, 1/4 c,, 1/2 c, 1/1 c 2/1 c 4/1 c 8/1 c 

2-3 2-2 2-1 20 21 22 23 

 

then we see the numbers in the first series 1 2 4 8 ... increasing or decreasing in geometric 

progression, whereas the numbers in the second series remain the same in their base of 2, 

while their exponents increase in mathematical progression 0 1 2 3 ... Now we single out 

a ratio: 



 

Figure 70: 

8/1 c 

23 

 

 8/1 c is the 3rd power of the 2nd and 3rd octaves above 1/1 c = 20. In mathematical 

terms: 3 is the logarithm of the number 8 in base 2, and represents the 3rd octave of the 

vibration number we chose as the unit, 1/1 c. 

 But now, be careful! This 3rd octave absolutely does not mean that I must triple 

the vibration number chosen as a unit (1/1 c) in order to get the 3rd octave, c. This is 

because the vibration numbers increase in a geometric series 1 2 4 8, which is not at all 

self-evident. First we are tempted to assume that with regard to their frequencies, the 

differences between the four equal-tone-values (c c c c) would be numerically equal, 

just as they are on the keyboard: 1/1 c 1/2 c 3/1 c 4/1 c. But this is not the case. 

Between our perception (the hearing of tone-values) and the material process of 

vibrations, there is a fundamental difference with regard to their numerical expression. 

And this difference lies in the fact that our perception “calculates” with ratios: 

 

Figure 71: 

Mathematical realization field: 1 2 4 

          1  :      2  :     4  :    8 

Perception:    1/2  1/2 1/2 

     c c c 

 

so that the perception of one and the same value always stays fixed, while the material 

realization field increases in geometrical progression. Now, if we write out the four c-

values like this: 

 

Figure 72: 

Frequencies: 1 2 4 8 ... 

  20 21 22 23 ... 

Tones:  c c c c ... 

 

then we can understand the nature of the logarithm on the basis of harmonics, i.e. as 

arising from tone-evaluation. If we note the acoustic findings from four tone-values of the 

same character but different heights (octaves), as we hear them, thus: 

 

Figure 73: 

20 c 21 c 22 c 23 c 

 

then we see in this numeric expression (exponents 0 1 2 3 = logarithms in base 2) that the 

sense of hearing, i.e. the psychic perception, is congruent to the logarithm and not to the 

material vibration number. The existence of a comparatively simple mathematical 

relationship between this and the sense of hearing should not mislead us as to the 

momentous difference between the two types of numeric expression. It is a 

fundamentally different matter whether the frequency advances in the steps 1 2 4 8 ... or 



the perception in the steps 0 1 2 3 ... . And it is in fact this state of difference within itself, 

concentrated within the concept of the logarithm, that gives the latter its exceptional 

importance as the material frequency moves into the psychic world (perception of tones), 

an insight that we can achieve only with harmonic analysis – at least in this simple, 

understandable representation. 

 

§18.2. The harmonic logarithms 

A table of logarithms will tell us that any number can be chosen as the basis of a 

logarithm system, and that we use decadic (= Briggs) logarithms (base 10) for purely 

practical reasons, originating from our base-10 number system. It will also show us how 

the various systems are interconnected, and what the technique of logarithms is useful 

for. What interests us here is harmonic logarithmization, i.e. the question: how can the 

logarithm be used for a deeper insight into harmonic operations, and for the practice of 

them? 

 For all harmonic operations, we use the logarithm system in base 2. The reason 

for this is obvious, and appears in the examples above: the interval of the octave 1 : 2 is 

the framing interval for all possible tones of any height or depth. So, for example, I can 

use octave potentiation or octave reduction to move the notes 1/12 f,,,, and 12/1 g: 

 

Figure 74: 

 
 

from lower positions, in octave increments, to higher positions – or else from higher to 

lower, also in octave increments, into the octave 1/1 c - 2/1 c, where the notes then 

receive their correct place in the scale within this octave: 

 

Figure 75: 

 
 

Of course, any octave between two generating tones c—c can be used as a framing 

interval; likewise, I can choose any tone to be the generating tone or the octave tone. All 

that matters here is the fact of the relationship 1 : 2, within which all tones can be 

accommodated according to their values. If one considers that there are theoretically an 

infinite number of tones within an octave, and that the ear is able to differentiate a great 

number (though not an infinite number) of them, then one can appreciate that, with the 

familiar musical notes c d e f g a h c and their alterations, we are quickly plunging into a 



complicated forest of notation, if we want to classify all shadings of tone within an octave 

exactly according to their pitch. The fact that we retain these note names, as far as 

possible, in addition to their logarithmic terms (to be discussed shortly), is mainly for 

morphological and didactic reasons: the values of the diatonic scale c d e f g a h c are, so 

to speak, the important harmonic being-values, the pivotal points, around which the 

infinite multitude of all other values gathers and orients itself. 

 Let us now suppose that we have ca. 1000 different tone-values that we want to 

arrange within an octave in their correct order, i.e. in their right places in terms of their 

pitches. There are two ways to do this. Either I transpose their true frequencies (string 

lengths) within the framework of an octave, or I put them in order according to their 

logarithms in base 2, i.e. according to the values of my perceptions. This second method 

is superior, because it gives us a direct picture of the inner, psychic content of the tones, 

and also has the advantage of clarity and simplicity. 

 The practical way of finding the logarithm of a given tone is as follows. Since the 

numeric expression of the tone is a ratio based on unity (x/y), we will mostly have to use 

the numbers of real fractions for conversion into logarithms in base 2. As an example, we 

choose the tone 5/1 e (in terms of frequency). It is very important that we first bring all 

these fractional numbers (= partial-tone coordinates) together into one octave, since we 

also want to have all the logarithms in one octave (0-1 or 0-1000). To this end, one 

performs the operation of octave potentiation (or reduction) mentioned and illustrated 

above, meaning that for the tone 5/1 e, we raise the denominator through octave 

potentiation: 5/1 e – 5/2 e – 5/4 e (thus lowering the tone) until it is within the first 

octave above the generating tone (1c—2c). Now we can undertake the conversion into 

logarithms in base 2. Since familiar logarithm tables are composed in base 10, we must 

use the so-called “module,” i.e. whatever number transfers base-10 logarithms into base 

2. The module number in question is 30103. Now it is all very simple. Since the 

calculations are simplified by one degree thanks to the logarithms, and dividing therefore 

becomes subtracting, we first search the logarithm table (Briggs’ logarithms) for the log. 

of 5 (69897), then the log. of 4 (60206), and subtract the latter from the former: 

 

Figure 76: 

 log 5 = 69897 

        – log 4 = 60206 

  —— 

  09691 

 

then divide by the “module” 0.30103: 

 

Figure 77: 

09691 : 30103 = 0.32193 (= 2log 5/4 e) 

 

with which we have achieved the 5-digit logarithm in base 2 for the tone 5/4 e. Now, if 

we also want to express the octaves above and below 5/4 e in logarithmic base 2, we 

place the number of the octave index in question in front of the decimal point: for the 

octave above, + 1 2 3 4 ... and for the octave below, – 1 2 3 4 ... 

[Fig. 78 needs correction inserted from HK’s errata] 



Figure 78: 

 
 

As one can see, the tone-value, and therefore the tone e in its inner content, always stays 

the same, which is expressed in its logarithm to the right of the decimal point. Thus in all 

tone analyses we are authorized to ignore the octave index, since it is irrelevant, and 

simply to set the number 32193 (e) as the tone’s harmonic logarithm whenever we want 

five-digit logarithms. We can round it off to 322 (e) if we are satisfied with logarithms of 

merely three decimal places, which are entirely sufficient for most harmonic 

investigations. 

 In the penultimate table of this book (Figure 480), Table II from Hörende Mensch 

is reproduced, which shows the logarithms in base 2 of the numbers and the tones from 1-

256 and 1-1/256. Note that with this table, one can very easily figure out the tone 

logarithms of all partial-tone coordinates up to the index 256. If I seek, for example, the 

logarithm of the partial tone 160/72, then I look for the number above 160 – 32193 – and 

for the number below 72 – 83008. I add these two numbers: 

 

 32193 

        +  83008 

 —— 

        1. 15201 

 

and the result is the logarithm 152 (rounded off to three decimal places) for the tone 5/9 

dˇ (160/72 = 80/36 = 40/18 = 20/9 = 10/9 = 5/9). The reader then no longer needs to 

calculate the logarithms for the numbers 1-256, and is saved the trouble – though it is still 

essential to know one’s way around these calculations. Compiling this table was more 

work for me than writing many a chapter of Hörende Mensch! 

 How we “calculate” with these logarithms from case to case, and where we apply 

them, will be explained at the appropriate time. Here only the fundamentals will be 

discussed. 

 

Figure 79: 

 



 

§18.3. Graphic representations of logarithms 

 

§18.3a. Linear 

To get an image of how the numbers of the logarithms relate to the numbers of 

frequencies in terms of their spatial distances, we draw two parallel lines of equal length, 

one with the numbers 0-1000 and one with 1/1 – 2/1. For clarity, we will note only the 

most important intervals or tones (see Fig. 79). As one can see, the logarithmic distances 

on the upper line present a good image of how we hear the tones. The whole tone and 

semitone steps are distributed along the distance from 0 to 1000 in a way that 

corresponds to our auditory experience. But we would be completely misled if we were 

to set up these distances upon a monochord (using their reciprocal tones, of course, since 

we would be dealing with string length, not frequency). For this, we must use the 

distances on the lower line, because that is where the true size of the frequencies is 

indicated. I will repeat that for corresponding monochord experiments, the tone-values of 

the lower series (Fig. 79) must be transposed into their reciprocal intervals (g into f; d 

into b; e into a; etc.), because Fig. 79 illustrates frequencies (vibration numbers), whereas 

on the monochord, we operate with string lengths. Incidentally, many tables and charts in 

this book give the string length values; the reader can easily find them there. 

 

Figure 80: 

 
 

A further instructive linear comparison shows the contrast of the partial-tone distances 

and their logarithms. What is compared here is the succession of partial-tone-values (see 

Fig. 80). Here, too, the points in the upper and lower series do not agree with each other; 

but there is an element common to both series, which has already been expressed in the 

previous Fig. 79: that of diminution, series, shortening, or as I generally call it, 

perspective. A close examination of this important element will follow in §19. The lower 

series of Fig. 80 is the prototype for the “logarithmic representation of partial-tone 

coordinates,” to be discussed in §36. 

 

§18.3b. The logarithmic tone-curves or spirals 

We saw above that the series: 

 

Figure 81: 

-3 -2 -1 0 1 2 3 Logarithms 

1/8 1/4 1/2 1/1 2/1 4/1 8/1 Powers 

c,,, c,, c, c c c c 

 



was the starting point for the discovery of the logarithms, and that one first encounters a 

deeper understanding of it in the harmonic sense, because there our perception makes 

units (octaves) whereas calculation shows differences (geometric series, powers). We 

shall now bring the two series (logarithms = exponents; powers = geometric series) 

graphically closer in connection, and also incorporate other powers such as the dyadic (1 

2 4 8), the ternary (3 9 27), and the pentadic (5 25 125). The following three interval 

power series (cf. Grundriß p. 96 and Harm. Plant., p. 273ff.): 

 

Figure 82: 

 

Dyadic: 

Powers of 2: -∞ ... -4 -3 -2 -1 0 1 2 3 4 ... +∞ 

Partial tones: 0 ... 1/16 1/8 1/4 1/2 1/1 2 4 8 16 ... ∞ 

  c,,,, c,,, c,, c, c c c c c  

(all octaves) 

 

Ternary: 

Powers of 3: -∞ ... -4 -3 -2 -1 0 1 2 3 4 ... +∞ 

Partial tones: 0 ... 1/81 1/27 1/9 1/3 1/1 3 9 27 81 ... ∞ 

  asˇ esˇ bˇ f c g d a^ e^  

(all fifths) 

 

Pentadic 

Powers of 5: -∞ ... -4 -3 -2 -1 0 1 2 3 4 ... +∞ 

Partial tones: 0 ... 1/625 1/125 1/25 1/5 1/1 5 25 125 625 ... +∞ 

  heses deses fes as c e gis his disis  

(all thirds) 

 

which show a progression of identical intervals and the series of powers to various bases 

(here 2, 3, and 5) can be drawn graphically as curves and spirals, as shown in Fig. 83.  

 

Figure 83: 

 



 
 

The equal intervals on the horizontal line signify the exponents; on the corresponding 

verticals, the dyadic, ternary, and pentadic intervals are indicated, as far as space permits. 



For clarity’s sake, I have drawn the connections as straight lines, not curves. Under the 

“0” there is a circle with a radius of 1, in which angles of 57°17 are inscribed, 

corresponding to the arc length 1, to the right and left of the unit-radius. From these radii 

one now draws lengths to the right and left of the unit-radius corresponding to the lengths 

on the three upper curves, and the result is the three different spirals that obey the 

equations: 

 

Figure 84: 

r = 2b, r = 3b, r = 5b 

Universally, r = ab 

 

which last is well known as the formula for the logarithmic spiral. 

 The discoverer of this spiral, the famous J. Bernoulli, was so impressed by its 

various peculiarities that he broke out into these words: “This wonderful spiral, due to its 

peculiarities and astonishing singularity, delighted me so that I could not stop 

contemplating it, and the idea struck me that one could well employ it for the symbolic 

representation of various phenomena. Since it eternally produces a similar and equal copy 

of itself as it constantly turns, winds, radiates, it could be a representation of the child, 

who is in all ways similar to its parents: the daughter, looking just like the mother. Or – if 

one might dare to associate the appearance of eternal truth (the curve!) with the mysteries 

of faith – a kind of shadowed image of the eternal begetting of the son of God himself, 

who likewise becomes the image of God the Father, and is made equal to him in being, as 

light radiates light. Or else, because this wonderful curve still remains constant even 

through its change in form and dimension, it could be the symbol for courage and 

reliability in the face of adversity, or for the way the body goes through so many changes, 

finally ending in death, but then resurrects with its original number intact. Yes, were it 

customary to emulate Archimedes, I would have this spiral engraved on my tombstone 

with the inscription: ‘It will rise again, unchanged in measure and yet transformed.’” 

(Translation from E. Bindels: Logarithmen für jedermann, Stuttgart 1938 – where the 

entire problem is discussed more thoroughly, and the characteristics of the “Bernoulli 

spiral” are given.) The latter was indeed done, as we can see from Bernoulli’s gravestone 

in the cloister of Basel Cathedral today. Unfortunately, the stone carver engraved an 

Archimedean spiral, not the logarithmic one so beloved by Bernoulli – supposedly 

because there was not enough room for the latter. 

 We suggest that the reader copy Figure 83, or construct it himself from the 

beginning, drawing the curves and spirals on a separate sheet of paper, as large as 

possible (ca. 80 × 100 cm) and eventually adding the further interval powers 7xb and 9d. 

The effort is worthwhile, as independent graphic work is of great value for impressing on 

oneself the “visual” side of harmonics. 

 

Figure 85: 



 
 

§18.3c. P-logarithms and the monochord 

Above (in §18.2) we learned how to calculate the P-logarithms, then established (§18.3a 

and b) definite graphic relationships between these logarithms and the familiar tone-

numbers (P = partial-tone coordinates). For practical reasons it is often important to 

realize the logarithms directly as tones upon the monochord, and for this the following 

method serves us best: 

 Draw the line AB (see Fig. 85), which represents the length of the monochord 

string, and for better visualization, put the monochord chest beneath it. Then measure, 

starting at A and moving to the right, the lengths 8/9 d, 5/6 es, 4/5 e, 3/4 f, 5/7 xges, 2/3 g, 

5/8 as, 3/5 a, 5/9 b, and 1/2 c. Mark these points on the line – other tones within the 

octave BC, i.e. the section that is half of the string length, can be chosen as you wish. 

Now at A, draw a perpendicular line of whatever length is desired, and divide it into 1000 

parts. (For someone using a monochord 1200 mm long, a sheet of millimeter paper 

measuring ca. 70 × 110 cm will be sufficient to provide a practical division gauge of 

1000 mm, since it works equally well to draw a perpendicular line starting at C.) Now we 

look on the ratio table for the three-digit logarithms corresponding to the above tone-

values, “according to string lengths,” and mark these logarithms as points from D or E 

downwards along the perpendicular lines AD or CE. We can also mark the logarithms of 

the frequencies. For this, we need to mark them from A or C upwards, beginning with 

0000 at A or C, and reaching 1000 at D or E. The resulting curve remains the same in 

both cases. Now, from all these logarithmic points, draw horizontal lines (parallel to the 

string AB) and from the tone points of the string section BC, draw perpendicular lines 

going upward. The points of intersection of these horizontal and perpendicular lines yield 



a logarithmic curve BE, which represents the geometric locations of all possible tone-

values within the octave BC. By means of this curve, we can now make practically every 

P-logarithm sound on the monochord. Suppose we want to “hear” the P-logarithm 300 (a 

point between e and es in frequencies). We simply draw a horizontal line from the point 

300 to the perpendiculars AD or CE, until the line meets the logarithmic curve. From this 

intersection point we draw a perpendicular, which meets the string AB at the distance 

from A where I must place the bridge in order to hear the desired tone. Contrarily, I can 

also find the P-log of any partial tone reduced within the octave 1-1/2 (1-2 in frequencies) 

by using this graphic method in reverse. I construct a perpendicular line at the tone point 

in question upon the string section BC, then draw a horizontal line to the left, from the 

intersection point with the logarithmic curve. The horizontal line meets the log. measure 

1-1000 (perpendiculars AD or CE) at the point of the P-log. corresponding to the tone. In 

practice, with the use of millimeter paper, this is possible with an accuracy of up to 

3/1000, or to 3 logarithmic places, which is sufficient in elementary harmonics. 

 

§18a. Ektypics 

the Weber-Fechner Law, reduced to its shortest form, states that perception is 

proportional to the logarithm of stimulus: P = c · log A. The acoustic realization of this 

“fundamental psychophysical law” is contained in the series comparison by M. Stifel 

noted above: 

 

§18a.1. The Weber-Fechner Law 

 

Figure 86: 

 
 

in which the perception itself, i.e. the hearing of the 1st, 2nd, and 3rd lower or upper 

octaves is proportional to the logarithm of the stimulus, and not to the latter itself. 

 

Fechner 

Fechner devoted his main scientific work, Elemente der Psychophysik (1st ed., 1859; 3rd 

ed., 1907), to the voluminous proof of this law in the most varied domains of perception, 

basing it upon the earlier discoveries of Weber. Felix Auerbach (Tonkunst und bildende 

Kunst, Jena 1924, p. 33) calls it the “differential form,” Fechner’s version, as opposed to 

the “integral form” of the fundamental psychophysical law. As for the universality of the 

law, a lively struggle broke out, even during Fechner’s lifetime, and considering that the 

law is still entwined by a wreath of restrictions, exceptions, etc., one can well agree with 

F. Auerbach (op. cit.) “that Weber’s law is to be seen as largely correct.” The historical 

origin of this law (for which an important source seems to me to be §13 of Hauptpunkte 

der Metaphysik by Joh. Fr. Herbart [see his Collected Works, vol. 3, part 1, 1851, p. 

41ff.]) is not so interesting to us here as the way in which Fechner came upon it. 



 Fechner’s starting point was thoroughly metaphysical. In his Elemente der 

Psychophysik (3rd ed., II, p. 544), he says: “There has always been the notion of a 

thoroughgoing connection between body and soul, imagined in the form of a dual 

manifestation of the same fundamental being ... In the process of writing something 

(Zend-Avesta) that touched upon this notion, I imagined the task of finding a functional 

relationship between both manifestations.” 

 Elsewhere (Fechner-Archiv, no. 86, 87) he writes: “the spiritual and material 

processes both go together, not one after the other, right from the beginning of the 

world.” His concentration upon the fundamental psychophysical law is further illustrated  

by an interesting passage of his Elemente der Psychophysik (3rd ed., vol. II, pp. 544-5):  

 

Directing my attention at first to quantitative relationships, since physics 

makes all qualities dependent on quantitative relationships, and without a 

clear idea of the measure of psychic size, I first thought the intensity of 

spiritual activity might well be proportional to the change in the strength 

of its underlying corporeal activity, which I saw measured through living 

energy. I carried this idea around with me for a long time, but it led to 

nothing, and I finally let it go. Later, I came to the idea of schematically 

elucidating certain fundamental relationships between body and soul and 

between lower and higher spiritual entities through the relationship 

between mathematical series of lower and higher orders (cf. Zend-Avesta 

II, 334); geometrical series often presented themselves as more fitting for 

the purpose. At this point, the idea occurred to me anew of finding an 

expression for the true dependent relationship between soul and body, 

instead of finding a representation that is simply schematic and thus not 

completely accurate, even though it may well elucidate definite 

relationships. But now the scheme of the geometric series led me (22. 

October 1850, morning, in bed), through a somewhat vague thought 

process, to use the proportional increase of the corporeal living energy, or 

dβ/β where β is the living energy, as the measure of the increase of the 

associated spiritual intensity ... With this, the fundamental formula 

emerged immediately, along with the measuring formula as its integral. As 

a first confirmation, I realized that in common experience the 

intensification of the perception of light lags behind the intensification of 

the physical stimulus of light, and the more the stimulus increases, the 

more weakly the increase is perceived. I realized this without yet knowing 

the proper expression of this condition in Weber’s Law, which first makes 

possible a rigorous testing of the formula. Yet I admit, this first very 

general affirmation seemed to me to disclose a gigantic perspective; and 

today I still see this perspective before me, now that this book has made a 

small step into the domain that it has opened. 

 

This “enormous perspective” was, for the deeply religious and philosophical Fechner, the 

possibility of placing thought and perception, natural science and spiritual science, 

together on a universal basis, brought by means of this measuring formula into the 

domain of exact research. No one was more powerfully impressed by the unfortunate 



schism of heart and intellect. Although still witnessing the high point of idealism 

(Schelling, Fichte, Hegel), Fechner found himself amidst the compelling magic of the 

dawning materialism of the 1860s, and seeing clearly through the weaknesses of the 

idealistic era, he saw just as sharply the limits of a heartless and naked science of facts. 

Fechner’s main philosophical works include Zend-Avesta, Nanna, oder über das 

Seelenleben der Pflanzen, Die Tagesansicht gegenüber der Nachtansicht, with its 

wonderful Introduction, the Büchlein vom Leben nach dem Tode, and Physikalische und 

philosophische Atomenlehre, this last being completely forgotten, admittedly outdated 

but containing a wealth of seminal thoughts. Whoever has studied his Psychophysics 

along with his other works, especially those mentioned above, knows that a great spirit 

was fighting a battle for a real “university” of religion, art, and science, a battle that has 

not yet been won; and scant justice has been done to it with this patronizing compliment: 

that Fechner’s greatest accomplishment is his Begründung der experimentalen 

Psychologie. With this trivialization of Fechner’s life’s work, the same injustice has been 

done to him as to Kepler, from whose masterpiece, the Harmonice Mundi, people have 

simply filtered out the formula of the Third Law of planetary motion. The enormous 

metaphysic-harmonic epiphany, from which this law sprang only as an outer 

confirmation, has been explained away as the fantastical hallucination of a dreamer and 

visionary, or at best as an “inspiration.” Even today, most “experts” prattle this nonsense, 

first conceived by Whewell in his Geschichte der induktiven Wissenschaften. 

 We are obliged to discuss Fechner more deeply at this point, because his main 

theme – finding a bridge between heart and understanding – is, in a certain sense, one of 

the main themes of harmonics. For this reason, we will touch briefly upon the difference 

between these two points of view. 

 This difference is best understood when one searches for the reasons for the 

failure of the “psychophysical measuring formula” (in the sense of experimental 

psychology), upon which Fechner pinned so much hope. Today, taught by H. 

Friedmann’s research (Die Welt der Formen) we might say that Fechner resorted too 

much to the “haptic” side in his choices of experiments. At many points he emphasizes 

strongly that the world of the sense of touch is predominant for “outer” psychophysics; 

this misled him into “haptifying” the perception data of all senses, i.e. investigating them 

only from the viewpoint of size (the “sound quantity,” for example). This is especially 

striking when he mentions experiments with tones performed by Euler, Drobisch, and 

others. Although Fechner could have found the accurate psychic measure he was looking 

for in the tone relationships, he complained (El. d. Ps. II, 546) that Euler’s formula said 

“absolutely nothing about the absolute size of perception, only about its differences, 

nothing about its strengths, only about its height.” Here, he completely ignores the fact 

that the autonomy of tone-perception lies not in the haptic element of the quantity’s 

strength, but in the acoustic element of the quantity’s difference in pitch. That was one 

example, and it naturally involved a haptification of all other sense data. By ignoring the 

unique, exact psychophysical connections between the tone-numbers, i.e. the exact 

relation between quantity and quality, for which his formula would have given the 

properly comprehensible psychic background (tone-evaluation), he remained stuck in a 

purely intellectual mathematical formula, which, without a direct and exact psychic 

background, naturally became overgrown immediately by a forest of “exceptions” in all 

domains. “Psychophysics should be understood to mean an exact study of the functional 



dependent relationships between body and soul, more generally between the corporeal 

and spiritual, psychic and physical worlds.” Thus begins his Elemente der Psychophysik 

(3rd ed., vol. 1, p. 8). These exact functional dependent relationships, however, exist only 

in the acoustic domain of tone relationships; and here harmonics – for which, indeed, the 

tone-number represents only the starting point – should  beware of presenting the elicited 

numbers as one or more “formulae,” without the values lying behind them and without 

reflection upon general value-forms, as a solution to the psychophysical problem. What 

the Weber-Fechner Law lacks is the “tolerance” of a system of value-forms, based on 

theorems that are properly verifiable and are anchored in our psyche and in nature – a 

system whose inner amplitude is sufficient to encompass “meaningfully” the 

abnormalities and exceptions. 

 So much for the limitation of harmonics by G. Th. Fechner’s psychophysics. The 

author does not intend to denigrate the works of this great man with these remarks. The 

mere fact that Fechner saw the problem, and ceaselessly endeavored to build a bridge 

between the worlds of the psyche and of matter, remains his underappreciated 

achievement, and must be highly valued from the harmonic standpoint. But Fechner 

demonstrated in his other works, especially in the Zend-Avesta, that he conceived the 

building of this bridge in a completely different way, in deep speculations based upon 

certain universal analogies: in comparison, his “psychophysics” remains an attempt made 

with what I might call suitable means in an unsuitable atmosphere of pronounced haptic 

research, which had no inner relationship to Fechner’s great thoughts. If one looks at 

Fechner’s correspondence and polemics with the learned people of his time, there appears 

an often downright tragic, not to say preposterous misunderstanding, which troubled 

Fechner most deeply. 

 In the language of today’s science, Fechner’s problems and harmonic problems 

are categorized under so-called “psychic measurement,” i.e. relationships between body 

(matter) and soul (spirit) that are precisely expressible by mathematical methods. How far 

viewpoints of the problem diverge is shown, in contrast to the abovementioned view of F. 

Auerbach, in the words of A. Tumarkins (Die Methoden der psychologischen Forschung, 

1929, p. 17): “And thus, the correlation between the progression of the perceptions in an 

arithmetical series and the progression of the corresponding stimulus intensity in 

geometric progression does not signify an explicit relationship, such as would allow one 

to speak of an indirect measurement of perception through stimulus.” Here, not only the 

“explicit relationship” between the arithmetical progression of tone-perception (c c1 c2 ...) 

and the geometrical progression of the stimulus intensity (1 c 2 c 4 c ...) is clear as day, 

but also the direct measurement of stimulus (frequency) through our perception within 

our tone-perception: thus a material numeric relationship through our psyche – which we 

must admit is much more important than the reverse condition argued above. With this 

discrepancy in regard to the fundamental problem, the viewpoints on the spiritual 

implications that Fechner sought to obtain from his law must be much more divergent! 

“This inner psychophysics of Fechner’s has remained a realm of shadows,” writes O. 

Klemm (Geschichte der Psychologie, 1911, p. 254). Later (p. 277) he says: “Fechner’s 

inner psychophysics, which joins with a fully transcendental metaphysics of 

consciousness the psychophysical reinterpretation of the principles of measurement, has 

long been abandoned; but in experimental psychology, the concept of psychic 

measurement has been retained, and with it the task of finding a relationship, grounded in 



measure and number, between a miscellany of interconnected psychic elements and an 

interconnected domain of exterior processes.” (Here Klemm formulates, as he remarks, 

according to G.F. Lipp’s Grundriß der Psychophysik, 1903, p. 40). 

 Now, in harmonics, Fechner’s “inner psychophysics” itself has been reawakened 

to a new life. However, it was necessary to look beyond number, at a system of psychic 

forms, “harmonic value-forms” – forms which, on the material side, establish a precise 

bond between psyche and nature by means of harmonic theorems (this book’s main 

subject), and which, on the spiritual side, reach into further domains of psychic and 

spiritual manifestations, thus illuminating this “realm of shadows” with clearly defined  

forms. 

 

§18a.2. Further ektypic considerations 

Let us think back once more, and attempt to practice the “harmonics” of the logarithm 

again more precisely. We “hear” equal intervals, whilst the material basis (frequencies or 

strings = wavelengths) advances in geometric progression. Our psyche, then, perceives 

equalities, namely the same intervals, whilst the corresponding “stimulus” advances or 

retreats at an unequal rate, albeit according to a certain law. Since this “equality” of the 

perception of intervals expresses itself numerically in the equidistant (arithmetical) 

advancement of exponents (i.e. logarithms, in this case), the logarithm plays a 

“fundamental cognitive role,” as I believe the physicist F. Auerbach was the first to 

remark (Tonkunst und bildende Kunst, 1924, p. 32). If one emphasizes this equality of 

interval perception, the “cognitive” element of the logarithm, as its most authentic 

quality, then the logarithmic base naturally only plays a secondary role, inasmuch as one 

can transpose any logarithm system into another by means of the module. 

 

The number e 

It is interesting to investigate the harmonic genesis of the number e, known to be the 

basis of the “natural” logarithm system. E. Colerus called this number “the most 

important thing in all of mathematics” (Vom Einmaleins zum Integral¸1936, p. 384), and 

many mathematicians regard it with a kind of holy awe, because it crops up everywhere 

in the operations of higher mathematics. 

 The familiar explanation of the number e is something like the following: “Let the 

number 1 grow in a simple interest relationship, until 1 has grown into 2. Then  let the 

number 1 grow according to the same terms, with interest on its interest (instead of just 

interest, as before) – and the result will be not the number 2, but the number e.” 

 This “explanation,” although it is correct, is a banality. Also, for a harmonist it is 

completely incomprehensible, because he does not have an adequate grasp of the 

workings of interest, let alone interest on interest (assuming that the author may project 

his shortcoming onto others!). We come closer to a harmonic understanding if we write 

out the number series that lead up to e in the simplest way: 

 

Figure 87: 



 
 

A few steps of this calculated: 

 

(1 + 1/2)2  = 2.250 

(1 + 1/5)5  = 2.489 

(1 + 1/10)10  = 2.594 

(1 + 1/20)20  = 2.653 

(1 + 1/100)100  = 2.704 

(1 + 1/1000)1000 = 2.717 

(1 + 1/10000)10000 = 2.718 

 

As one can see, with a sufficiently high value of n, this series approaches the limit e = 

2.718281... 

 A successive summation of certain partial-tone intervals is common to both types 

of series (1 and 2). But the first form (the “factorial” form) becomes interesting when we 

write it not like this: 

 

Figure 88: 

 
 



so that the harmonic background of the denominator series is rightly expressed (cf. §20) 

as always beginning from the zero of the imaginary basal series. Behind the number e, 

then, there is a psychic intervallic quality, i.e. an accumulation of ever more finely 

differentiated psychic steps. One must admit that the harmonic analysis of the number e 

reaches down to somewhat deeper levels of our consciousness than the obligatory 

example of the calculation of interest upon interest – one must then assume that the 

“Zinslipicker” make a psychic kowtow whenever they clip their coupon-intervals. 

 I have discussed in detail the harmonic significance of the factorial numbers 

emerging in the above 1st derivation of the number e in my Hörende Mensch, p. 106ff., in 

connection with v. Thimus (Harmonikale Symbolik I, p. 254ff.). A. v. Thimus (op. cit., p. 

255) shows that these factorial numbers are also an especially interesting historical 

phenomenon, in his reference to a passage in the ancient Hebrew book, Jezirah: “Two 

letters build two houses, three build six houses, four build twenty-four houses, five build 

a hundred and twenty-five houses, six built seven hundred and twenty houses, and from 

there it goes on, and think what the mouth cannot speak and the ear cannot hear.” Equally 

important (Thimus I, 86ff.) are the fundamental symbols of the venerable Chinese “I-

Ching”: 

 

Figure 89: 

 
 

whose numeric expression can be written thus: 

 

Figure 90: 

 
 

a formula that is generally known to represent 6th coefficient of the “binomial theorem” 

bounded by the index 6 (Senarius!) – a fundamental calculation for the algebraic 

derivation of the number e, and indeed for higher mathematics in general. This 

calculation, as we shall see (§22a ad 2, b) can be directly read from the system of partial-

tone coordinates, and thence derived. 

 We have seen that the concept of the logarithm developed from a comparison 

between an arithmetical and geometric series, whose simplest prototype we discerned as 

the comparison of tone-number and tone-value, i.e. perception of stimulus and of tone. 

Later (§36) we shall learn in what form these two types of series appear in the tone-

system. As for the number e, it is instructive to know that it was the product of the efforts 

of Bürgi and Napier, contemplating the first logarithmic tables, to condense the geometric 

series so far that a corresponding logarithm would be available for any desired number. 

The Swiss Jost Bürgi, with whom Kepler was also connected, worked out “tables of 

arithmetical and geometric progression” between 1603 and 1611, which were published 

in 1620. They were (in today’s nomenclature) arranged in the following manner: for the 

number series xn = 10n(10.n), in which n passes through the numbers 0, 1, 2, 3 ..., a 



number series yn is built, in which y0 = 108, and to each one the ten-thousandth part is 

added, down to the last calculated y,. It is then 

 

Figure 91: 

 
 

The numbers xn thus go through an arithmetical series, the numbers yn through a 

geometrical series with the quotient 1.0001, and it follows that: 

 

Figure 92: 

 
 

which means that Bürgi’s table is a logarithmic table with the base ß = 2.718145926... 

This number is found through the series-development of log ß = 104 log (1 + 1/104). 

Napier proceeds similarly, from which natural logarithms founded on the basis 1/e are 

also known as Napier’s logarithms. As has been said, the leading thought of Bürgi and 

Napier was, as with Stifel, the comparison between an arithmetical and a geometric 

series, and F. Klein (Elementarmathematik vom höheren Standpunkt aus, 1924, p. 159ff.) 

remarks correctly that this primordial thought process comes closer to the real, deeper 

understanding of the logarithm than the familiar definitions or the mere practice in 

today’s schools. 

 Here we can only touch upon the transition of the number e into the exponential 

function ex, whose relationship to the logarithm directly provides its differential quotient 

(i.e. the derivative of ex is ex). Likewise we can only briefly note the importance of this 

most remarkable relationship for natural processes of the most varied types, organic 

growth, etc., and the general meaning of e and ex as “axes” of all higher mathematics. A 

more exact ektypics of logarithmic, numeric, and visual forms (for example, the 

application of the log. spiral in graphic root extraction and multiplication, the log. curves 

within flowers, etc.), with which most readers will be familiar from their own fields, 

would exceed the limits of this section. 
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§19. CONVERGENCE – DIVERGENCE – PERSPECTIVE – EQUIDISTANCE 

 

With this last theorem of the tone series, we return to its primordial formulation: 

 

Figure 93: 

 

 
 

For frequencies, we have the overtone series on the right and the undertone series on the 

left, both of which we categorize under the general term “partial-tone series.” In §7, we 

covered the space-time polarity, or major-minor polarity, of the tone-numbers n/1 : 1/n, in 

anticipation of the series characteristics. In §13 and §14 we touched upon the shortening 

element of the law of harmonic quantization, which is founded upon the law of the 

overtone series. Here we shall unite the over- and undertone series, thus arriving at 

another interesting theorem or image-concept. 

 

§19.1. Convergence – divergence 

Let us observe the reciprocal partial-tone series numerically. On the right of the unity 1/1 

we have an equidistant progression of the number series ad infinitum, 1/1 → ∞/1, and on 

the left a shortening progression of the reciprocal number series 1/∞ ← 1, ending with the 

symbol 1/∞, which is mathematically equal to 0. The idea of 1/1 → ∞ embodies the 

concept of infinite progression, which is also expressed by the word “divergence,” and 

presents no conceptual problem except that of infinity. But the idea of 1/∞ ← 1/1 creates 



considerable difficulties, if we only gauge it arithmetically. Customarily the series 1 1/2 

1/3 1/4 ... 1/n is considered divergent for n = ∞, i.e. infinitely large (this was proved by 

Bernoulli in 1689). However, 1/∞ equals 0, and 0 is a limit, i.e. the Nothing, where every 

number stops. From this aspect, the aliquot series would also be convergent. However, 

from the geometric-graphic practical viewpoint, it is convergent, i.e. it approaches a 

limiting value. I need only draw the segments 1 1/2 1/3 ... at their true sizes on a sheet of 

paper to appreciate that I will very soon arrive at a point where it “can’t go any further” – 

and this stopping point itself is only the synonymous term for the limiting value, the 

convergence, the limit. So within mathematics, we have two arguments for the 

convergence of the aliquot series 1 1/2 1/3 ..., against which the pure logical argument of 

divergence stands as antinomy. The decisive factor for us is the consideration that the 

symbols 

 

0   ←   |   →   ∞ 

 

absolutely do not indicate sizes, but actual directions. And obviously, one direction of the 

partial-tone series approaches the infinite and the limitless, while the other approaches 

the limit 0, the bounding Nothing. If for speculative and symbolic reasons one wants to 

uphold the fiction of the two infinities 1/∞ and ∞/1, then one must change the character 

of the series (implying an infinity of series!); but even then, the morphological difference 

between the two series types 1 2 3 ... and 1 1/2 1/3 ... remains. The first approaches the 

infinite, the second obviously approaches a limit, due to its constant shortening. In 

general, it is valid to say that all arithmetical series “sum” toward infinity, all geometric 

series approach a limiting value when the quotient is <1 and the sum of their members 

represents a certain number, whereas the harmonic series partly diverge and partly 

converge. For more on the symbolism of 0 and ∞, see §54.6. 

 

§19.2. Perspective – equidistance 

If we draw both the partial-tone series pointwise, arranging the true sizes of their ratios 

successively, going outwards to left and right from the unity 1/1 c, then we get the 

following perspectival image: 

 

Figure 94: 

 
 

If we draw the partial-tone series according to the true sizes of their ratios, not in 

succession, but with all ratios always calculated starting with 0, figured to the right as 

points on a line, then we get this pattern:  

 

Figure 95: 



 
 

Here, the overtone series (right from 1/1) takes an equidistant form, while the undertone 

series takes a perspective form. If we draw the partial-tone series in the way to which we 

are accustomed from the principles of coordinate systems, as we do on our familiar 

diagrams, then we get an equidistant coordination image to the right and left of the unity,  

 

Figure 96: 

 
 

whereas in purely numeric terms the left side “diminishes,” while the right side 

progresses equidistantly in its numbers. And finally, if we draw both partial-tone series 

according to the distances of their inner values, i.e. according to the intervals, then we get 

the following perspectival-logarithmic image, as we learned in §18: 

 

Figure 97: 

 
 

in which the same intervals always stand on the left and right of the unity, and the octaves 

always have the same distances. Here we see a clear perspectival diminution on both 

sides. I am aware that here, with the logarithmic “diminution” or “shortening” of 

distances, the concept of perspective is not valid in the strict mathematical sense, because 

the logarithmic-point series cannot (I believe) be reduced projectively to an equidistant 

series. But primarily, the harmonic concept of “perspective” applies to the principle of 

shortening (or lengthening), and therefore to the morphological category of 

“perspective,” which is likewise expressed in the logarithmic series. 

 

One can see from the illustrations above that the perspectival and equidistant element of 

the partial-tone series comes up in various ways, depending on the point of view and on 

one’s judgment. Which representation should we choose as the authoritative one? There 

can be no doubt about it: we should use formulae 96 and 97 as a basis for future 

investigations, because of the following considerations: no. 96 appears to be purely 

schematic, since the equidistance of the fields merely shows the uniformity of the single 

ratios. But in §20, testing on the monochord these “partial-tone coordinates” that are 

based on this arrangement, we will see that this equidistance of ratio fields is in no way 

external or neglectful of the inner content. On the contrary, it reveals most simply the 



inner laws and norms of the tone structure. While the equidistance of the fields is in 

agreement with the arithmetical progressions of the overtone-ratios, this equidistance 

forces, so to speak, the succession of undertone-ratios, which indeed diminish 

perspectively. Anyway, this shortening is expressed in the ratios (fractional numbers), in 

the basis of material vibration that underlies the tone-system. This representation is also 

advisable because of the symmetry of the intervals to the right and left of 1/1: a symmetry 

that does not appear in the formulae 94 and 95. Although in 96 the perspectival element 

of the aliquot series lies only in the numbers and intervals, and not in the coordinate 

image, we can still designate this representation on the whole as uniform, and in a certain 

sense equidistant. This is because here, we use the counting of the material frequency as a 

basis for the coordinate image: it goes from step to step, always uniformly, whether I go 

up (1/1 2/1 3/1 ...) or down (1/1 1/2 1/3 ...). 

 We obtain a completely different image when we use the distances of the tone-

values, i.e. the intervals, as a basis (Fig. 97). Here we have an expressly perspectival 

image of the logarithms, which shorten to the left and right of unity, although once again 

we see the element of equidistance appearing in the equal spacing of equal intervals, for 

example: 

 

c,,   c,   c   c   c 

 

On the whole, however, this image of the “logarithmic partial-tone coordinates” shows a 

non-uniform character that “diminishes” from unity outwards, and shortens 

logarithmically-perspectively. Because of this character, we can simply call this form of 

representation perspectival. Here, as everywhere in harmonics, the reader is asked to 

understand the concept of perspective not in the sense of a mathematically exact 

perspective, but in pure morphological terms as the expression for an element of 

successive shortening or lengthening (depending on the viewpoint). 

 

§19a. Ektypics 

 

§19a, ad 1. Convergence – divergence 

Number theory distinguishes between finite and infinite limiting values, so for example 

the series 1 1/2 1/3 1/4 ... converges to the limit 1/∞ = 0, and the series 1 1/2 1/4 1/8 

1/16 ... converges to the maximum value of 2. There are formulae for the conditions of 

convergence and divergence in a series, but they only take into account its numerical, not 

its morphological character. There are also series for which convergence or divergence is 

not yet decided. “The investigation of whether a series is convergent or divergent is one 

of the most difficult areas of mathematics” (E. Colerus: Vom Einmaleins zum Integral, p. 

317; see also ibid. p. 329). Let us now assume that the vectorial series character of both 

fundamental (basal) harmonic series (the over- and undertone series) approaches a limit, 

i.e. that each series is infinite in its own direction. Let us further assume that the 

fundamental character of all overtone series is divergent, and that the character of all 

undertone series is convergent. Therefore, in the last case, the sign 1/∞ changes into 0 (as 

far as one may say that the mathematically “divergent” series 1 1/2 1/3 1/4 ... 

“converges” to 0). It is interesting to examine a few of these series  

 



Figure 98: 

 
 

(Fig. 98 is from Waismann: Einführung in das mathematische Denken, Vienna 1936, p. 

103). In Fig. 98, series 1 is the overtone series, series 5 is the undertone series. Both are 

of the “infinite” type, and the sum of their terms is, in both cases, infinite, even though 

the undertone series approaches the limit 0. Series 6, which we will get to know later as 

the first parallel to the generator-tone line in the partial-tone coordinate system, is 

likewise an infinite series; however, it approaches the limit 1. Series 7 actually produces 

an infinite series approaching 1 from above and from below: 

 

Figure 99: 

 
 

Here we find its ratios on the two parallel lines lying above and below the generator-tone 

line in the “P” [= partial-tone – Tr.] system. Series 8, the series of the “golden section,” 



hovers ever closer around a certain limiting value, the division point of the sectio aurea 

which, as I have shown in my Harmonia Plantarum, p. 148ff., is actually a third-sixth 

relationship. 

 A few more summations of series are instructive for harmonics. We saw in the 

previous section that the summation of specific (discrete) intervals produces the number 

e. The so-called Archimedean series 1 + 1/4 + 1/16 + 1/64 ..., which is a series of octaves 

each leaping over an intervening octave, has the sum 4/3, i.e. the 2nd octave above the 

lower fifth f, therefore the interval of a fourth. The so-called descending geometric series 

1 + 1/2 + 1/4 + 1/8 + 1/16 ..., which is the familiar reciprocal octave series, has the sum 2, 

i.e. the first octave-ratio after 1. The so-called Leibniz series 1 – 1/3 + 1/5 – 1/7 + 1/9 – ... 

= π/4, which the famous philosopher used to determine the circumference, exists 

harmonically as an alternate summation and subtraction of the new values appearing in 

the tone-system in each case, leaving out their octaves. The concept of the series was 

already known to the ancient Pythagoreans. One can assume that ekthesis was a technical 

term for “series,” and horoi the term for its components (Cantor: Vorlesungen über 

Gesch. d. Math., 4th ed., 1922, I, p. 159). These concepts were presumably connected 

with the terms artios and perissos, to be discussed later. Since the Pythagoreans, as I have 

demonstrated in my essay on Pythagoras (Abhandlungen), founded and derived their 

entire way of thinking through harmonics, it is certain that in addition to the concept of 

the series, they had also clearly grasped the concepts of the finite and infinite (bounded 

and unbounded), which include that of the limit. Likewise, they must have stumbled upon 

the mathematical image of the reciprocal partial-tone series (basal series) while 

experimenting on the monochord. The value of the Pythagorean discovery is in no way 

diminished by the fact that “higher mathematics” 2000 years later (G. Hessenberg: Das 

Unendliche in der Mathematik, in Abh. der Frießchen Schule 1904, p. 148) is 

characterized by the rediscovery of the concept of limit and its definition: on the 

contrary! “The concept of the limiting value is of fundamental importance. It belongs to 

the primal concepts of analysis, i.e. the part of mathematics that deals with infinite 

processes (series, products, continuous fractions, differential and integral calculus),” says 

Weber-Wellstein’s Enzyklopädie der Elem. Math., vol. I, 1922, p. 97. But together with 

this concept of the limit 0 ← 1/1, the Pythagoreans simultaneously obtained the concept 

of the infinite: 

 

0 ← 1/1 → ∞ 

 

on the basis of their harmonic understanding. However, this infinite = apeiron, which 

modern philosophical history happily presents in isolation as the grandest discovery of 

the ancient Pythagorean harmonists, has a very close relationship with the concept of the 

limit; indeed, without this concept it is not even possible. If one glances through Diel’s 

pre-Socratic fragments, one will not find the isolated apeiron (the unbounded), but 

instead the paired concepts of the bounded and unbounded perainonta kai apeira, twin 

concepts that are expressly derived by Philolaos from the typical harmonic perisson kai 

apeiron (Fig. 100)  

 

Figure 100: 



 
 

(see my Abhandlungen, p. 97, and Diels’s Die Fragmente der Vorsokratiker, 3rd ed., 

1912, vol. 1, p. 309ff.). The precise psychophysical basis of these twin concepts of 

“limitless” and “limited” belongs to the theorem of the polar partial-tone series. One need 

only grasp them inwardly to be particularly struck, along with many other ektypical 

effects, by the situation of man (1/1) as a being oriented between two endless paths (1/∞ 

← 1/1 → ∞/1), yet simultaneously bounded (∞/1 = ∞) and unbounded (1/∞ = 0). While 

we may simply say that the infinite translates to an endless task which this world in every 

way sets before us, the convergence toward 0, with its various limiting values and 

limiting places, means the realization of the world of forms in a universal and all-

embracing sense. Here, then, we stand between two “realities”: one of the endless task, 

and another of the finite designation and consciousness of form. Here the difference 

between harmonic thought and that of current existential philosophy is especially 

conspicuous. The latter only considers the one aspect of the human condition, the 

convergence toward the “Nothing” (the zero: 0 ← 1/1), which, standing isolated, will 

always be bound up with the “fear” of inward constriction, cramping, etc. Moreover, in 

this “Nothing” (-0) existentialism sees only the purely logical, the material, the symbol of 

the zero as non-existence. For the harmonist, however, who thinks not only logically but 

morphologically, and “beholds,” the zero is not the Nothing, but a symbol for the limit, 

i.e. the very possibility of taking on shape and form. But these forms are not isolated: 

they are indivisibly bound up with the eternal (1/1 - ∞), in an unceasing striving that 

arises from it and returns to it. Also the concepts of the “infinite” and “definite” belong 

here (see my Abhandlungen, p. 264, and Grundriss, p. 333). Much has been thought and 

written about the value and meaning of the infinite, not only from the formal-



mathematical approach, but even more from the philosophical approach, especially in 

recent times. On the other hand, the secret of form is still caught in the crossfire of 

various viewpoints, so we must give it our special and repeated attention from the 

harmonic side. Starting from  the concept of limiting values and convergences, using 

akróasis as a basis, we find new insights, in this case especially from the viewpoint of so-

called “cluster points.” Every convergence, be it oriented toward the 0 or toward some 

other expressible limiting value, disembogues into an atmosphere of cluster points, of 

ever more densely compressed values, whose very concentration is what makes the form 

possible. Consider the series in Fig. 98, and think of the “wave-packets” of modern 

matter-theory, even the concentration of thought, etc. If we establish the tone-values, we 

will notice that every tone point represents a limit in a certain sense, around which hover 

an inifinite number of values; but it also needs “tolerances,” a leeway, to be able to exist 

at all. We have already mentioned this phenomenon in connection with the “variation 

width” of the main interval (§17.2), and we will cover that in detail later (§51). 

Fundamentally, every tone point in the system of partial-tone coordinates is a “cluster 

point” in the sense of the mathematical convergence principle. Later, we will also be able 

to discuss the other concepts related to this, such as hierarchy, the sphere of influence, 

etc.: they all go back in the end to the convergent character of the reciprocal partial-tone 

series, in which we see at least one important key to the enigma of how form comes into 

being.  

 

§19a, ad 2. Perspective – equidistance 

If we take as a basis the ektypic observations of the two most important illustrative 

partial-tone series, then according to the above Fig. 96 and 97, we have the “equidistant” 

series: 

 

Figure 101: 

 
and the “perspective-logarithmic” series: 

 

Figure 102: 

 
 

In the upper series, the numerical progression is identical to either side of 1/1, while the 

octaves – the most important ratio values – show a perspectival image, like the intervallic 

quality in general. The character of this perspective is aimed on both sides toward 1/1 as 

a perspectival point; we call this type of harmonic perspective “introverted.” In the lower 

series, the numerical progression is different on each side of 1/1, while the octaves 



present a uniform, equidistant image. The character of this logarithmic ratio perspective 

is aimed outwards on both sides; we call this type “extroverted” from the 1/1. As a third 

perspectival possibility, we suggest looking at the scheme of Fig. 94. Here we have the 

interesting and ektypic case (especially important in the analysis of tone spectra – see 

Abhandlungen) of the so-called “one-way” perspective, i.e. the fact that although the 

ratios are oriented towards opposite poles, the perspective that emerges from the series of 

points only runs in one direction. 

 If we stay with the two fundamental representations of the equidistant and 

logarithmic partial-tone series, they give us some important insights. First of all, I would 

like to mention once again that there are perspectival elements contained within the 

equidistant configuration of the partial-tone series and the partial-tone coordinates; and 

conversely, there are equidistant elements in the logarithmic (non-uniform) partial-tone 

series and the logarithmic partial-tone coordinates. This does not prevent us from 

describing the overall morphology of the former as “uniform” and equidistant (with 

regard to the number series), and that of the latter as “perspectival.” 

 If we think about how every individual being-value identifies with the 1/1, then 

supposing we linger in the haptic domain, this realization will require a uniform treatment 

of things. Everything material is equally important and consistent here, and as a much-

used book by Nernst-Schoenfließ says (Einführung in die math. Behandlung der 

Naturwissenschaften, 1923, p. 59): “Admittedly, we are not always aware that we regard 

the elementary individual processes as uniform; we are so used to operating with this way 

of thinking that we do not feel the need to keep clarifying their actual character for 

ourselves. However, we must stress that this assumption is at the basis of our whole 

scientific way of thinking.” This is simply the consequence of viewing the world from the 

haptic aspect; to judge it rightly from the value aspect, it is necessary to see it from the 

point of view of akróasis. Then from 1/1 outwards, we “experience” the places of the 

tone-values in a “perspective” (octaves, primary intervals) that presses upon us, despite 

the fact that the ratios proceed uniformly: we “do not see the forest for the trees.” We are 

simultaneously confined and leveled, despite the apparent “objectivity” of the 

surroundings. The image of these haptic partial-tone series, and that of the relevant 

partial-tone coordinates, is best characterized as a uniform progression; it fits absolutely 

with the nature and method of “scientific” thinking and research. But we must be very 

careful to avoid any kind of exclusively negative judgment of it. The symbolism of these 

“haptic” partial-tone coordinates will later grant us deep insights into the highest 

spiritual, and indeed religious, principles, so long as we can rightly decipher the value 

content of this diagram. 

 To conclude this short analysis of the haptic partial-tone series, we will extract 

two more interesting elements. Firstly: the ratio progression is equidistant upwards and 

downwards (because we multiply or divide frequencies starting with 1/1 according to a 

ratio of one, two, three, four, etc.). Despite this fact, the undertone series narrows and 

converges toward 0 in its quantitative number content, whereas the number content of the 

overtone series remains equidistant and diverges toward ∞. I am convinced that here is 

one of the deep, value-formal reasons for the current but very remarkable habit of the 

exact (haptic) sciences in accepting, and indeed demanding, a certain “real” infinity going 

upwards (1 2 3 → ∞) into the macrocosm, while they have no trouble with the concept of 

an “infinite” limiting value (1/∞ = 0) going down (0 ← 1/3 1/2 1) into the microcosm, as 



has been postulated ever since Democritus in the atomic concept, in all its possible 

variations. 

 Secondly, there is the appearance of perspective in drawings and painting with the 

beginning of the scientific-haptic way of thinking among the ancient Greeks, its 

subsequent loss in the “unscientific” Middle Ages, and its reappearance in the 

Renaissance. In the “equidistance” or uniformity of reality, the artist sees the values 

perspectively; he can and wants to see nothing else, because only thus, by means of  

perspective, can he lift the curse of its uniformity – and actually put it in perspective. If 

today we consider the painter’s perspective too “natural” or reality-bound, and modern 

art breaks away from it, it is only because artists of the modern type, of course quite 

unconsciously, see the center (1/1) of their own being-value in perspective. In harmonic 

terms: they place themselves within the configuration of the perspectival-logarithmic 

acoustic image, from where, one might say, they observe the world “non-perspectively,” 

purely according to the measure of values. They meet again here with the art of those 

peoples to whom the haptic scientific world view is meaningless, or who have not 

encountered it. 

 Here we come to the situation of man when he places himself in the logarithmic-

perspectival configuration of harmonics. The space around the 1/1 is free here, and we 

see only non-uniformity, which loses itself overall in the distance in limits.  

 

“The inifinite, the greatest expanse, surrounds itself; the person with this 

viewpoint has his God within and around him. The material data (tone-

numbers) are limited in all directions, but also unequal among themselves. 

Their size varies depending on the viewpoint of the observer who is placed 

at 1/1. A sum of coins is sometimes large to such an observer, sometimes 

small, depending on his psychic position ... The difficulties of this purely 

psychic viewpoint are, along with the virtual impossibility of material 

judgment, a losing of oneself in the abysses and expanses of the conscious 

or unconscious “I,” and a continuous view of limiting values, palisades, 

walls, outside of this I, since the direction of its limiting perspective only 

points outward. He banishes this danger, in that he himself makes things, 

creates limits. Perhaps the reason for the astonishing one-sidedness of 

almost all artistic creators, especially musicians, lies here.” 

 

The above is a quote from my essay: Die harmonikale Perspektive (Abhandlungen p. 41-

58), in which both types of P-coordinates are indeed used as a basis. But the given 

analyses can be performed upon the simplest partial-tone series, whereupon I beseech the 

reader not to take them as conclusive: I hope, if anything, that he will get something else 

out of these or other phenomena. Thus, for example, one can modify the “perspectival” 

viewpoint purely on a value basis, so that with regard to the tone-value the perspectival 

person perceives and creates uniformly, equidistantly, since the “octaves” (the framing 

intervals of perception) have equal spacing. In addition, the equal-tone lines are parallel, 

thus going on into the “infinite.” The psychic and spiritual “amplitude” of a given being-

value fits within the size of the primary framing interval around the 1/1,. 

 At this point, I have deliberately begun to give detailed examples of a “harmonic” 

psychoanalysis, or better yet, “phenomenon analysis” so as to introduce the reader to this 



type of harmonic thought. Here one must meditate much and witness the phenomenon’s 

findings at firsthand. These harmonic analyses are a type of horoscopy of harmonic 

theorems and often allow various interpretations, as every horoscope does. But since the 

harmonic “aspects” (= theorems) and theorem constellations are not articles of faith but 

psychophysical actualities, whose evidence our mind and heart may test and verify, all 

analyses related to them, even when they are initially contradictory, are rationally devised 

and can dispense with all mystification. 

 Let us now return to the two concepts of perspective and equidistance, and turn 

our attention to the original partial-tone series 

 

Figure 103: 

 
 

without looking back at its linear or diagrammatic presentability. It is apparent that to the 

left (the undertone series) the numbers diminish perspectively, whereas to the right (the 

overtone series) they remain equidistant. Bound up with this are the polar appearance of a 

major and minor chord, the numeric reciprocity of this polarity, and the associated 

reciprocity of frequency and string (wave) length, which have already led us in §7 to the 

important hypothesis of a shortening of time with equidistant space and a shortening of 

space with equidistant time. Now, supported by the observations in the section, this 

hypothesis has a further significance. Furthermore, I refer the reader to my “tone spectra” 

(in Abhandlungen), which are built completely upon the principle of perspectival 

equidistance of the partial-tone series, and where the interesting phenomenon of the “one-

way” perspective or series in the polar origin of ratios is discussed, along with various 

other related “serial” laws. In principle, every optical “series” is a perspective of the 

spectral line that derives from some given ratio-constancy. So we can say that behind 

optical laws, the twin concepts of perspective and equidistance exist as a morphological 

factor, despite the great difference in material basis between acoustics and optics. 

 As a conclusion to this small selection of ektypic references for the general 

importance of 1/n ← 1/1 → n/1 (perspective and equidistance), we now give a 

physiological example: the relationship of eye and ear. 

 

Relationship of eye and ear 

As we saw, what we hear becomes equidistant, whereas what underlies this hearing 

experience as a number shows a perspectival character:  

 

The tones: c c c c c 

 

How we hear them: 1    2    4    8    16  equidistantly 

   c    c   c   c c 

 

What we hear:  1 2 . 4 . . . 8 . . . . . . . 16 perspectively 

   c c  c      c            c 

 



On an acoustic (value) basis, the haptic, measurable constant is perspectival, here a 

geometric series: 

 

1 2 . 4 . . . 8 . . . . . . . 16 

 

The corresponding tone-value, on the other hand, is equidistant: 

 

c c c c c 

 

To our perception, all octaves have the same distances, whereas our understanding 

recognizes the frequencies of these octaves as a geometric progression. 

 For the eye, it is reversed. Everyone knows that we see perspectively. The more 

equally the objects are spaced, and the more equidistant they are (train tracks, the spacing 

of trees, etc.), the more clearly we perceive the perspective. In other words, the haptic-

measurable constant is uniform here, equidistant, and the optical impression, the psychic 

experience, is perspective: 

 

Eye 

Seeing = perspectival 

What one sees = equidistant 

 

Ear 

Hearing = equidistant 

What one hears = perspectival 

 

Eye and ear stand, thus, in a mutual reciprocity, which means that they “reciprocally” 

complement each other. And if we consider that this reciprocity is in agreement with that 

of space and time, and goes back to the two psychic forms of major and minor, then we 

presumably have one of the deeper reasons for the becoming and being of our two most 

important sense organs, eye and ear. 

 

§19b. Value-form 

On the subject of perspective-equidistance and convergence-divergence, let us note a 

series of further associated concept-pairs: 

 

Perspective  (visual)  Equidistance 

0  =  1/∞  ←  1/n  ←  (algebraic)  →  n/1  →  ∞/1  =  ∞ 

convergent  (mathematical) divergent 

contraction  (physiological) expansion 

breathing in  (physiological) breathing out 

centripetal  (physical)  centrifugal 

minor (time)  (psychological) major (time) 

major (space)   (psychological) minor (space) 

microcosm  (philosophical) macrocosm 

bounded  (Pythagorean)  unbounded 

   etc. 



 

We see that with these harmonic theorems of convergence-divergence and perspective-

equidistance, a series of concepts of the first rank is reached. In my Grundriß eines 

Systems der harmonikalen Wertformen, I tried to introduce some of these pairs of 

concepts as value-forms, under the title “Die harmonikalen Inversionen.” A voluminous 

work could be written on the subject of these inversions alone, which are based upon the 

same general phenomenon of harmonic polarity, and in the course of this text we will 

come to that from yet another angle. Here, the symbolic analogy of the conceptual pair of 

contraction-expansion will be discussed in a philosophical system, long known but only 

by a few, which belongs to humanity’s most profound spiritual achievements: that of 

Jakob Böhme. I quote here from my Harmonia Plantarum, p. 256ff.: 

 

“This fundamental polarity of expansion and contraction is precisely realized at the basis 

of all harmonic prototypes of plants, which can always be traced back to some harmonic 

development: 

 

Figure 104: 

 
 

“One could just as well apply this polarity of expansion and contraction to the domain of 

the roots and stems of plants (the ‘sucking’ of the root as ‘contraction,’ the ‘expansion’ of 

the growth of the plant above ground). It is interesting for this polarity to note a place in 

Brewster’s work, Sir Isaak Newtons Leben nebst einer Darstellung seiner Entdeckungen 

(translated by Goldberg, Leipzig 1833, p. 254), in which according to William Law, 

Newton had diligently studied Jakob Böhme’s writings, and his papers included 

comprehensive extracts from them in Newton’s own handwriting. A bitter pill for our 

modern physicists, that their idol Newton might have the ‘abstruse muddlehead’ Jakob 

Böhme to thank for his theory of gravitation! Be that as it may, it is certain that without 

the polarity of expansion and contraction, the notion of gravitation is impossible. The 

resourceful shoemaker of Görlitz, in fact, gives the first of his nature-forms the 

characteristics of ‘bitter,’ ‘cold’ contraction, and designates the second as ‘sweet,’ 

‘balmy,’ ‘warm,’ and light-seeking. 

 “This William Law (1686-1761), a precursor of the Methodists and a devotee of 

Jakob Böhme, writes in a letter from March 1742 to his friend, the Scottish physicist Dr. 

George Cheyne: [Kayser gives these extracts in English – Tr.] ‘When Sir Isaac Newton 

died, there were found among his papers large abstracts out of J. Böhme’s works written 

in his own hand. This I have from undoubted authority; as also that, in the former part of 

his life, he was led into a search for the Philosopher’s Tincture from the same author.’ 

And in a post-script he adds: ‘From the authority above I can assure you that Sir Isaac 

was formerly so deep in Jakob Böhme, that he, together with one Dr. Newton, his 



relation, set up furnaces and for several months were at work in quest of the Tincture, 

purely from what they conceived from him. It is no wonder, therefore, that the attraction, 

with its two inseparable properties, which make in J.B. the First Three Properties of 

Eternal Nature, should come to the grand foundation of the Newtonian philosophy.’ 

Stephan Hobhouse, from whose essay ‘Isaac Newton and Jakob Böhme’ (in Philosophia, 

vol. 2, 1937, pp. 25-54) these quotes are taken, attempted to absolve the great Newton 

from the accusation of plagiarism – an accusation totally inappropriate as such, because 

Böhme’s doctrine doubtless interested Newton because he recognized there the spiritual 

foundation of his gravitation theory. This was surely a burning inner need for Newton, for 

which obviously Hobhouse, who calls Böhme’s deep teaching a ‘confused and obscure 

system,’ lacked the organ of perception, thus seeing the Newton-Böhme problem 

completely askew. Böhme writes in his Aurora, Ch. 8, 24: ‘Because the bitter quality is a 

darkness in its trunk or core, when it manifests in its own energy; and the sweetness, in 

its own energy, is an expanding and warming ascending light.’ But this is the exact 

notion of contraction and expansion, only expressed visually, and identical (if light-

frequencies are substituted) with 1/n ← 1/1 → n/1 – the harmonic polarity of the small 

and large, of darkness and light. Böhme discussed his ‘gravitation theory’ in later 

writings much more elaborately and articulately, and as a second nature-form in place of 

the ascending sweetness, the ‘thorn’ of ‘bitterness’ (Sechs theosophische Punkte, I, 43) is 

introduced; but one must not forget that he uses seven nature-forms as a basis for the 

nascence of ‘eternal nature,’ of which the ‘dark bitterness’ and the ‘expanding sweetness’ 

only represent the first two – cf. my Grundriß, p. 313ff. It is downright staggering to 

read, for example in the Sechs theosophische Punkte (Inselbücherei, no. 337), how 

Böhme describes the emergence of the third nature-form from the contraction and 

expansion of the first two: the ‘fear.’ 

 

‘So it is now discernible what ignites the first will: a severe, hard, bitter, 

and great fear, which is the third form of nature; because fear is like the 

center which eternally underlies life and will; because the will wishes to 

be free from the great fear, but cannot be. It wants to flee but yet is held by 

the bitterness, and the greater the will to flee (!) becomes, the greater the 

bitter thorn of the essences and multiplicity. Because it cannot flee, nor 

can it rise above itself, it turns like a wheel; there the essences are 

mixed ... So now the powerful feeling of the fear-form becomes a wheel in 

itself, and the strong pull breaks apart and with the thorn, brings 

multiplicity in the essences, but in fear brings them back to oneness in the 

wheel, as being of one mind. Thus the fear-life is now born, as nature, 

where there is a rain, a force, fleeing, and stopping, and also a feeling, 

tasting, hearing. And it is not a true life, but simply a nature-life without a 

principium; because it has no growth, but is like an insanity or madness, 

since something pressing drives within it like a wheel, where the bond of 

life is, but without understanding and cognition, because it does not know 

itself’ (op. cit., I ,47-49). 

 

“Truly an apocalyptic view of the entire outer cosmos! a mad circling of stars and 

planets, actually held together only by fear – this ‘Angst’ that a recent philosophy 



(Heidegger’s) places at the basis of its thought. Thus far one can say that neither our 

notion of the structure of the world and the gravitation that supports it, nor the latest 

achievements of philosophy, have gone any further than Böhme’s first three ‘nature-

forms.’ Böhme, however, does not stop here, but subsequently arranges the process of the 

nature-forms as a type of clarification process of God’s first (paradisal, hence ‘eternal 

nature’) self-revelation, in seven levels. The expansion and contraction, like the “fear” 

that emerges from them, require conversion into the positive, a conversion that is initiated 

by the ‘shock’ (lightning, sudden illumination) of the 4th nature-form, the ‘love-spirit,’ 

which mollifies the first three forms, and gives birth to the fifth: love, joy, benignity, 

peace. In the sixth nature-form, which Böhme identifies with ‘reverberation’ or ‘noise,’ 

understanding and consciousness awaken, and thereupon the seventh is given as the 

completion of the whole round dance of forms, which typifies nature before the fall of 

Lucifer in eternal, inexpressible beauty.” 

 I hope the reader will forgive my extensive discussion of Jakob Böhme in this 

work. I only mean to urge continuous study of this great spirit, for whom the thirst for 

knowledge was a divine mandate, a task of coming to terms with the world, nature, good 

and evil, not only with reasoning and logic, but also with understanding and the heart. 

Franz v. Baader (Ges. Werke, vol. III, 1855, p. 81) writes that Hegel expressed to him 

(Baader) that J. Böhme was one of the deepest of all philosophers, because he (Böhme) 

grasped the idea of the “contradiction” most clearly and decidedly. Further preludes and 

postludes are unnecessary. 

 We can only give hints here for a further development of the concept of 

perspective, from the initial, narrowly visual domain of the painter’s perspective 

(Leonardo, Dürer) to the so-called “new geometry” (projective, synthetic), one of the 

most important branches of modern mathematics.  
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§20. THE PARTIAL-TONE COORDINATES 

 

I. The partial-tone diagram 

We now arrive at the central image of akróasis, to a certain extent its “visible” abstract 

representation: the partial-tone coordinates (“P”). 

 If we examine the overtone series: 



 

1 c   2 c   3 g   4 c   5 e ... 

 

it is reasonable, from both a mathematical and tonal standpoint, to interpolate this series, 

i.e. to establish further series of the same character, existing in a regulated relationship 

with it. As for the “how” of this interpolation, we will take the image of the reciprocal 

partial-tone series: 

 

...   1/3   1/2   1/1   2/1   3/1   ... 

 

as a basis for developing the overtone series (right) according to the measure of the 

undertone series (left). Under the overtone series, we inscribe further “overtone series” 

according to the measure of the ratios 1/2 1/3 1/4 ... These further series are identical in 

possessing the intervals of the overtone series, and are differentiated only by the 

beginning ratios: 

Figure 105: 

 

1/1 c 2/1 c 3/1 g 4/1 c 5/1 e . 

1/2 c, 2/2 c 3/2 g 4/2 c 5/2 e . 

1/3 f,, 2/3 f, 3/3 c 4/3 f 5/3 a . 

1/4 c,, 2/4 c, 3/4 g 4/4 c 5/4 e . 

1/5 as,,, 2/5 as,, 3/5 es, 4/5 as, 5/5 c . 

. . . . . . 

 

The points indicate that the system can naturally be continued if one desires; here, it is 

calculated up to an index of 5. Since the concern here is an interpolation of partial tones 

in a plane, and obviously a quadrant, we shall designate this primary and most important 

development of partial-tone coordinates in the above case with the name “1/4 partial-tone 

plane of index 5,” or with the formula 1/4PE5. Here, in general, we can speak simply of 

the “partial-tone diagram” 

 

Figure 106: 



 
 

or of the “partial-tone coordinates” (= “P”), since that is the diagram that will be most 

frequently discussed in the following pages, and upon which all other diagrams will be 

built. The exact formula (1/4 PEx) will only be used to differentiate between further 

developments of diagrams as precision demands. 

 We also offer an illustration of “P” (to be exact: 1/4 PE9) aligned with the 

monochord  (Fig. 106), as well as one up to index 16 (1/4 PE16) with the addition of the 

three-digit P-logarithms (Fig 107). Furthermore, compare tables 108 and 109. In the 

following sections, the inner structure of these diagrams will be more thoroughly 

covered. 

 

Figure 107: 



 
 

Figure 108: 



 
 

Figure 109: 



 
 

§20a. History 

The great accomplishment of Baron A. von Thimus, in his Harmonikale Symbolik des 

Alterthums (Köln, 1868-1876, 2 vols.), was to rediscover the partial-tone coordinates and 

prove them to be a legacy from the Pythagoreans. He refers (op. cit., I, 133) to a place 

hardly noticed previously, and not understood in its real meaning by previous authors, in 

Iamblichus’s Commentary on the so-called Lesser Arithmetic of Nicomachus, which 

reads: 

 

Let us first take unity, and delineate, as from an angle of the same, a figure 

in the form of the Lambda Λ (hōs apo gōnias autēs lambdōma ti 

katagrapsōmen), and complete one of the sides according to the series 

with the numbers that follow unity, continuing as long as we like, e.g. 2 3 

4 5 6 etc. The other side, though, beginning with the largest of the 

divisions, which in size is half of the whole lying next to it, will be 

completed according to the series with the adjacent divisions, 1/3 1/4 1/5 

1/6 1/7 etc. Then we will be able to see the aforementioned interplay of 



two similar things, and that equilibrium of joining (sunarthēsin) and 

dividing (kai eutakton schesin), which we have just drawn. And while the 

whole is said to be divided in two halves, it shows, like a double yoke, 

both the half and the double. It behaves in the same way when a third 

comes from the division in three, and a fourth from the division in four. 

And thus it goes on to a hundred, a thousand, ten thousand, showing us in 

a compelling manner (on the right) how division must continue to the 

infinitesimal degree, and (to the left) how the same numbers eternally 

expand to infinity. 

 

Add to this the typical Pythagorean concept of the artios and perissos (even and odd), 

which was analyzed harmonically above (Fig. 100). Also add the specifically harmonic 

expression of the plerôma (= filling, see Thimus, op. cit, I, 135); and then another series 

of Pythagorean indices (Iamblichus remarks emphatically that he does not transmit his 

own ideas, but those of Pythagoras) that continue further than is necessary here. 

Thereupon it is clear that this “lambdoma” outlined in its main features by Iamblichus: 

 

Figure 110: 

 
 

must be “filled out” in the following way, and was very probably known to the 

Pythagoreans: 

 

Figure 111: 



 
 

And if we align the sequence of ratios in the scheme of the familiar coordination grid, the 

result is our “partial-tone coordinates” already developed above, except tilted, i.e. with 

the apex (1/1) positioned at the top: 

 

Figure 112: 

 
 

These two “alignments” are admittedly different in terms of their group-theoretical 

structure, although the same in their ratios. We will specially investigate the element of 

the “alignment” in §30. 

 It might seem arbitrary that we simply attached the relevant tone-values to the 

numbers given by Iamblichus. But ancient Greek mathematics itself can be traced back 

everywhere to musical theorems, and clarified by these means; “music” and “harmonics” 

for Plato and Aristotle were actually mathematical disciplines. Judging by the list of titles 

of Democritus’s lost works, he considered music to be a philosophical and mathematical 

problem; Euclid’s works include a treatise on the division of the monochord, and so forth. 



In the historical excursus in §55 we will mention many more. To this is added the fact 

that, as we saw in our experiments on the monochord, the division of the monochord 

string, i.e. the increasing or decreasing of the string sections through simple arithmetical 

whole-number relationships and their reciprocals leads automatically to the over- and 

undertone series. And it is also certain that the advanced speculative talent of the ancients 

must have lead to the discovery of the partial-tone coordinates, expressed of course in 

string lengths. If we have no exact information about this nowadays, then this reflects the 

deliberate secrecy of this central Pythagorean theorem, a secrecy that is emphatically 

attested to by many quotations from classical authors. If the reader has not only read and 

studied the inner structure of the partial-tone coordinates in the following sections, but 

also experienced them within, then he may understand why this thing was not simply 

publicized 2000 years ago, but was only confided to those who were spiritually prepared 

for it. Today, secrecy would not only be out of place, but completely unnecessary, 

because only a few people undertake to study harmonics: those who feel that they have 

an inner relationship to it. While printed books are certainly available to everyone today, 

the intellectual culture of our era has reached a point at which one need not worry about 

the uninitiated meddling in matters that demand a vocation.  

 It was said above that in the Pythagorean system, operations were done with 

string lengths and not with frequencies. For reasons explained later, our diagrams mostly 

employ frequencies (which are indeed reciprocal to the string lengths). Present-day 

acoustical and musical science claims that the ancients did not know of the phenomenon 

of acoustic vibration (frequency), but this seems entirely wrong to me. Just their 

familiarity with the “rotating rhombus” mentioned in §8f, a type of siren (mouth harp), 

allows one to presume that with this instrument the relationships of rhythm, speed, and 

pitch were evident to them. Furthermore, A. v. Thimus (I, 115ff.) gives a whole series of 

convincing quotes and evidences from classical writings, which show the ancients’ 

familiarity with the dependence of pitch upon vibration number to be at least very 

probable. 

 

§20b. Collaboration 

It is recommended that the reader meticulously construct his own drawings, especially 

from this section onwards. The best material for this is a piece of millimeter paper at least 

20 × 30 cm, a notebook of squared paper of equal size, or a corresponding pad upon 

which transparent paper can be laid, if squares of 1 cm are sufficient. He should then 

write out the ratios (straightforward numbers) up to the index 16; the insertion of tone-

values should become familiar enough by the end of §26 that he can write them by heart 

up to this index. In addition, one must memorize the three-digit logarithms of at least the 

main intervals (c, g, f, e, as, es, a, d, dˇ, b, bˇ, h, and des) – not right away, but in the 

process of working through the following sections. If the reader does not play any 

instrument himself, he can still play the main intervals on the piano (albeit only 

“tempered”), so as to familiarize himself with the steps, the intervals, and the major and 

minor chords. For middle 1/1 c in the familiar harmonic diagram the tone 

 

Figure 113: 



 
 

applies. This has nothing to do with the fact that we tune our 120-mm monochord to a “c” 

an octave deeper. Indeed, we could choose any tone as the fundamental tone of the 

monochord and set it equal to 1/1. We only need to set a norm for the objective pitches, 

and here for our usual tables we choose as 1/1 the middle “c” on the piano. In order to 

preserve intervallic symmetry, we write it without any indication of its octave, despite the 

fact that music theory denotes this pitch as “one-stroke c”: c. 
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§21. THE RATIONING OF PARTIAL-TONE COORDINATES 

 

Every P coordinate (whenever we use the letter “P” in any form as an index, it always 

means “partial-tone”) requires at least two signatures: the tone-number (relationship in 

quotient string lengths or frequency to the generating tone 1/1) and the tone-value 

(notation of the audible or theoretically definable tone). We usually add the 3-digit P 

logarithm, and for various purposes we use diagrams on which the tone angles and 

decimals are listed. If the reader has already prepared a table with the plain numbers up to 

the index 16, then we can now examine a few of the properties of this array of numbers 

(Fig. 106-108). 

 

§21.1. The tone-numbers 

We have here, as first horizontal and first vertical series, the over- and undertone series of 

the form 1/1 2/1 3/1 ... and 1/1 1/2 1/3 ... It does not matter whether we construct it all 

from undertone series going perpendicularly downwards from 1/1 2/1 3/1 ..., or all from 

overtone series going horizontally from 1/1 1/2 1/3 ...; in either case, we will obtain the 

“P” system. As an product of interpolation, a so-called “generating-tone diagonal” 1/1 2/2 

3/3 ..., always representing the unity 1/1, emerges of its own accord from the 1/1 at an 

angle, downwards and to the right. In quantitative terms, all quotients (fractions) above 

and to the right of this diagonal are greater than one (>1), and all quotients below and to 

the left of the diagonal are smaller than one (<1); the generating tone diagonal thus 

divides the diagram into >1 and <1 sectors. The character of all horizontal overtone series 

is divergent, approaching infinity; that of all vertical undertone series is convergent 

towards zero – even if there is a difference in all these series between distant and closer 

elements as regards the “velocity” of this divergence and convergence. Horizontally there 

are so-called “arithmetical” series, i.e. number sequences progressing in arithmetical 



proportions; vertically there are so-called “harmonic” series progressing in harmonic 

proportions. On a perpendicular to the generator-tone line there are geometric 

proportions; these will be discussed further in §28. The entire number system of the “P” 

is a group-theoretical scheme of primary structure, based on the simple whole-number 

series and its reciprocals. 

 

§21.2. The tone-values 

Whilst the content of the “P” is already interesting enough as pure number theory, as we 

shall see more clearly in the following, it gets its sense, its psychic content, through the 

introduction of the tone-values. In §13.3 we discussed the interval progression of the 

overtone series (which is indeed the same in the undertone series when calculated starting 

with 1/1). I recommend re-reading this section, as well as what is said in §3a about the 

orthography of tone-values. All horizontal and perpendicular interval progressions (over- 

and undertone series) begin at their original ratios on the two “basal series” (our name for 

the first, outer overtone-undertone series pair) with the octave 1 : 2. Then follows the 

fifth 2 : 3, the fourth 3 : 4, the major third 4 : 5, the minor third 5 : 6, a smaller minor 

third 6 : 7, a very large whole tone 7 : 8, the so-called “major” whole tone 8 : 9, the 

“minor” whole tone 9 : 10, a very small whole tone 10 : 11, a very large semitone 11 : 12, 

three increasingly smaller semitones 12 : 13, 13 : 14, 14 : 15, and finally the “normal” 

semitone 15 : 16. The same goes for the interval progression of the reciprocals 1 : 1/2, 1/2 

: 1/3, etc. The difference between the over- and undertone interval succession, then, is not 

in the spaces in between the tones (intervals) but merely in the heights, or depths, of these 

tones themselves, covering four higher octaves from 1/1 c to 16/1 c and four lower 

octaves from 1/1 c to 1/16 c,,,,. 
 It is especially important for the reader, as a “hearing man” [allusion to the title of 

Kayser’s book Der hörende Mensch – Tr.], to gain an exact psychic impression of this 

interval progression continually shrinking from 1/1 onwards. Since the subject here is a 

pure-tonal progression, he would do well to compare it with that of a tempered 

instrument, such as a piano. Someone who has a 120-mm monochord can tune the 

string(s) exactly to the 

 

Figure 114: 

 
 

of the piano (thus taking this c as 1/1), then divide the monochord string successively into 

1/2, 1/3, 1/4 ... up to 1/16, placing the bridge under the desired division point, striking or 

plucking the relevant section of string while playing each corresponding (but “tempered”) 

note on the piano, i.e. the tones: 

 

Figure 115: 



 
 

One will notice that the higher tones, starting from around 1/12, are somewhat difficult to 

compare with the corresponding notes on the piano, but it is easy to reduce these higher 

tones to a lower octave through octave reduction. Take, for example, the especially 

interesting 1/7 xb, which corresponds to the string length 1200 : 7 = 171 mm on our 1200-

mm monochord. To bring this tone into a more comfortable range, we reduce it by 

octaves: 1/7—2/7—4/7, multiplying its original string length of 171 mm by 4, and the 

result is the string length 684 mm. If we strike this section, we hear a “pure-tonal” xb, 

which sounds considerably lower than the equivalent tempered note on the piano: 

 

Figure 116: 

 
 

We can naturally perform the same octave reduction with all tone-values, until they reach 

the space of the first octave 1/1 c – 1/2 c (1/1 c –2/1 c in terms of frequencies). 

 There is another, simpler way, more accurate because of its spontaneity, to 

compare the overtone series with the notes of the piano. One can ask a cellist to play the 

harmonics in their simple succession, as far (i.e. high) as possible, on the C-string of his 

instrument (which must naturally be in tune with the piano). This succession is the same 

as the division of the monochord string according to the simple whole-number series. The 

capability of the instrument admittedly plays a large role here; on mine I am easily able to 

produce the 1/7 xb and the 12th overtone g. Here we also hear that the 1/7 xb, the 7th 

overtone dictated by nature, is noticeably lower than the corresponding 

 

Figure 117: 

 
 

on the piano. If we continue the experiment systematically, we will hear that the 1st to 6th 

overtones still satisfy our criterion of musical purity (although the 1/5 or 5/1 e differs 

slightly from the tempered e of the piano), as do the ratios 8 c, 9 d, 10 e, 12 g, 15 h, and 

16 c. However, the ratios 7 xb, 11 °fis, 13 øa, and 14 xb, not only do not match the piano 



notes, but are hard to incorporate in chords and scales. We will learn the deeper reasons 

behind this later. In order to show through their tone signatures the difference between 

these “ekmelic” values (= not belonging to a tone-system) and the “emmelic” ones 

(belonging to the tone-system), at least within the index 16, there are small crosses added 

above and to the left of the seventh ratios, small circles for the eleventh ratios, and small 

circles with slashes for the thirteenth ratios. Since the fourteenth ratios are simply octaves 

of the sevenths, they naturally share the latters’ signature. 

 If the reader has now written the tone-values in his table along with the quotients, 

he will have already noticed that even this precise designation is not sufficient. 

Specifically, we have distinguished a definite difference between the two b-values 7/1 xb 

(7th overtone) and 1/9 bˇ (9th undertone). But the downward-pointing mark ˇ on the 1/9 bˇ 

warns us to pay special attention. A b-value appears beforehand in the “P” system: 9/5 b, 

which we can define as either the 9th overtone (large whole tone) of 1/5 as,,, or the 5th 

undertone (lower major third) of 9/1 d. To differentiate these two b-values, we take 9/5 

b (log. 848) as the “normal” b and designate 1/9 bˇ (log. 830) with a downward-pointing 

mark, since it is lower. We deal with the d-values (1/7 xd, 9/1 d, 5/9 dˇ) in a similar way 

– given that these marks refer only to tone-values that could not otherwise be 

differentiated in their notation. Besides the above b- and d-value, we find 12/13 øb (log. 

885), 10/11 °b (log. 863), and 13/15 øbˇ, for which the “ekmelic” ratios are indicated by 

circles and slashed circles. But also here two thirteeners = Be’s (12/13 øb and 13/15 øbˇ) 

can only be differentiated by adding the lowering mark to the second one. The same goes 

for the corresponding d-values and still other tones, to be discussed more thoroughly in 

§21.3 with regard to their logarithmic numbering and enharmonics. Here the matter at 

hand is the explanation of the exact tone-value indication within a P index of 16 (PE16). 

To this we add another correction to the tone 1/15 desˇ, still marked with ˇ in earlier 

harmonic works and tables (including in Thimus); from now on it will be written without 

a mark: des. This is because this lowering mark belongs by rights to the des of the 

undertone circle of fifths: f415, bˇ830, esˇ245, asˇ660, desˇ075 (cf. 1/15 des 093). The 

reader is asked to make no concessions regarding punctiliousness and exactitude with 

these value signatures. The concern here is not only an education in the exactness of 

harmonic thought, but also a precision of tone-values which is indispensable for their 

later autonomous handling. When two ekmelic series intersect, for example the eleven- 

and thirteen series at 11/13, the relevant tone-value has both signatures: 11/13 °øa. Also 

the octave signatures, discussed in §3a, must be precisely observed in all analyses in 

which the exact octave distance from the value 1/1 c is relevant. For isolated dealings 

with ratios, like the one just discussed, this is unnecessary; however, appending them 

every time does the beginner no harm. 

 

“Diatonic” – “chromatic” – “enharmonic” 

Now it is time to clarify the terms “diatonic,” “chromatic,” and “enharmonic.” By 

“diatonic” we mean the 7 steps of the diatonic scale: c d e f g a h (c), with the interval 

progressions: two whole tones, a semitone, three whole tones, and a semitone. Of course, 

this can be built up starting at any step and transposed, for example: d e fis g a h cis d, 

etc. 

 Here, then, we have clearly different value indications. By “chromatic,” we 

understand the raising and lowering of a step by one semitone, for example ces c cis, des 



d dis, etc. Thus, as with the diatonic scale (see §39, the chapter on scales), various pure-

tonal whole tone and semitone steps can be derived in regular fashion. In our “tempered” 

music, all the semitones and whole tones are of uniform size. In the chromatic scale, there 

is a lowering or raising by steps measured in semitones, which is indicated by adding a 

particle – is and es – to the tone-value in question, or else by the addition of a sharp or 

flat sign to the relevant note. 

 By “enharmonic” we mean pitches that sound exactly the same when musically 

tempered (using the same key on the piano, for example), but having different names, for 

example cis-des, eis-f, gis-as, etc. In pure tuning, however, the tone-value is preserved, 

for each of these differs in pitch from its brother, which is indicated by the addition of the 

raising (^) or lowering (ˇ) signs, for example 9/8 d 170, 10/9 dˇ 152. Here, then, the 

character of the step is fully preserved, although as we will see later (§48.3), the pitch can 

exhibit very large differences under certain circumstances. If one understands 

“enharmonic” as harmonically belonging-together (in reference to steps, intervals, and 

chords), the concept naturally becomes very broad and must also include the chromatic. 

See §48. 

 

§21.3. Logarithms and enharmonics 

We have already covered the meaning and elicitation of the logarithms in §18.1 and 

§18.2. Their usefulness for understanding pitch is only fully obvious if we fill out the 

diagrams with them, i.e. write down the corresponding three-digit logarithm for each 

tone-number and tone-value. For this, we shall undertake a few small forays into the 

diagram (Fig. 107). Let us note, for example, the first upper parallel to the generating 

tone diagonal: 

 

Figure 118: 

 
 

we notice a definite convergence of the logarithms, from log. 585 g to log. 093 des, 

toward log. 000 c, which corresponds to the tone-values growing ever closer together and 

the ever-shrinking intervals. If we need numbers to establish these differences exactly, it 

is clear that the logarithms are much more practical than the quotients x/y, which indeed 

also express the exact differences, but from which one cannot immediately see what pitch 

relationship the tones have to one another. Especially for nearby tone-values, for 

example: 

 

Figure 119: 

 
 

which all belong to the category of d, the logarithms are the most practical and clear-cut 

identifiers. Such a coming together of various tone-values of the same category or 

character is what we mean by the term “enharmonic.” Certainly, in musical terminology 

enharmonic is understood to mean “equal stepped” tones, occupying the same step but 



with different tone-value designations (for example, cis-des, which represents the same 

step and key on the piano). But since in harmonics we think and work “pure-tonally,” and 

in pure-tonal terms cis and des are two different steps, of different character and 

“ancestry” even though they are very close together, one must seek a different definition 

for one or both of the above values of d, either here or with regard to the “common 

genealogy.” We want to avoid hair-splitting, however, and understand “enharmonics” as 

a collective concept, meaning both tones of the same category, the same parentage (for 

example xd, d, dˇ, etc.), and tones whose pitches are close together, for example cis-des. 

In modern practical music, enharmonics merely plays an orthographical role, even though 

perceptive musicians and music lovers appreciate string quartets and a cappella singing 

precisely for this reason: because there, admittedly within narrow limits, music can be 

made “pure-tonally.” For example, a difference between dis and es is actually expressed. 

For speculative harmonics, a series of exceedingly interesting and profound theorems 

emerges from the diligent study of enharmonics (more on this in §48). Here we shall 

simply discuss the two different types of enharmonics that already appear in the index 16 

of the “P” system. To this end, we choose a few ratios and put them together: 

 

Figure 120: 

 
 

If we now take about 100 logarithmic places as an approximate measure of a semitone 

(15/16 h 907 – 16/16 c [1]000), within this space (interval) of ca. 100 log. places we have 

in 1. six values of the same character and different pitches, and in 2. three values of 

differing character, since des and xcis are also different but close steps, i.e. pitches. We 

will see that with larger indices, these two phenomena are much more apparent. On the 

spatial illustration of the ratios of the partial-tone diagram, which is very important and 

instructive for optical observation, see §23b.1. 

 

§21a. Ektypics 

In my Grundriß, pp. 191-192, I mentioned that the number system of partial-tone 

coordinates, as we have derived it from the “natural law” of the overtone series, plays a 

role in mathematics in relation to group theory, in which the acoustic background is 

naturally not mentioned. I first found the relevant information in F. Waismann (op. cit., p. 

107), where the “P” is calculated up to index 4 (without tone-values) and it is said of this 

“construction” that this group of numbers has the “paradoxical” attribute of being a 

cluster point (see §19a.1) in each of its points. Also, this arrangement has the quality of 

finally encroaching upon every fraction and every positive whole number, and thus all 

positive numbers are brought together in a system – “admittedly with the price that the 

natural arrangement of the fractions according to their size is fundamentally destroyed,” 

adds Waismann. Had he known of the harmonic background of this arrangement, he 

would have seen that this “destruction” of the quantitative progression is by far offset by 



a truly marvelous ordering of the qualitative progressions (tone-values) (cf. §32a). In the 

currently popular mathematical-historical booklet by E. Colerus, Von Pythagoras bis 

Hilbert (1937, p. 297), the numerical framework of the “P” is given with the remark that 

Cantor used this group to prove the possibility of counting all rational numbers. This 

leads to the truly paradoxical condition that infinite quantities can be counted. And thanks 

to these “infinite” yet “countable” quantities themselves, so-called “set theory” has 

emerged in mathematics. Thus we can state without apology that set theory, in its 

fundamental theorem, is at least in a close relationship to the system of harmonic partial-

tone coordinates, and is therefore of Pythagorean origin – if not historically, at least in its 

factual content. Also from purely geometric observations we arrive at a “matrix form” of 

side-labeling of triangles, squares, etc. which is identical with the number-form of the “P” 

except that the so-called “generator-tone line” is missing. That is, if one labels the 

intersection points of the sides with the appropriate signatures, for example the 

intersection of sides a and b with a b or b a, and sets the numbers 1 2 3 4 ... respectively 

for the first letters in each pair, then the result is an accurate image of this pure geometric 

relationship in the development of our “P.” Interestingly enough, the generator-tone line 

n/n is missing here. Our figs. 121 illustrate the three- and four-sided matrices (see L. 

Locher-Ernst: Projektive Geometrie, 1940, p. 351, and Urphänomene der Geometrie, 

1937, p. 97ff., where the five-sided matrix is also developed). 

 In arithmetical terms, it might astonish any mathematician to tell him that the 

following problem can be solved by means of the partial-tone coordinates: “to divide any 

given line in a given number of equal parts without calculation or geometric construction, 

only by means of the ruler.” One places the line to be divided in the desired size upon the 

string length (“P”) diagram (Fig. 109) vertically and to the right, so that it is in the angle 

of the 0-line (0/0 0/1 0/2 ...) and the generator-tone line (0/0 1/1 2/2 ...). If one wants to 

divide the line in 5 equal parts, then one simply draws a straight line starting from the 0/0 

point on the diagram through 1/5 2/5 3/5 4/5 and 5/5. One only needs to let the 0/0 0/1 

0/2 0/3 ... line agree with the beginning and the generator-tone line 0/0 1/1 2/2 3/3 ... 

agree with the end of the line to be divided. One can do the same in the frequency 

diagram, if one draws a parallel to the line to be divided. [Translator’s note: Kayser 

seems here to have reversed the instructions for the string-length diagram and the 

frequency diagram.] For index 9, then, 

 

Figure 121a: 



 
 

all rational divisions from 1–9 are possible. Higher divisions naturally call for a 

corresponding prior increase of the index. I do not know whether mathematics contains 

any other such simple number group that can be plotted in a system of coordinates so 

easily without any calculation, and with which, simply using a ruler, one can precisely 

pinpoint any division, e.g. 3/7, of a given line. 

 

Figure 121b: 

 
 

Also, this “application” of the “P” is, in my belief, a proof that in it we have an extremely 

original and fundamental number system, a type of “calculating table” that was 

presumably known until the Middle Ages under the secretive name “abacus,” even if the 

knowledge of its Pythagorean-harmonic origin from the laws of tones demonstrable and 

inferable upon the monochord had long since been lost. 

 But there is another, completely different domain that relates to the harmonic 

number system: crystallography. According to Viktor Goldschmidt, the development of 

the surfaces of crystals reveals the following “complication series”: 



 
Primary surfaces A . . . . . . . . . . . . . . . B 

   N0 = 0            ∞ = normal series 0 

1st complication A . . . . . . . C . . . . . . . B 

   N1 = 0      1               ∞ = normal series 1 

2nd complication A . . . D . . . C . . . E . . . B 

   N2 = 0      1/2      1       2       ∞ = normal series 2 

3rd complication A . F . D . G . C . H . E . I . B 

   N3 = 0  1/3 1/2 2/3  1  3/2  2   3   ∞ = normal series 3 

        etc. 

 

In his work Über die Komplikation und Displikation, V. Goldschmidt (the former 

Ordinarius for Crystallography at Heidelberg) arranges the above series in the following 

way: 

[Fig. 122 needs correction inserted from HK’s errata] 

Figure 122: 

 
 

and says: “This quadratic arrangement shows remarkable qualities in the diagonals, 

horizontals, and verticals. Every previous series fits into the following as a square. The 

new elements of the following series envelop the square like a shell. By adding such 

shells, one can develop it further. We can observe these series and their quadratic 

counterpart as a number-theory function, and refer to it as a combination-function. It 

would be a splendid task to pursue this entity theoretically and to find the meaning of the 

function. Perhaps the appropriate group of number theorists already exists.” 

 This “splendid task” was most likely undertaken 2,500 years ago by the 

Pythagoreans, as we saw above. In any case, A. v. Thimus precisely investigated the 

harmonic meaning, and in the following pages we will add our own investigations to 

these, albeit without being so foolhardy as to attempt an explanation in terms of number 

theory in the mathematical sense; mathematicians are freely invited to do this, as I have 

said before. (See my Abhandlungen, p. 251.) It is still noteworthy that V. Goldschmidt, 

one of the very few prominent scientists to have been occupied with harmonic 

phenomena (see especially his book Über Harmonie und Complication, Berlin 1901, as 

well as the work mentioned above), did not notice the harmonic background in the above 

arrangement, which in fact lines up perfectly with the partial-tone coordinates. An 

insertion of tone-values into the numbers would have immediately revealed to him the 



actual content of this “quadratic arrangement,” and admittedly also forced him to revise a 

few of his tone designations in Über Harmonie und Complication, especially his 

disastrous antithesis C-major – a-minor instead of C-major – f-minor. 

 Since V. Goldschmidt is mentioned here for the first time in this work, the reader 

is most emphatically urged to read his two works cited above, despite this slight quibble. 

We must be thankful to Goldschmidt for dedicating his knowledge and abilities to the 

attempt to apply such a synthesis, despite the imaginable hostility of the times to 

“interconnections” such as crystallography-music-color, etc. Goldschmidt’s efforts can 

only have limited success, since they were undertaken with far too primitive tools: the 

few numbers of his complication series. Whoever reads his books and essays with the 

knowledge and experience provided by this textbook will easily see this for himself, but 

will also better appreciate the positive side of Goldschmidt’s efforts. 

 

§21b. Bibliography 

See the bibliography for §20 and the works cited in the text of this section. For more on 

Goldschmidt, see the Index. 

  



 

 

§22. MAJOR AND MINOR SERIES OF THE PARTIAL-TONE COORDINATES 

 

§22.1. Major and minor series of the “P” 

We now delve more deeply into the structure of the “P” and observe, for the first time, 

the peculiar concatenation of the major and minor series. In drawing the diagram, we 

began with the overtone series at the top, horizontally from left to right, and placed 

further overtone series beneath it, beginning with the aliquot ratios 1/2 1/3 1/4 ... 

following the number 1. We know that (for frequencies) all these overtone series produce 

at first (1–6) a pure major chord, and then fade away in continually narrowing intervals. 

Assuming the diagram is already completed with the horizontal overtone series, if we 

now read it vertically from top to bottom, we will notice, surprisingly, that there are pure 

undertone series before us of a completely different type. All these undertone series first 

(1-1/6) produce a pure minor chord, but later also fade away in continually narrowing 

intervals, which are exactly symmetrical (numerically reciprocal or aliquot) to those of 

the overtone series. The reader is urged not to be deceived by the mathematician’s 

possible complaint: that this should be completely self-evident. Nothing, least of all the 

Nothing, is self-evident in itself; besides, it can be nothing other than astonishing to us 

that here, a number configuration supported on material findings (frequencies of material 

vibration; if wavelength = string length, n/1 becomes 1/n, so the number diagram remains 

the same in mirror image) brings forth two completely different psychic worlds, 

depending on the aspect of spatial orientation: a major domain on the one hand, a minor 

domain on the other. 

 An important realization emerges as a direct result of this situation: every tone-

value that in harmonics we simply understand as the prototype of the being-value, or that 

we symbolize with the being-value, belongs to two different worlds, a major world and a 

minor world; and one of these worlds, one of these “inner” orientations, always prevails 

over the other, except in one special case: that of the generator-tone line. 

 

§22.2. The generator-tone line 

This “special case,” in which the major and minor impulses counterbalance each other, 

can be seen in what is known as the generator-tone line. In every over- and undertone 

series, we arrive at a ratio n/n, in which numerator and denominator are equal, which 

identifies this ratio with the 1/1, i.e. with the generator tone, on the basis of value and of 

number (1/1 c). On the diagram, it is suggested that the reader draw a red line through all 

these generator-tone identifications 1/1 2/2 3/3 ...  

 The diagram is divided in half by the generator-tone line (generator-tone 

diagonal). The ratios of the upper right half are all greater than 1 (> 1) and represent tones 

that are higher than the generator-tone – up to four octaves higher in index 16. The ratios 

on the lower left half are all smaller than 1 (< 1) and represent tones that are deeper than 

the generator tone – down to four octaves below it in index 16. All ratios standing 

perpendicular to the generator-tone line and at equal distances from it are reciprocal in 

terms of values and numbers; for example, the ratio 5/1 e, as an interval, is as far above 

the n/n line as 1/5 as,,, is below it. This symmetry is expressed with numbers as a 

reciprocity (5/1-1/5) and in values as interval equality (2 octaves + major third up: e; 2 



octaves + major third down: as,,,). When we speak of “symmetry” here, it is with a very 

important qualification: the ratios of the lower half are reciprocal to those of the upper 

half, and are symmetrical in the diagram, but not in their qualitative content. In our 

deliberations over the graphic representation of the partial-tone series, we saw that all 

undertone series quickly narrow quantitatively and approach the limit 0, whereas all the 

overtone series diverge into the infinite. If we apply this to the two sectors (<1 and >1) 

above and below the generator-tone line, then it becomes evident that there are two 

asymmetric collectives in the quantitative number image: an “expansive” one, growing 

wider, and a “contractive” one, growing narrower. Thus the symmetry here is anchored in 

the tones in their value relationship, not in their numeric relationship. We must then also 

grant the concept of symmetry to the reciprocity of the ratios, hence to the image of the 

number group and not to the numeric content, although it is still permissible in a certain 

sense. 

 The orientation of the generator-tone line also requires us to observe the lines 

parallel to it in the upper and lower sectors. Here are the beginnings of the generator-tone 

line and the first parallels above and below it: 

 

Figure 123: 

 
 

In numeric and value terms, both series diminish from the first upper or lower octave 

within the range of an octave, with continually narrowing intervals. There is an obvious 

tendency as one nears “the infinite,” i.e. prolongs the series to the maximum, to approach 

the generator-tone line once again, from either side. But all lines parallel to the generator-

tone line have this same tendency, so that one might say that all partial-tone series 

parallel to the generator-tone line originate in the farthest opposition to it, namely in the 

basal series (primary over- and undertone series), but then reunite with the generator-tone 

line at index ∞. If we rotate the diagram by 90° and examine the series going 

perpendicular to the generator-tone diagonal, such as 2/1 c 1/2 c, or 5/1 c 4/2 c 3/3 c 

2/4 c, 1/5 as,,, etc., then we will notice a similar perspective in numbers and tones to 

either side of the 1/1-line; this time, though, the narrower intervals are next to the 1/1-

line, and they increase on both sides. In the following ektypic discussion, we will explain 

the meaning of this series construction. 

 

§22.3. The Thimus series 

In the system of partial-tone coordinates, there are a few more typical series 

constructions, from which we shall single out the Thimus series (see Index) – I have 

given them this name due to the large role they play in the derivation of the ancient Greek 

tone system in A. v. Thimus’s “harmonic symbolism,” especially enharmonics; and the 



symbolic meaning Thimus gave to certain theorems in the wisdom literature of Classical 

and pre-Classical times. 

 The subject at hand is conjugated partial-tone series, i.e. a unification of 

reciprocal series pairs, such as is shown at a reduced scale in Fig. 124. 

 

Figure 124: 

 
 

The relevant ratios can be read on the larger tables and on the diagrams that the reader 

constructs for himself, and further conjugated series can be worked out following this 

scheme. Here there are usually two possible combinations (marked I and II in Fig. 124), 

from which we will single out the pairs 2/1 c 2/2 c 2/3 f, 2/4 c, — 1/2 c 2/2 c 3/2 g 4/2 

c (I) and 9/1 d 9.2 d ... 9/9 c — 1/9 bˇ,,,, 2/9 bˇ,,, ... 9/9 c as well as 1/1 c 2/1 c ... 9/1 

d and 1/1 c 1/2 ... 1/9 bˇ,,, (II). The first type of these conjugated series singles out an 

over- and undertone series up to a certain index. Visually, it is represented in the diagram 

in the form of a symmetrical cross. For the second type we always go up or down from 

1/1 until we reach a certain index, then change direction by 90° from this point, switching 



the two poles of an overtone and undertone series so that they converge on the generator-

tone series. At this point we meet with the indicated unity number n/n. Visually, this type 

is represented by a square with the corresponding ratios in its four sides. 

 Thimus illustrates type I (index 2) thus: 

 

Figure 125: 

 
 

The tone-values are arranged above and below by scale, i.e. according to their pitch 

progression. Whoever takes the trouble to calculate the further indices 3, 4, etc., will see 

very peculiar arrangements emerge, especially important for the musical study of 

harmonics but also for other areas. So, for example, index 16 of type I has the following 

appearance: 

 

Figure 126: 

 
 

Whereas in the upper row there is a chordal tendency, below we see a scalar tendency,  

brought about by the intersection of the two conjugated series, indicated by the arrows. 

 Thimus illustrates type II in two double series. We choose index 9: 

 

Figure 127: 

 
 

Here, there is a definite tendency towards chords, or primary intervals, in the upper lines 

of the double series, which is still more noticeable for higher indices, while the lower 

lines agglomerate more and more with the tone steps, which have a scalar tendency. The 

reader is recommended to calculate at least a few indices of types I and II for himself, 



especially comparing the tone-value content of the individual indices. He will notice that 

with increasing indices, there is not simply a summation of the content of the previous, 

but that every index has its own appearance and character – an element that is apparent 

from Fig. 124 without further discussion, but which is of fundamental importance for the 

indexing of all harmonic groups. 

 

§22a, ad 1. Ektypics 

The same configuration of some things, conditions, events, or in short, being-values, can 

reveal two completely different psychic physiognomies (without changing in any way), 

depending on the aspect from which they are observed. This is an ancient experience 

which we can observe not only in ourselves but in all of nature. But the investigation of 

further vectors in the harmonic system, such as the generator-tone line, along with its 

parallels, diagonals, and the various orientations and planes in the tone space (discussed 

later), shows us that it contains a multitude of aspects, which have already provided us 

with some important basic concepts of akróasis. Although every being-value has its own 

definite individuality, it is fixed in a gigantic, diverse network of relationships, 

“intentions,” (from intueri = to examine something spiritually, which conversely implies 

examining oneself), of which the major-minor designation, already expressed in the 

signature x/y of every being-value, is the most important. This is because, as remarked 

above, the importance of one (major or minor) contingent always dominates over the 

other in the individuality of each tone, except for the generator-tone ratios n/n = 1. 

Therefore one is permitted, indeed required, to pay special attention to this “dualism” that 

every being-value contains within itself. A close analogy to this is the well-known 

supposition of modern depth psychology, that everyone has a masculine and a feminine 

component in his or her physique and psyche, and that the more one of them dominates, 

the more “masculine” or “feminine” the person’s being and behavior will be. But the 

results of harmonic research show that this double aspect dwells within every being-

value, even the atomic building blocks of matter. So we can say that the major-minor 

“capacity” of every being-value is the prototype for a large, ultimately endless series of 

influences, which affect and radiate from every being-value, and because of which the 

being-value behaves correspondingly according to its “emphasis” and position (see 

§23a.1). 

 

§22a, ad 2 

In the next section we will treat the inner symbolic value of the generator-tone line, 

together with that of the equal-tone lines. Our aim is to single out a few things from the 

great multitude of possible ektypic examples for the clarification of the meaning of the 

harmonic vectors (series constructions, orientations) within the partial-tone plane. 

 

§22a.a. The parallel problem 

The well-known axiom of parallels states that two parallel lines on a plane do not 

intersect. Going back to Euclid, it is also known that the criticism of this, probably the 

most famous Euclidian axiom, finally led to the discovery of the various “non-Euclidian” 

geometries, in which this axiom no longer applies; given certain conditions, parallel lines 

do intersect. One of these critiques is especially interesting to us: that of the French 

architect Desargues, a contemporary and friend of Descartes, a strange fellow, who had 



his main work printed on loose leaves in microscopically small letters, and expressed the 

geometric concepts in botanical (!) terms, with the common intention, as is generally 

thought, of annoying his fellow men in an original way. Ostwald’s Klassiker der exakten 

Wissenschaften includes Desargues’ essay: On the Results of the Meeting of a Sphere 

with a Plane (translated), in which one can read about “branches,” “twigs,” “branch scion 

pairs,” “tree growth,” etc. While reading this the question occurred to me, unlike 

Desargues’ critics, whether this remarkable geometric “botanist” was acting not from 

crankiness but from a most sincere belief in the central meeting of value-formal image 

concepts. I have attempted to explain the meaning of the “tree” on these terms in my 

Grundriß, p. 163. Desargues, as an architect, approached the issue from a complicated 

geometric perspective. He said, for example, that the parallel edges of a cube, or indeed 

parallels of any type seen by the eye, stretched out “into the infinite” and thus introduced 

the concept of the infinitely distant points of a straight line that is so useful for modern 

“projective” geometry. Therefore one might say: “Two straight lines on a plane always 

intersect at a point; therefore, the intersection point of parallel lines is at an infinite 

distance.” In harmonics, we have an interesting analogy for this in the generator-tone line 

and the diagonal “P” series that is parallel to it. If we work this out and investigate the 

characteristics of the three series more closely, then the middle (generator-tone) series 

accordingly shows that it continues the unity n/n ad infinitum. As for the upper series, 

 

Figure 128: 

 
 

this comes continually closer to the generator-tone line, i.e. the generator-tone 1/1 c, on 

both a numeric and value basis. This continues into the “infinite,” and the same applies to 

the lower line, but in the opposite direction; here the approaching takes place upwards 

from below. Although we have here definite parallels to the generator-tone line, as 

determined by the “P” system, the character of these parallels is just as definite: 

according to their number and value content, they must intersect with the generator line 

“in the infinite.”  

 Can one take this discovery as proof of the intersection of parallel lines “in the 

inifinite”? From a harmonic standpoint, definitely! Because firstly, these “parallels” to 

the generator-tone line are by no means arbitrary, but are determined by the “P” system: 

on the monochord, the tones in question are certainly realized in the correct arrangement 

of pitches. Secondly, the tendency of numbers (quotients) and values (tones) towards the 

1/1 line is equally non-arbitrary; it is also determined by the arrangement in the system. 

And thirdly, to attain an inner certainty of the “desire” of all lines parallel to the 

generator-tone line to aspire to the generator-tone itself, one need only psychically 

experience intervals that grow steadily closer to the generator-line, i.e. to unity. Here we 



have not only a logical proof, but also a physical proof that “parallel lines intersect at 

infinity.” In this theorem of harmonic parallels, the element of “perspective” is bound up 

factually with that of equidistance, by which token I believe it may claim exceptional 

significance. All theorems of geometric parallels are based either on the parallels 

themselves, logically concluding that the point of infinity must exist, or else on the 

assumption of an equidistance that does not exist from the point of view of the parallels. 

However, the theorem of harmonic parallels unifies both elements within itself, to which, 

besides the number, one can also add the psychic evaluation, the feeling of inner “tuning” 

– something that is missing from all mathematical and logical thought. The uncertainty of 

the axiomatic is proof of this, despite continually proposed “final” and “conclusive” 

axioms, along with the general uncertainty in the foundations of the fundamental 

concepts of mathematics. 

 

§22a.b. The binomial theorem 

In §18a.2 we mentioned this theorem in connection with the number e and the ancient 

Chinese I-Ching diagrams. A binomial (two-membered term) is understood to mean a 

number of the form (a + b). The binomial theorem is the formula by which a given power 

of a binomial can be represented in the form of a series. For the binomial (a + b) the 

binomial theorem gives a formula that provides all terms with number coefficients for (a 

+ b)n, where n is a positive whole number. For example, for (a + b)6: 

 

Figure 129: 

 
 

One sees here that the “binomial coefficients” are arranged according to the formula 

 

Figure 130: 

 
 

If we seek out the number coefficients for the above example (a + b)6 on our diagram, we 

will see that they, like all binomial coefficients in this form, are on the series that is 

 

Figure 131: 



 
 

perpendicular to the generator-tone diagonal (see Fig. 131). If we begin at 6/1 g, we pass 

over 5/2 e 4/3 f 3/4 g 2/5 es to 1/6 f,,, – thus exactly traversing the binomial quotients 

 

Figure 132: 

 
 

The coefficients are usually written in the form of the so-called “Pascal triangle”: 

[Fig. 133 needs correction from HK’s errata inserted] 

Figure 133: 



 
 

a historically remarkable arrangement, already found in a Chinese text of circa 1300, 

Chou Shi Ki, in Michael Stifel’s Arithmetica integra (1544), and in Albert Girard’s 

Invention nouvelle en l’algèbre (1629). Here adjacent numbers are simply added to one 

another, producing the following columns, in which the number content of the individual 

columns of the calculation corresponds to the individual binomial quotients, so for 

example in column VII for our above example (a + b)6 for 

 

Figure 134: 

 
 

The arrangement of the Pascal triangle illustrates a very simple law, but tells us 

absolutely nothing about the inner character of the binomial coefficients themselves. 

Only when we retain their original quotient form and see that in our partial-tone diagram 

(Fig. 131) they produce clear opposite series to the generator-tone line, do they arrange 

themselves firstly in a very definite psychic interval series, and secondly – as far as I can 

see for the first time – they thereby enter the system of a mathematical number group 

which is not just specially fitted to these coefficients, like the Pascal triangle, but also has 

broad, all-embracing significance. Thus, on our diagram we can directly read off the B-

coefficients up to the 16th power! It suffices to mention  the fact that the binomial study is 

of the greatest importance for higher mathematics. 

 

§22a.c. Various degrees of the series perspective 

This element touches upon the morphological-physiognomic content of the law of 

harmonic quantization, whose prototype we have examined in the form of the overtone 

series. We must illustrate this visually. Specifically, we will convert the numeric content 

into geometric sectors and discuss the individual series types separately. I recommend 

that the reader pursue the following analyses precisely upon the table he has prepared for 

himself, and then once again draw the series that are illustrated in Fig. 135. A deeper 

grasp of the harmonic phenomena can be obtained only by diligently re-drawing the 

diagrams; reading by itself is not very useful. Take, then, a piece of millimeter paper 



about 60 cm wide by 40 cm high, draw 16 parallel lines on it, and begin writing the true 

measures of the overtone ratios on the highest line, 1/1 2/1 3/1  ... with their tone-values. 

It is best to use 6 cm as a unit for all such dimensioned drawings, since 60 mm is more 

easily divided by 2, 3, 5, 6, etc., than a decimal unit. So from 0 to 6 cm to the right is 1/1 

c, from there to 12 cm is 2/1 c, and so forth. The spaces between the further series will 

emerge of themselves according to this scheme, and can be checked with the help of our 

table in Fig. 135. We begin all series to the left, whether they be overtone or undertone 

series, so as to get an image of the varied character of the individual series. 

 One should first observe all of Fig. 135 and keep in mind that all its point-series 

are extracted from our field of partial-tone coordinates. We now see the most important 

element of the great difference between the increasing and diminishing of this series, and 

also the fact that there are two fundamentally different perspectival directions. There are 

series that open outward (to the right) in which the perspective vanishing point (the 

convergence) is “introverted,” i.e. oriented towards the zero point (left) at the beginning 

(I, II, III, XIV in Fig. 135). And there are series that “shorten” or concentrate outward (to 

the right), in which the convergence is “extroverted,” i.e. oriented away from the zero 

point (left) at the beginning (IV, V, VI, VII, X, XI, XII, XIII in Fig. 135). Besides these 

two polar characteristics of a varied morphological orientation form, for which we use the 

general term “perspective,” there are also “equidistant” series of equally-spaced points 

(VIII, XV, XVI, in Fig.135), known as “equal-tone lines,” of which the generator-tone 

series represents only one special case, albeit the most important one. 

 Let us now examine the series individually. I to III are overtone series; as one can 

see, the primary overtone series (I) reaches the farthest, while the following series have 

smaller distances between the points, but – and this is important – according to the same 

principle of accruement, all are similar, morphologically equivalent, and perspectively 

“introverted.” The same goes for the next three undertone series (IV to VI), but in the 

opposite sense: here the primary undertone series has the shortest distances, and in the 

later ones the distances increase rapidly, so that the morphological character of these 

series is perspectively “extroverted.” Series VII to IX serve to illustrate the previously 

discussed “parallels” to the generator-tone line, making their true distances visible beside 

it. Here the “axiom of parallels” is effectively demonstrated “ad oculos” in the point-

distances: for the further the upper (VII) and lower (IX) series go, the more they approach 

the equidistance of the generator-tone line (VIII). Series X to XIII show the points of the 

binomial coefficients of the 1st to 4th order discussed above; series XIV illustrates a 

vector chosen at random from the P-plane; and the last two series, XV and XVI, are two 

further “equal-tone lines” of the ratios 2/1 c and 1/2 c, which concur morphologically in 

their equidistance to the generator-tone line (VIII). According to the chosen examples of 

table 135, it is clear that the partial-tone plane, and indeed the harmonic configuration 

space, contains an infinite number of such series, all of which can be traced back to three 

types: introverted perspective, extroverted perspective, and equidistant series. The 

“degree” of perspective convergence, perspective divergence, and equidistance can be 

greatly varied: this is very clearly shown by the few examples in this table.  

 After reading this analysis, and after taking the trouble of re-drawing such series 

ourselves, we are finally prepared to understand the deeper, more universal meaning of 

what we have worked through and observed. If we substitute for the series and their 

depictions the general visual concept of the being-values that emerges from the 



background of akróasis, we can say this: All being-values stand, or sound, within a polar 

concatenation of a expansive principle (→ ∞/1; visually ... .  .), reaching “up” towards the 

light (optically) and the high registers (acoustically), that is virtually infinite, and a 

contractive, narrowing principle of (→ 1/∞ = 0, visually .   .  . . ..), reaching “down” 

towards the darkness (optically) and the low registers (acoustically), that is virtually 

finite. The connective principle of both polarities is the equal-tone line with its prototype 

of the generator-tone line: the fact that every being-value possesses its own inner content 

according to its immutable spatio-temporal position (equidistance) in the system of this 

world. And even in this, its innermost character is independent from all “perspectival” 

influences. What this last signifies in terms of perception theory and philosophy, we will 

soon see. 

 

§22a ad 3a. 

Each of the Thimus series represents a combined series pair in the harmonic 

configuration space. We shall make only a few remarks here regarding their significance 

for the construction of “harmonic theory” (in the musical sense) emerging from the tone 

law itself. An adequate illustration would deviate too far from the subject of this section, 

but people trained to some degree in music theory will be able to tell in what direction it 

points from our remarks and series investigations in §22.3: toward a unification of chords 

and melody. Of course the familiar “study of harmony” deals mainly with chordal 

connections, whereas the study of melody (counterpoint) deals above all with the melodic 

element. Here, from the harmonics of the Thimus series, we have the approach to a 

simultaneously logical and acoustic construction of harmony and melody, to say nothing 

of the universal basis of the “P” (from whose background the Thimus series indeed 

emerge), nor of the exceedingly rich musical norms that are already embedded in the “P” 

system. 

 

§22a ad 3b. 

On the other hand, a concrete example for the application of the Thimus series can be 

given in terms of the optical spectra. 

 

Figure 136a: 

 
 

Figure 136b: 



 
 

In Fig. 136a-c the reader is reacquainted with the 2 types of Thimus series developed in 

§22.3.  

 

Figure 136c: 

 
 

The corresponding “spectra” added below are angular spectra reduced by octaves (for the 

conversion of partial tones into angles, see §4.3 and §33); and one need only compare 

this with a pertinent reference, for example Eder and Valentas, Atlas typischer (optischer) 

Spektren (Vienna, 1911), to see the surprising morphological concurrence. The new 

element for the optical spectra, based on a similar principle of origination to that of tone 

spectra, would be the derivation of the optical spectra, likewise, from a polar series-

impulse. For further information on this, see §18c, the “tone spectra” (p. 109ff. in my 

Abhandlungen), and the relevant table IX, which contains a further Thimus series with 

the corresponding angular spectra. 



 

§22a ad 3b. 

Reference should also be made to an analogy in botany (see Fig. 137). The morphological 

principle of branching applies throughout the entire form of the plant, effective right up 

to the veins in the leaves. Since the background of this principle is still obscure (“We are 

still unclear on the cause of branching,” writes K. Goebel in his Organographie der 

Pflanzen, 3rd ed., 1928, p. 75), there is no reason not to approach it through harmonics. 

The Thimus series give a perfect analogy for the veins in the leaves (venation), if one 

reduces them by octaves and charts them accordingly. In the accompanying “leaf 

spectra,” Fig. 137a gives a number of those of type I, and 137b a number of those of type 

II of the Thimus series. Further information on this can be found in my Harmonia 

Plantarum, p. 119ff., where these leaf spectra are discussed at length. Their significance 

lies in the attempt to track down the peculiar “regular irregularity” of the veins, and as 

one can see, the first series-pairs of the Thimusian conjugated series within index 16 of 

the partial-tone plane yield an image of extremely rich branching possibilities, which 

thus, despite their otherwise apparent irregularity, might be traced back to a uniform 

principle. 

 

§22b. Bibliography 

For §22.1-3 see mainly Ch. I of H. Kayser, Hörende Mensch; and Klang, essay II. On the 

“anthropological” side of §22a, ad 1, and the corresponding psychoanalytical viewpoints: 

O. Weininger: Geschlecht und Charakter (in spite of his eccentric and nihilistic 

prejudices). For ad 2, M. Zacharias: Das Parallelenproblem und seine Lösung (1937); for 

ad 2.b, standard mathematical textbooks; for ad 3, my essays on “Tonspektren” from 

Abhandlungen, mentioned in the text. 

 

 

 

 

§23. POLARITY 

We are now prepared for further discussion of a great principle, permeating all 

phenomena, which can be handled in harmonics both in a visual, logically exact way and 

in a value-emphasized way: the principle of polarity. It has previously been assumed that 

in harmonics, as in all other value-forms, we do not say that “all is polar” (which would 

render other principles meaningless) but instead: “there is polarity in everything.” There 

are many other similarly comprehensive principles. Furthermore, in harmonics there is no 

struggle between “monism” and “dualism,” because all polar elements have a direct 

relationship to 1/1 (monas) and to 0/0 (eidos). §25 and §54 give more information on this. 

 In §7, §12, §19, and §22 we already stumbled upon some polar elements. Now 

that we have obtained a solid grounding in the “P” system, we are able to refer back to 

two forms: the “halves” of all harmonic diagrams divided by the generator-tone (“G”) 

line, and the polar concatenation of their major and minor impulses. The reader should 

refer to the diagram he has drawn himself. To the left and right, above and below the G-

line, we see two different domains: one that is numerically greater than 1/1 (> 1) in all 

ratios, and one that is smaller than 1/1 (< 1). One contains only tone-values (in terms of 

frequency; for string length, it is the opposite) that are pitched above the generator tone, 



and the other contains tone-values lying below 1/1 c. Within the numeric relationship, 

then, we stand within the polarity of a divergence into the infinite and a convergence 

towards zero; within the value relationship we find ourselves in the polarity of a “height” 

and a “depth,” an expansion and a contraction, inhalation and exhalation, and whatever 

other analogies one wishes to find. But the actual polarity of the values lies in the 

reciprocally pervasive major and minor series, because of which there is a major-minor 

component to every tone, as we saw above in §22.1; thus this polarity exists a priori in 

the bosom of every tone. This major-minor polarity, which indeed is not detectible in the 

individual, isolated tone, is the result of the directional impulse of the over- and 

undertone series as vectors, as generative intentions; because each ratio x/y is “born” 

from a pair of “parents” 1/n and n/1, i.e. from the basal ratios of two “generating” tone-

values lying upon the primary over- and undertone series (= basal series). So, for 

example, the tone 16/9 bˇ has its two generators in the ratios 16/1 c,,,, and 1/9 bˇ,,,,; 
from 16/1 it receives its minor impulse, from 1/9 its major impulse, and it becomes real, 

actual, from the merging of these two polarities: 

 

Figure 138: 

 
 

On the basis of these two original polarities within the “P” system – those of the two 

“halves” separated by the generator-tone line in the diagram and those of the pervasive 

major and minor impulses of the diagram – a series of further polarities derives, or 

emerges. These would include the positive and negative polarity of the logarithmic 

expressions (4/1 c has the log. + 2.000; 1/4 c,, has the log. 0.000 – 2; 1/9 bˇ,,,, has the 

log. 0.830 – 4; 16/1 c has the log. + 4.0000); the reciprocity of ratios (1/n – n/1); the 

situation between 1/∞ and ∞/1, or between zero and infinity, limited and limitless; space-

time polarity, caused by the reciprocity of vibration-number (frequency) and string length 

(wavelength); and many others. 

 

§23a. Ektypics 

There would be no sense in itemizing a number, small or large, from the hundreds of 

possible examples of polarity in all domains; the reader should survey these at will, but in 

doing this should always keep in mind that the principle of polarity in itself is given in 

some relationship or other in almost all harmonic theorems. Therefore, from the 

psychophysical approach of the tone number (in which, indeed, there is already a polarity 

of “body and soul”), the nature of polarity has a far deeper foundation than it has in 

simply mathematical, logical, or psychological terms. Precisely for this reason, we must 

restrict ourselves to ektypical analogies, which, as I believe, take on a new meaning 

through akróasis. 

 



§23a.1. The problem of the sexes 

Even for the smallest organic life forms, the flagellates (= microscopic individual 

plankton organisms), sexual processes take place along with the familiar divisions. The 

outward expression of this is found in a type of egg and spermatozoon which remain the 

same in their forms (female ovum: large, static; male spermatozoon: small, moving) up to 

the most highly-organized life form, that of man. The practical purpose of sexuality for 

the advancement of the evolutionary element, the development and perpetuation of 

species, etc., is well known and need not be discussed here. Precisely because of this, 

however, the question of the mystery of this very peculiar polarity remains pressing; 

because apart from the simple division that occurs throughout the plant and animal 

kingdoms, one might think that the purpose ascribed to sexuality today, in the history of 

evolution, could very well be achieved by some other means. The miracle of the so-called 

reduction division (meiosis) of sex cells alone shows that nature is performing an 

acrobatic feat with regard to cell division, which it could apply in some other way so as to 

reach the same goal. One will always be able to pose the question of why nature 

“interpolates” thus, and not by some other method. The easy answer, that this is the 

expression of a universal “polarity” encompassing all of nature, does not help very much, 

unless one makes an effort to conceive of what “physiognomy,” what form, what inner 

expression such a polarity might have in order to cause such a peculiar phenomenon as 

sexuality at all. Here, a few harmonic ideas will help us onwards; their technicalities are 

concentrated in Fig. 139. First, let us seek an analogy for the outer, “haptic” expression of 

the sexes, for the male and female reproductive cells. Since extensive spatial expanses are 

involved, we must take string length instead of frequency as a basis. Every biological 

being-value would then arise from a parent pair whose origin is on the polar basal series 

n/1 and 1/n. Now, however (in terms of string length), the major-pervaded “masculine” 

aliquot series 1/1 1/2 1/3 ... 1/n → 1/∞ = 0 tends towards a concentration on the small, 

whereas the minor-pervaded “feminine” series 1/1 2/1 3/1 ... expands towards the large. 

This should make it understandable why male germ cells are always smaller relative to 

female ones, which are always larger. The relative activity of male spermatozoa and the 

relative inactivity of the female ovum can also be interpreted through the same harmonic 

image concept; but since this question deals with the concept of action, of doing, we must 

no longer use the spatial element of string length as a basis, but instead the temporal 

element of frequency. 

 

Figure 139: 

 
 



Here the haptic major impulse (string lengths) going from 1/1 to 1/n becomes a temporal 

major impulse (frequencies) in the direction of that which is to be procreated. In other 

words, the spatial characteristic of size that has major-tonal content from the spatial (= 

string length) point of view from 1/1 to 1/n, retains its characteristic (major-tonal) nature 

from the moment in which it changes its inner orientation into frequencies and readies 

itself for merging with the female gamete. And conversely, the spatial characteristic of 

size that has minor-tonal character (in terms of string length) from 1/1 to n/1 retains its 

characteristic (minor-tonal) nature from the moment in which it changes its orientation 

into frequency and prepares to merge with the male gamete. As one can see, the element 

expressed in the number remains the same with the conversion of string lengths into 

frequencies. Now one can pursue this analogy further. In the moment of the “will to 

procreate,” the “haptic” element of each parent transmutes into that of the other; one can 

explain this form-changing with the tendency to approach the sex of the other, to 

resemble it. The reader is encouraged to draw for himself what is illustrated above, and to 

meditate upon the various inner and outer polar tendencies. It is not altogether easy to 

obtain a view of the peculiar concatenation of the polarity of frequency and string length, 

the reciprocal significance of the ratios, and the associated major-minor impulses. But 

whoever applies himself to this will quickly and surely grasp the deeper nature of 

harmonic-polar relationships, and will go on to discover a series of further ektypic 

examples in his own area of interest.  

 From the above observations emerges the deeper understanding of the problem of 

the sexes already contained in Fig, 139. If we substitute for the individuality of a given 

tone-value a biological being-value, we can see why any given creature must be formed 

from a masculine-feminine, major-minor impulse. Also evident is the compounded nature 

of every individuality in a synthesis of two worlds, which can be transposed by means of 

akróasis into a world of space and time, light and darkness, exhalation and inhalation, etc. 

(See the summary of corresponding polarities in §19b, also applicable here.) Referring to 

what was said in §22a, ad 1, I would like to add that there is yet another harmonic 

rationale for the problem of the sexes, connected with the ratio 5 (the interval of a third). 

This ratio is known to be the “sexual tone” in music (major and minor third as mediant 

for the chord, determining its major or minor character). It is important not only in 

inorganic nature, but also gives rise to form-defining constants in the plant kingdom 

(blossom numbers). For more information on this, see my Harmonia Plantarum, p. 203ff. 

 

§23a.2. Dualism – polarity – reciprocity – symmetry 

We will now discuss a few topics related to polarity. 

 “Dualism” usually means the doctrine of a double or oppositional basis to the 

world, to matter, to people, etc. (good-evil, positive-negative, etc.). Dualism stands in 

opposition to monism, which views the world as a uniform principle (Haeckel, Ostwald, 

and others). 

 “Polarity,” however, is ascribed to familiar things, values, assumptions, which 

even in the starkest contrast still inwardly belong together. It is easy to see that the 

definitions of dualism and polarity overlap here and there, and ultimately every dualism 

has components which, despite their sharp separation, are attracted to each other because 

of their oppositeness, and thus belong together and are obedient to the principle of 

polarity. Therefore, we can speak both of a dualism pervading the system of tone-values, 



even present in the primal phenomenon of tone number, and of a polarity. Note here, 

however, that harmonic dualisms and polarities are never absolute, but always evolve 

from the superior center of the monas (= unity 1/1) and emanate from the reference point 

of the eidos (= ultimate origin 0/0). 

 In the narrower sense, “reciprocity” means the “mirror imaging” of tone numbers 

and tone-values, for example 3/1 g – 1/1 c – 1/3 f,,. It is expressed by a reversal of 

quotients (3/1 – 1/3) and in the same interval in opposite directions from 1/1 (a fifth up 

and a fifth down). Thus, reciprocity actually represents a special case of the general 

polarity of the “P”. 

 “Symmetry” can also be classified with polarity in a certain sense. Under the 

aspect of reciprocity, in our familiar system of partial-tone coordinates to the right and 

left of the generator-tone line we seem to have perfect symmetry in terms of the tone 

fields. But a closer examination of this symmetry will lead us to an important observation 

of harmonic symbolism, to which we now turn. 

 

§23b. Value-form 

 

§23b.1. Polar asymmetry 

Put the table of partial-tone frequencies in front of you in such a way that the generator-

tone line is perpendicular and divides the diagram into a left <1 and right >1 side. The 

symmetry between these two halves thus appears complete: on both sides of the 1/1 line, 

we find the same intervals with their reciprocal numbers, for example: 

 

major third down 4/5 as, | 5/4 e major third up 

 

The distances in the diagram, based on the center line, are equal not only for the 

individual associated ratios, but naturally also for whole groups. For example, the 

leading-tone groups 

 

1/15 des,,,, 2/15 des,,, | 15/1 h 16/1 c 

1/16 c,,,, 2/16 c,,, | 15/2 h 16/2 c 

 

comprise the outermost corners of the diagram, etc. Now we place the table before us in 

its familiar orientation with the G- (generator-tone) diagonal sloping down and to the 

right, so that the major overtones series are all horizontal and the minor ones all 

perpendicular. Here the above remarks are still valid, but with a closer analysis we will 

make yet another observation, which can be better seen and described in this “normal” 

situation. If we compare the quantitative numeric content of the two sectors to the left and 

right of the G-line with each other, then there is no longer symmetry. Instead, the sector 

lying below 1/1 contains nothing but ratios that, taken as a whole, shorten and converge 

perspectively (with the increase of the index), whereas the sector lying above 1/1, taken 

as a whole, broadens equidistantly into the infinite as the index increases. 

 This “polar asymmetry” can only be visually illustrated by a model, pictured in 

Fig. 140. 

 

Fig. 140: 



 
 

The reader can easily build himself such a model. He should draw the partial-tone 

coordinates (up to index 8 is sufficient) on a piece of paper in a grid of squares 2 × 2 cm, 

and glue the paper to a wooden board 20 × 20 cm. Then make holes at the coordinate 

points, and insert wood blocks of exactly the length corresponding to the ratios of their 

numbers. As a unit length for 1/1 c it is best to choose 4 cm, resulting in a block 4 × 8 = 

32 cm high for the “length” of the highest tone 8/1 c, and a block 4 ÷ 8 = 0.5 cm high 

for the deepest tone 1/8 c,,,. Obviously, one could also glue blocks of wood to one 

another, or somehow represent the small ratios by means of pieces of paper glued 

together; all that matters is the uniformity and clarity of the model. 

 In this model, there are many interesting things to observe, which are not 

otherwise recognizable on our familiar graphic partial-tone diagram. Note, for example, 

the fast ascent of the > 1 = sector above the G-line, which is the only series that keeps the 

same height, and the slow descent of the < 1 = sector beneath the G-line. Furthermore, 

this optical view highlights the different characters of the over-and undertone series. The 

“equidistant” overtone series are indicated by a steep, regular ascent; one can draw a 

straight line through any of these series. But since the angle of ascent of every overtone 

series is different, the collective characteristics of all these series result in a warped plane, 

known as a “hyperboloid.” The proof for this hyperboloid is furnished by projective 

geometry, but we cannot go into that here. If we now observe the undertone series, which 

here are nothing other than overtone series under a perpendicular vector-aspect, then we 

see no straight lines, but instead curves: slower and faster ascents, depending on their 

distance from the primary undertone series 1/1 1/2 1/3 ... which has the flattest ascent to 

1/1, and the slowest diminution from 1/1. All these “undertone curves” are branches of 

hyperbolas, so that here again we arrive at the hyperboloid as an expression of the 

collective warped plane constructed by the undertone series (see §27, §29, and §37). 



Furthermore, with this model we can track the ascent and descent of all the parallels to 

the generator-tone line, and see with astonishing clarity that they all approach its level as 

they tend to infinity; and much more. 

 We are now well enough factually oriented that we can inquire after the symbolic 

meaning of this peculiar polar asymmetry of the two halves of the diagram. For all 

harmonic-symbolic meditations, we simply put aside the concept of the being-value, 

meaning that at first we will not inquire as to the meaning of the harmonic phenomenon 

for this or that particular case, but will grasp it entirely universally as a value-form. I see 

this sense not only in a polar opposition but in a diversity of inner being, and a 

corresponding otherness of the > 1 = half in contrast with the < 1 = half. One half has in 

its nature and character a tendency toward concentration, contraction, reaching for the 

depths (acoustically) and the darkness (optically); in contrast, the other half reaches 

towards the heights and the light. Therefore they are not only diverse in their being, but 

also have completely different physiognomies. In this difference we recognize once again 

the first two natural entities of Jakob Böhme: the “bitter,” attractive form and the 

“sweet,” repulsive form, which emerge from unity as the first polar principles (see §19b). 

These forms still belong to pristine “eternal nature,” not yet subjected to disruption, 

although as Böhme pictures them they already contain the possibility of a 

metamorphosis, a fall into “good and evil.” Herein lies the meaning not only of Jakob 

Böhme’s endeavors, but also of the attempt to situate the origin of the central ethical and 

religious problem of good and evil in the basis of creation itself, as attempted by various 

religious and philosophical systems (Manichaeanism, Zend-Avesta).  

 Our harmonic image-concept, supported by akróasis, can be clarified in yet 

another way (see the tables in figures 106, 108, and 109). We already saw in §20 how all 

partial-tones can be realized upon the monochord, and we will see this again in §24.3. We 

do not really regard these experiments on the monochord, seen symbolically, as a 

“realization” of the being-values, because they are already realized through the 

progressive overtone series in the plan of the “P”. At most, one could speak here of a 

realization in the actual scalar (high- and low-) arrangement, which again provides us 

retrospectively with a “proof of correctness” for the arrangement of the diagram. Instead, 

we regard the monochord experiments as confirmation of the different inner content of 

the two sectors of the diagram. And there something interesting appears: if we want to 

realize all the tones of some given index upon the monochord, we must multiply the 

length of the monochord by as many times as the deepest tone on the diagram indicates. 

This would be a laborious operation, but we can achieve it much more easily if we are 

satisfied with octave-reduced tones, which at least preserve the tone-value, if not the 

pitch. It is now clear that every tone in the sector lying below and to the left of the 

generator-tone line must at some point appear in the upper sector, so for example the tone 

 

→ 9/1 ˇb,,,, via 9/2 ˇb,,, 9/4 ˇb, into 9/16 ˇb 

 

This 9/16 ˇb is above the generator-tone line, and can thus be realized on a monochord 16 

units long (see Fig. 109). To realize the tone 9/1 bˇ,,,, as bˇ = value, we do not need a 

monochord 9 times as long, corresponding to index 9, but instead one of length 

equivalent to index 16. In a similar way, all tones can be realized on a monochord that is 

only equipped for the right half of the diagram, and only reaches to the intersection with 



the generator-tone line. An extension of the monochord horizontally on the underside of 

the string length diagram is impossible, i.e. the equal-tone lines here do not intersect with 

the corresponding tones on the string. We can also express this in another way, saying 

that for monochord experiments we do not need the left half of the diagram at all, since 

this sector’s tones must sometime emerge above the G-line. Here the “polar asymmetry” 

of the two halves of the diagram is especially evident; we can understand that, besides 

polarity, another “asymmetrical” element of entirely different physiognomic character is 

emerging – an element that, if we grasp it symbolically and value-formally, points to a 

deep fundamental contrast between two inner “stances” which find their psychophysical 

expression harmonically here. Later on, in §47 and §54, we will come back to this in 

relation to other symbolic observations. 

 

§23b.2. Right – left 

This is the place to discuss a polarity that, despite its outer symmetry, is inwardly 

asymmetrical, and for which a sufficient explanation has not yet been found: the 

difference between right and left, whose physiological prototype we can see in the right 

and left human hands. In anatomical terms, the relationship of the mirror-image, i.e. 

symmetry, rules between the two hands; however, for most people the right hand is more 

favored, more important, more active than the left, or however else one wishes to 

describe “right-handedness.” In the early epoch of human development, up to the Stone 

Age or so, the dominance of each hand was approximately equal. This 

“ambidextrousness” changed fairly suddenly during the Bronze Age; from there onwards, 

the dominance of the right hand appeared as we know it today, naturally with some 

exceptions. Remarkably enough, the lower apes still exhibit “ambidextrousness,” whereas 

tests on the higher species show a preference of right over left in ratios ranging from 4 : 3 

to 3 : 1. Also, newborn humans are initially ambidextrous, then dominance gradually 

moves towards one hand or the other. Paul Sarasin summarizes all this very well in his 

paper, Über Rechts- und Linkshändigkeit in der Prähistorie und die Rechtshändigkeit in 

der historischen Zeit (Basel 1918). He then poses the important question of the why and 

wherefore of right-handedness. After summarily rejecting anatomical, physiological, and 

other reasons, he alludes to von Mayer’s important work, Über die Ursprung von Rechts 

und Links (Verhdl. Berliner Ges. für Anthropologie, 1873) and to the postulate of a 

“psychological reason,” which he sees as “the result of a newly-arisen religion” (Sarasin, 

op. cit., p. 189) for historical peoples: all the earliest religious practices fostered right-

handedness in various ways. Von Mayer, already cited, writes (Sarasin, p. 181):  

 

The right hand appears universally as the good or better, and is always 

associated etymologically with the concepts of straight and true, agility 

and nimbleness, accuracy, correctness, honesty, legality, that which is 

right, justice, fairness, and especially also with the religious concepts of 

goodness and justice, the right choice and decision demanded by God and 

conscience. The left, on the other hand, appears as the bad, the defective, 

associated with the concepts of weakness and helplessness, the unfree and 

unequal, awkward and fumbling, unsure and doubting, askew, perverse, 

wrong, and especially also with the religious concept of evil, that which is 

forbidden by God and conscience, and is punishable, unlucky, and sinister. 



 

On should compare the Greek dexios and the Latin dexter, both meaning right and 

salutary, with laios and skaios, sinister left and unsalutary. Furthermore, if one considers 

the German word rechts – recht – gerecht – Gerechtigkeit – Gericht, richten, then one 

will perceive a value-form of considerable amplitude beginning to dawn behind right and 

left, and from the harmonic standpoint we can inquire as to the deeper grounding “right 

away.” Admittedly, it may be the result of religious ceremonies, but these are only the 

outward expression of a deeper, more universal condition of all of nature: there are right-

left symmetries in crystals, in acids which react optically left and right, in the polar 

“asymmetry” of electron shells and atom nuclei, and many more. In the diverse types of 

right-left halves of the partial-tone diagram, we have a sufficient explanation not only for 

the “polar asymmetry” of right and left despite their outward symmetry, but also – as 

shown above in Böhme’s first two nature-forms and their ramifications – an 

interpretation for the still totally inexplicable, or at least very remarkable incorporation of 

ethical elements into the concepts of left and right. These two harmonic image-concepts 

of the dark, contracting half (left of the “P”) and the bright, expanding half (right of the 

“P”) are admittedly not in themselves charged with “good” and “evil,” but they are the 

two molds into which good and evil are poured, once man has become conscious. For the 

first time he can grasp this conceptually, whence also the belief in this predestination to 

good and evil, right back to the first emanation of creation. Human hands, being the most 

expressive anatomical attribute, can make simple gestures to express this knowledge that 

has been welling up from the depths of the subconscious ever since the beginning of 

human development. Because of this, the “right” side was connected with “what is right” 

even in the earliest religious practices, and might well also have caused the current 

predominant right-handedness in the course of further human development. While 

outwardly and in a certain sense also “anatomically,” the two halves of the diagram show 

a symmetry like the two hands, they are just as “asymmetrical” in their inner functional 

polarity. 

 

§23c. Bibliography 

On polarity in general: H. Kayser, Grundriss, 87; as a value-form, ibid., 213ff. (the 

harmonic inversions) and 304ff. (the harmonic ambivalences). Further, Harmonia 

Plantarum, 70, 198, 204, 219, 223, 255-260, 285. – On the various polarities, poles, 

dualism, reciprocity, and symmetry, one can gain some background from an 

encyclopedia. 

 

 

§24. THE EQUAL-TONE LINES 

  

§24.1. The zero lines 

Once again, let us take our table of the diagram of partial-tone coordinates to index 16 

and consider the following: If we continue the two types of over- and undertone series 

backwards, reading for example: 

 

Fig. 141: 



 
 

then in all cases, we come to the corresponding zero value, which arranges itself 

horizontally and perpendicularly in the two imaginary partial-tone series: 

  

Fig. 142: 

 
  

We now note these zero series in the corresponding coordinate fields, without tone-values 

of course, since they can no longer express them. 

 

§24.2. The identical tone-values 

In writing out the diagrams, we will have noticed that various tones repeat according to 

their hierarchical place in the diagram – most often the c-values, followed by the g and f 

values, etc. But we must differentiate between two types of repetition. Firstly, there is 

octave potentiation or reduction; for example, 1/1 c 2/1 c 4/1 c 8/1 c 16/1 c and 3/1 

g 3/2 g 3/4 g, 3/8 g,, 3/16 g,,,. Such tones, whose value remains fixed but whose pitch 

varies (octave transposition), are known as “tones of the same character.” Secondly, there 



are tones that remain entirely the same in pitch and in character, for example, 2/1 c 4/2 c 

8/4 c 10/5 c 12/6 c 14/7 c 16/8 c or 1/3 f,, 2/6 f,, 3/9 f,, 4/12 f,, 5/15 f,, or 1/1 c 2/2 c 

3/3 c 4/4 c ... 16/16 c. These are called “identical” tones or equal-tone-values, and they 

are what interests us here. 

 If we now connect all these identical tones in the diagram (preferably with red 

lines), we will observe that they not only lie on a straight line, but that the straight lines of 

all these series of identical tones meet at the point 0/0, not at the point 1/1. These lines of 

identical tones are known as “equal-tone lines,” and the 0/0 point is the focal point for the 

harmonic pencil of rays. Fundamentally, an equal-tone line can be drawn for every tone-

value in the diagram; because every tone will reappear later with correspondingly 

increased indices. For example, the tone 15/16 h, reappears as 30/32 h,, etc. Naturally, it 

is child’s play to prove that mathematically it cannot be otherwise: that these equal-tone 

lines “must” converge to zero. (Every mathematical proof satisfies our desire for logic 

and our discursive understanding, but incurs the danger of killing the experiential content 

of the phenomenon: “if you have it in black and white, you can take it home”!) This does 

not in the least diminish the astonishment, the wonderment at the phenomenon itself, an 

astonishment that will strike anyone upon drawing this line in the diagram himself for the 

first time; because this, as we shall see, is connected not only with one of the many 

primal harmonic phenomena, but also with a theorem of exceptionally far-reaching 

ektypic and symbolic meaning. 

  

§24.3. Working with the “P” on the monochord 

Now at last we can undertake the “monochord control” that was merely illustrated in 

Figs. 106 and 109 by the simple addition of the monochord on the right vertical side of 

the diagram. We must position the string so that its upper end (bridge) is bounded by the 

line 0/0 1/0 2/0 3/0 ... , and its lower end by the generator-tone line 1/1 2/2 3/3 ... (see 

Fig. 109). The pencil of rays of the equal-tone lines in the upper < 1 sector, i.e. the lines 

of tone-values lying above the 1/1 line (and we saw in section 23b how those of the lower 

sector come into their own), mark off on the monochord string exactly the tones denoted 

by every ray, every equal-tone line. Therefore, the distance of the monochord from the 

diagram makes no difference. Its length is dictated only by the measure of distance 

between the upper zero-line and the generator-tone line; a greater distance simply 

requires a longer monochord, or on a sufficiently long monochord, a string shortened to 

match the diagram. The pencil of rays of the equal-tone lines remains the same in its 

inner proportions, however far the lines go beyond the index-border of a diagram. 

 The reader should perform this monochord experiment himself, with a diagram 

drawn corresponding to the length of his monochord (with string-length ratios as in Fig. 

109). On the right side of the diagram table, draw a perpendicular line between the 0-line 

and the generator-tone line of exactly the same length as the monochord. Then draw the 

equal-tone lines, starting from the 0/0 point, beginning with the 1/2 c 2/4 c 3/6 c ... 

lines. Then measure the segments thus obtained on the perpendicular (1/2 and 1/2), and 

place the bridge at the same place (1/2) under the monochord string. Upon striking, one 

hears (for 1/1 c) two upper octaves, 1/2 c, which is the tone given by the equal-tone line. 

Now try it with the tone 2/3 g, thus with the equal-tone line 2/3 g 4/6 g 6/9 g 8/12 g 10/15 

g. This line, as can be easily established by measuring, divides the perpendicular into 2/3 

above and 1/3 below. When striking the string, we hear the tone corresponding to the 



equal-tone line 2/3 g in the upper section 2/3, and the octave above 1/3 g’ in the lower 

section. Every division of the monochord string always yields two string segments, upper 

and lower, or left and right if the monochord is horizontal. In the above example, then, 

we see that with the monochord positioned as in Fig. 106 or 109, only the upper string 

section should be plucked to realize the corresponding equal-tone line. 

 In this way, all the tones in the upper sector submit to monochord 

experimentation. But if we lengthen the monochord enough (see the remarks on fig. 106 

and 109) or increase the index correspondingly (see section 23b), then those in the lower 

sector of the diagram also submit, because all tones in the sector below 1/1 c must at 

some point appear in the upper sector, given a sufficiently large index for the diagram.  

 This monochord experiment is the strongest evidence for an inner psychophysical 

“rightness” of the partial-tone coordinates, i.e. for the rightness of the “P” system’s order. 

Thereby we move, in a way, directly from a mathematical-physical domain to an 

equivalent psychic order, a transmutation of the material-logical into the psychically-

spiritually perceptible, which constitutes the very strength and persuasiveness of 

harmonic operations, and marks them as something completely new in contrast with 

previous scientific methods. In section 21, we remarked upon the fact that we can 

rationally subdivide every segment in a simple way with just a ruler, by means of the 

partial-tone diagram. This pure mathematical “application” is another proof of the 

inherent fruitfulness of the fundamental harmonic diagram.  

 

§24a. Ektypics 

 

24a.1. The harmonic pencil of rays of the equal-tone lines 

In the three mysterious lost books of the “Porisms” (from porixō = to deduce) of the great 

Greek mathematician Euclid (circa 300 B.C.), there must have been a series of 

propositions dealing with theorems that were newly resurrected from the so-called 

geometry of place. This is so important for us that we must trace it historically, for the 

subject with which this deals is no less than the basis of one of the newest and most 

important branches of mathematics on a typically harmonic basis: the so-called harmonic 

proportion. 600 years after Euclid, the Alexandrian mathematician Pappos, in the 7th 

book of his “mathematical collections,” a “valuable monument of ancient mathematics” 

(Chasles), attempted to illustrate a few of Euclid’s porisms through lemmas: “If four lines 

originate from a point, then they mark out four segments on any transverse line drawn in 

the same plane, which have a certain constant ratio to one another, no matter how the 

transversals are drawn.” The reader should draw Fig. 143 for himself. 

  According to the above sentence, the ratios must be 

 

a b : a d / b c : c d = a b : a d / b c : c d  = b, etc., 

  

as one can easily establish by measuring with a millimeter ruler, as long as one has drawn 

very precisely. This ratio is also known as a “double ratio” or an “anharmonic ratio.” 

Here, then, there exists a constant ratio between the  segments of any transversal (figure 

143)  

 

Figure 143: 



 
 

drawn through a four-part pencil of rays. In the special case where the ratios of the 3 

segments become equal to 1, i.e.  

 

a b / b c : a d / c d = 1 

 

we have what is known as a harmonic ratio or harmonic proportion. A harmonic 

proportion exists whenever the first segment (number) is to the second as the whole is to 

the third:  

 

a b : b c = a d : c d 

 

The harmonic proportion, then, is a special case of the anharmonic or double ratio, and 

exists in a constancy of the ratios of all transverse sections of the pencil of rays, and also 

in a definite inner order of the individual ratios, which is expressed through the equality 

of both segment-quotients.  

 

Fig. 144: 

 
  

Precisely this “transition” of the double ratio into the so-called “harmonic” proportion is 

the basis for the “measure ratio” [Maßbeziehung] of projective geometry. On this, in turn, 



is based the transition to so-called “analytical” coordinate geometry, in which we also 

find harmonic proportion decisive for further mathematical developments. Therefore, we 

must be completely clear on the harmonic proportions, and look at them once again, more 

closely (see Fig.144). The points A B C D are harmonic points in the pencil of rays 0, for 

which reason A B and C D are known as the “subsidiary” points. This is because the 

length AB is divided “inside” at C, and “outside” at D; or else the length DC is divided 

“inside” at B and “outside” at A; and the ratios are equal. In numerical terms we have: 

 

A C : C B = A D : D B 

2 : 1 = 6 : 3 

2 = 2 

  

or 

 

D B : B C = D A : A C 

3 : 1 = 6 : 2 

3 = 3 

  

so that in “harmonic” ratio, the ratio of the subsidiary segments is always the same. 

Naturally, this also goes for all transversals drawn through the pencil of rays. Since now, 

in every proportion, the product of the inner and outer members is the same, so that 

 

C B . A D = A C . D B 

  

one can draw the corresponding rectangles above the segments, and thus have a very 

clear illustration of the ratio. La Hire (Sectiones conicae, Paris 1685) uses this as the 

basis of his definition: “A line is called harmonically divided when the whole line is to 

one of the outer segments as the other outer segment is to the middle segment, or when 

the rectangle of the whole line and the middle segment is equal to the rectangle of the two 

outer segments.”  

 In Fig. 144 we have used as a basis numbers of string division (2, 1, 3) which 

already satisfied harmonic proportion. What happens, though, if one starts with arbitrarily 

chosen sections? If we say that we want to harmonically divide any length A B “inside” 

and “outside,” we must assume that at least one point, the inner or outer, is already 

arbitrarily given. 

 

Fig 145: 

 
  

We want, then, to find the harmonic “outer” R for the “inner” division point Q, chosen 

arbitrarily upon the primal segment F E. How is this done? This is a fundamental task in 

projective geometry, and so interesting that I  

 

Fig 146: 



 
 

would like to ask the reader to draw it himself in several different variations, which 

requires only a pencil and a ruler. 

  Task: Construct the fourth harmonic point for three given points E Q F with only 

the aid of a ruler. 

 Solution: (see Fig. 146) E and F should be arranged, “conjugated,” with each 

other. Draw two straight lines, a and c, at random through E, and intersect these with a 

straight line drawn at random through Q in the points D and B. The division-point of F D 

and E B is C; that of E D and B F is A. C A then divides the lengthening of the given 

section E F in the desired fourth harmonic point R, which is conjugated to Q.  

 The astonishing thing about this construction is not only that it can be done with 

only a ruler, i.e. with only straight lines, but also the completely arbitrary choice of its 

most important construction-lines, a and c, and the point B. While F-Q-E remains 

constant, one can choose these lines a, c, and the point B, or the line Q B, as one wishes: 

assuming precise drawing, the same desired point R will always be reached! “From 

arbitrariness to order” – this motto can applied to many theorems and conclusions of 

projective geometry; it is a study that admits one into the secrets and laws of space. We 

can easily forgo the “proof” of our construction, since anyone who begins with the 

lengths F-Q-E already in “harmonic” proportion, such as F-Q = 2 and Q-E = 4, will 

always find section F-R = 6, so that the proportion:  

 

E Q : Q F = E R : R F 

4 : 2 = 12 : 6 

2 = 2 

  

will always be fulfilled, however “arbitrarily” one chooses the auxiliary lines. The 

geometric proof can also be found in any textbook under the subject of “harmonic 

division.” We just want to point out that behind the line divided harmonically in this way 

(Fig. 146)  there is actually a “generating” figure: the quadrilateral A B C D. If one takes 

this as a starting point (no matter what form the quadrilateral takes), the two line-

extensions BA, CD and AD, BC meet at the points E and F. If I now draw a straight line 

through E and F, this will always be harmonically divided through the extension of the 

diagonals C A and B D in the points R and Q. 



 The reader will now inquire: why does one call this division “harmonic” anyway? 

Because the fundamental (primary) intervals obey the ratios of harmonic proportion. In 

the following harmonically divided section A B :  

 

Fig. 147: 

 
  

 there is the ratio: 

  

AC : CB = AD : DB 

2 : 1 = 6 : 3 

  

 Or, when we use the string A D as a unit (1): 

  

2/6 : 1/6 = 6/6 : 3/6 

  

a ratio that is the same when one multiplies the inner members C B · A D and the outer 

ones A C · D B. These sections already give us the intervals:  

 

primal tone A D = 1/1 c 

octave A B = 1/2 c 

fifth C D = 4/6 = 2/3 g 

1st fifth-octave A C = 2/6 = 1/3 g 

2nd fifth-octave C B = 1/6 g 

  

If we choose lengths of 5, 3, 12: 

  

Fig. 148: 

 
 

then we have the proportion 

 

A C : C B = A D : D B 

5 : 3 = 20 : 12 

5/3 = 5/3 

 

and the string lengths or intervals: 

 

primal tone A D = 1/1 c 

1st third-octave A B = 8/20 = 2/5 e 

fourth C D = 15/20 = 3/4 f 

2nd octave A C = 5/20 = 1/4 c 



2nd octave of the major sixth C B = 3/20 a 

 

Fig. 149: 

 
 

With the division 10, 2, 3 we get: 

 

A C : B C = A D : D B 

10 : 2 = 15 : 3 

5 = 5 

 

primal tone A D = 1/1 c 

major third A B = 12/15 = 4/5 e 

1st fifth-octave C D = 5/15 = 1/3 g 

fifth A C = 10/15 = 2/3 g 

semitone C B = 2/15 = h 

  

If one continues further in these analyses, one will make the important discovery that 

indeed all musical intervals can be arranged in a harmonic proportion, but that absolutely 

not all harmonic divisions produce musically usable ratios. We can easily infer this from 

our construction of Fig. 146; because there, when E F is the primal string and Q is an 

arbitrarily chosen point, for which, regardless of where it is, a “harmonically” associated 

point R can be constructed, then it is evident that a musically unusable point Q would 

also produce an “ekmelic” R, and therefore, regarding the unity of the primal segment E 

F, the tones produced are not “harmonic” but “disharmonic.”  

  The fact that the ancients still named this type of proportion in itself “harmonic” 

– and the name has remained the same ever since – has its reasons in their great 

astonishment over the fact that the ratios of the most important intervals, those usable in 

music, obey this peculiar proportion. For them, this was the deciding factor. Here they 

had the psychical approach, and conversely the mathematical expression, of a qualitative, 

psychic phenomenon. Therefore, they did not say, as we do today, that the double ratio  

 

a b / b c : a d / c d 

 

initially emerges from the darkness of the ratios of arbitrary lines and points as a most 

general ratio; that from this, assuming that 

 

a b / b c : a d / c d = 1 

 

the so-called “harmonic proportion” specifies itself, and that the musical interval ratios 

are another special case of this harmonic proportion. Instead, these ancients said and 

thought the opposite: the Certain, the First, the Definite, which we not only see with the 

intellect but can also psychically perceive and control, are the ratios of the tones and 

intervals known to our inner selves as “right.” The law of proportion which we have thus 

discovered remains the same in its prototype, even when we extend it to general 



“harmonic” proportion and further to the simple double ratio. From there on, all is lost in 

the unconscious, arbitrary, and ungraspable.  

 Seen externally, with regard to the “formulation” and situation as such, it does not 

matter which way I choose. Essentially, however, i.e. in regard to the inner meaning of 

the phenomenon, it makes a big difference whether I proceed from the characteristic 

prototype to its universalization and final leveling, or vice versa. The prototype has 

wholeness, physiognomy, and in the case of our example of the harmonic proportions, a 

special case that immediately shows its “face,” its psychophysical foundation. From this 

point of view it is understandable that the ancient Greek mathematicians called this 

proportion “harmonic,” because its harmonic background appeared to them as its 

essential feature, from which the other features radiated like peripheries of a circle.  

  Let us now follow the significance of the harmonic proportion through the 

history of mathematics. We will see, importantly for us, that on the basis of this 

proportion and  its accompanying problems a new type of geometry emerged, the so-

called “natural” or “projective” geometry. Initially developed out of the older Euclidian 

geometry at the hands of Desargues, Pascal, Monges, and La Hire, it later rose to the 

status of an independent discipline under Poncelet and Steiner, and was fully 

emancipated from measurable geometry by von Staudt. Projective geometry rests in 

complete abstraction and universality, solely on the observation of figures. La Hire, in his 

study of spherical sections, takes as a starting point for its universal treatment the study of 

harmonic proportions and harmonic pencils of rays. So does J. Steiner, in his famous 

Systematische Entwicklung der Abhaengigkeit geometrischer Gestalten voneinander 

(1832), and von Staudt begins with a special definition of the harmonic points on the 

basis of the complete quadrilateral. Today one can say that projective geometry not only 

holds the balance between Euclidian measuring geometry and Descartes’ analytical 

geometry, but also, in the importance and profundity of its theorems and problems, has 

overshadowed the entire field and become extremely fruitful for modern “non-Euclidian” 

geometries. 

 From the harmonic standpoint, besides the harmonic proportion as a seedling of 

all these new geometric developments, there is a further thing of particular interest. The 

French architect and engineer Desargues was the first to develop projective geometry on 

the basis of perspective observations; we have already mentioned him in §22a, ad 2a in 

regard to the parallel problem, We learned in §19.2 and §22 that perspective is closely 

connected with harmonic series construction. According to a law already known to the 

ancients, all lines drawn from a point 0 lying outside an equidistantly divided straight line 

through the equidistant points (i.e., the pencil of rays from 0) harmonically divide any 

straight line drawn through the lines of the pencil of rays. We choose (see Fig. 150)  

 

Figure 150a: 

 



 

Figure 150b: 

 
 

an arrangement of this law that is advantageous for us, whereby rays are drawn from 

point 0 to the lines divided equidistantly 0/1 1/1 c 2/1 c 3/1  ... . The perpendicular from 

1/1 c to 1/0 (1/1 c - 1/0) now divides the pencil of rays into the segments (calculated 

starting with 1/0) 1/2 c 1/3 g 1/4 c 1/5 e 1/6 g, whereby if 1/1 to 1/0 is a taut string, 

the corresponding tones sound. If we identify 0/0 with the perspective “vanishing point” 

and the individual rectangular fields with any given equidistances, then the connection of 

perspective with harmonic proportion will be clear without further ado. The relationship 

of perspective and harmonic proportion to the primordial reciprocal partial-tone series 1/1 

1/2 1/3 1/4 ... will also become clear; indeed, this is nothing other than a continuous 

“harmonic” series. And now we may transfer what has just been explained to the partial-

tone diagram and its equal-tone lines, so as to see that all these identical tone lines, drawn 

starting from the point 0/0 or intersecting at the point 0/0, create in their entirety (at index 

infinity) a “harmonic pencil of rays” made of an infinite number of “harmonic series.” 

 We wish to go into this more precisely, and again urge the reader to draw all 

figures himself, if possible. So as not to have to draw a whole new diagram each time, it 

is sufficient, as already remarked earlier, to use an overlay of transparent paper, so that 

Figures 154-157 can easily be traced and their ratios examined.  

 First of all, we want to perform three spot-checks as to whether all these aliquot 

series really have continuous harmonic proportions. We proceed analogously to the above 

examples, using the sections (= string divisions) as a basis, and begin with the primary 

aliquot series 1/1 1/2 1/3 1/4 ..., which also applies for all remaining ones. For the 

continuous harmonic proportion 1/1 1/2 1/3, then, we would have:  

 

Figure 151: 



 
  

A D : A C = B D : B C 

1/1 : 1/2 = 1/3 : (1/2 – 1/3) 

 

We bring the fractions to the common denominator 6, and get: 

 

6/6 : 3/6 = 2/6 : (3/6 – 2/6) 

6/6 : 3/6 = 2/6 : 1/6 

2 = 2 

 

For the continuous harmonic proportion 1/2 1/3 1/4 we get: 

 

Fig 152: 

 
 

A D : A C = B D : B C 

1/2 : (1/2 – 1/3) = 1/4 : (1/3 – 1/4) 

6/12 : (6/12 – 4/12) = 3/12 : (4/12 – 3/12) 

6/12 : 2/12 = 3/12 : 1/12 

3 = 3 

 

And for the continual harmonic proportion 1/3 1/4 1/5, finally, we get: 
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Fig 154: 
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Figure 157: 



 
  

A D : A C = B D : B C 

1/3 : (1/3 – 1/4) = 1/5 : (1/4 – 1/5) 

20/60 : (20/60 – 15/60) = 12/60 : (15/60 – 12/60) 

20/60 : 5/60 = 12/60 : 3/60 

4 = 4 

 

In these three successive ratios of aliquot series, and thus in the whole aliquot series, we 

actually have continuous harmonic proportions, since both sides of each proportion 

always have the ratio = 1, which is the condition for harmonic proportion in contrast with 

the simple double ratio.  

 We now want to find the aliquot series one after another in the partial-tone 

diagram, and draw the equal-tone lines to each of them from 0/0. We begin with the 

uppermost primary aliquot series. In string lengths, this reads: 

 

1/1 c ½ c 1/3 g ¼ c 1/5 e 

 

Now if we draw the equal-tone lines starting from the 0/0 through these ratios, together 

they build a “harmonic pencil of rays” and cut the perpendicular drawn on the right side 

of the diagram at exactly the lengths that yield the numbers of the corresponding tones. 

We use this fact, when the perpendicular is a monochord string, for the sound realization 

of the partial tones (§20). Fig. 154 shows the pencil of rays of the primary aliquot series 

1/1 1/2 1/3 ..., Fig. 155 shows that of the secondary series (2/1) 2/2 2/3 2/4 ..., Fig. 157 

shows that of the tertiary series (3/1 3/2) 3/3 3/4 3/5 ..., and Fig. 156 shows that of the 



quaternary series (4/1 4/2 4/3) 4/4 4/5 4/6 ... This does not go all the way to the index 

limit, so that the lines do not follow too closely after one another. The reader can 

continue his pencil of rays further, depending on the size of his diagram. 

 In this analysis, the overall result is that if we draw all the equal-tone lines for a 

given P-index, they will construct a pencil of rays, which consists of exactly as many 

continuous harmonic pencils of rays as the index of the corresponding diagram indicates. 

 There are many more interesting details to be observed here; but lest this section 

grow overly long, we will rest content with a collective analysis in the graphical 

representation of Fig. 158. Even here we have not drawn all the equal-tone lines; the rays 

of the primary series are only drawn up to ratio 8, because otherwise the table would have 

to be doubled in size. The reader who does not begrudge the time and effort, and has a 

spacious work table, will greatly enjoy working out the table on a large scale. Upon 

drawing it oneself one becomes very conscious, in head and heart, of the peculiar 

dialectic of “perspective and equidistance” as background for the emergence and play of 

the “P” system. In the lower horizontal series, on which the distances cut off from the 

equal-tone lines are separately indicated, the equidistance is expressed very clearly: the 

pencil of rays first originates in the equidistance of the partial-tone series of the diagram, 

but is itself “perspectival” and gets its equidistance back in the selection of the lower 

level series, i.e. as soon as the one continuous harmonic series of associated ratios is 

noted separately on a line. One should observe further the remarkable symmetry of the 

points in the general picture of the horizontal series, which of course becomes more 

apparent with further calculation. One should also observe the “perspective” of the 

octaves to the right, and much more. In §28 we will discuss the place of “harmonic 

proportion” in the general study of harmonics. 

 We shall complete our historical summary by remarking that the main tool of 

synthetic, projective geometry – the principle of duality – is based on the theory of so-

called reciprocal poles. Its origin is in the study of harmonic points and rays. The term 

“harmonic” for the harmonic pencil of rays comes from La Hire. Thus from this side we 

also see our “equal-tone lines” in a significant light; hence these, and the harmonic 

proportions behind them, are with good reason allotted such a large space. 

 

§24a.2 

Having already devoted too much space to mathematical ektypics regarding “harmonic 

division, we must summarize more briefly. The harmonic pencil of rays and its point 

proportions have many applications in optics, radiation, and in mathematical physics as a 

whole. Much of what was earlier expressed in proportions has now submitted to the 

“more elegant” infinitesimal and other calculative methods – certainly more convenient 

in practice, but hardly conducive to any actual insight. Of course, the most virtuoso 

proportional technique, as it was practiced by Newton and Leibniz, is like a stagecoach in 

comparison with the speed of modern methods of calculation. But for those seeking 

deeper understanding, the most important thing is not speed but insight into the Being of 

things. No time can be long enough to reach this insight.  

 This obscuring of the actual situation through our methods of calculation became 

clear to me in two areas during my work. These are certainly not the only important 

domains, and many others emerged in the process. The dilemma appeared to me 

especially in the domains of crystals and astronomy. In the description of the surfaces of 



crystals, there exists a much clearer insight into the morphology of surface differentiation 

in the old quotients, as used by V. Goldschmidt. In astronomical space- and time-ratios, 

the works of the astronomer Wilhelm Kaiser are significant, though remote from today’s 

astronomical-calculative “bustle.” Their entirely different numerical calculus produced a 

wealth of remarkable proportional ratios illuminating the entire system of planets, which 

do not appear at all in the usual representation. The conclusions that W. Kaiser reached 

are another matter. In both cases, however, it is the Gestalt factor that is concealed, if not 

totally eliminated, by the new calculative methods, especially the differential quotient. If 

a clear understanding in the morphological sense could be regained by calculative means, 

especially in the so-called exact sciences, it would certainly be a laudable work of real 

insight. 

 Thus the La Hire applications of harmonic proportion can be found in mechanical 

phenomena still valid today. Horrebow, in §49-58 of his In continuam proportionem 

harmonicam mathemata (Copenhagen, 1737 and 1740), offered solutions to optical 

problems by means of harmonic proportions. (For example: assume an illuminating point 

on the axis of a spherical mirror; the radius of curvature of the mirror would be 

harmonically divided through the position of the object and its reflection. Or, the central 

line between the sun and the earth is harmonically divided by the apex of the penumbra 

and the apex of the umbra, etc. – cf. Thimus I, 198ff.) But if we were to search through a 

physics textbook today for such a simple and morphologically concise law as harmonic 

proportion undoubtedly is, we would find very little of it. In its place we would find other 

mathematical formulae for the relevant phenomena which, following the trend of the 

times, are just as “right” but much easier to calculate, above all avoiding proscribed 

viewpoints and as “abstract” as can be. This alleged abstraction is accepted thanks to its 

practical and material usefulness, though it devalues the essential content in a 

meaningless equation: phenomenon = formula. 

 I will point out here just one analogy to the equal-tone lines, in atomic physics, 

because it is also mentioned in another context in my Tonspektren, §8d (Abhandlungen 

pp. 109ff.): the so-called “isotopes,” which play a role in the designation of chemical 

elements. In harmonics we know the cause of this isotopy as values that remain 

unchanged despite different placements in the system, and therefore can imagine 

precisely the Being of this isotopy. However, in atomic physics it is merely an 

“interesting condition-complex” (A. Sommerfeld: Atombau und Spektrallinien, 4th ed., p. 

924, p. 161), attributed to geological causes but not yet theoretically explained. “Isotopic 

elements” are those which cannot be separated from one another by any chemical means, 

and which consistently show the same physical peculiarities. They are only different in 

their atomic weights. So here, as with the identical tone-values lying on the equal-tone 

line – tone isotopes – there are equal values of different external characters (the various 

gravitation and inertness effects of atomic weights). 

 

§24b. Value-form 

§25 gives information on the symbolism of the equal-tone lines and the closely connected 

meaning of 0/0 and 1/1. 
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§25. VALUE-FORMS FOR 0/0, 1/1, AND THE EQUAL-TONE LINES 

 

§25.1. A. v. Thimus – “Harmonikale Symbolik” 

This is the place to further orient the reader to Baron A. v. Thimus’s last great harmonic 

work, Harmonikale Symbolik des Altertums, mentioned in the Introduction. We will also 

discuss the concept of “harmonic symbolism,” that of symbolism itself in the context of 

the present text, and the meaning of “symbolism” as I understand it. 

 The reader is referred to my essay “A. v. Thimus” (1806-1878; in Abhandlungen, 

p. 23ff.), in which I attempted to summarize the life of A. v. Thimus as far as we know of 

it today, along with the sources, developments, and destiny of his Harmonikale Symbolik 

(Cologne 1868 and 1876, 2 vols.). 

 The H.S.d.A. itself, with its 800 quarto pages, gives the impression of a 

philosophical-antiquarian work of comprehensive linguistic and objective knowledge, 

and of the greatest accuracy with regard to the numbers and source materials. If one reads 

it more closely, the typical antiquated style of the book with its measured diction, flowing 

with a wonderful inner cadence, combines with the author’s high regard for all the 

problems that arise and are treated. This, together with his astonishing ability to 

repeatedly set his formidable learning in a spiritual context, will give the reader a feeling 



of boundless esteem and reverence. One can indeed read through the H.S.d.A., but anyone 

who has truly studied it – and so far, there are only a few – will always keep the book to 

hand and return to it again and again. 

 Thimus was a strict Catholic. It was not his intent to establish harmonics as an 

independent science, even though his work itself calls for this. He was not interested in 

grounding his vast materials on the support of the primal phenomenon of tone number. 

His interest was merely directed towards the historical relics of Classical and pre-

Classical number harmonics, along with their emanations up to Descartes and Leibniz. 

He sought to establish the forms of this number harmonics in the forms and symbols of 

various ancient wisdom traditions, and only occasionally compared them with recent 

phenomena in physics, etc. Most especially he wished to illuminate, or at least draw 

parallels to the backgrounds of Mosaic-Christian symbolism by means of harmonic 

symbolism. 

 For this, Thimus used above all the algebraic-numeric laws of the “lambdoma,” 

i.e. our “partial-tone diagram” (especially the Thimus series, which we got to know in 

§22.2 and §22 ad 3, and the α-ω formula, which we will see in §28). He reconstituted 

these from studying their sources in Iamblichus and Nicomachus; and this, his greatest 

service to modern harmonics, is discussed in §20. He restricted himself almost entirely to 

the logically abstract, purely numerical developments of the series in the diagram. This 

allows one to suppose that Thimus was a predominantly discursive thinker, 

fundamentally “non-visual”; for this reason he often loses himself in a forest of series 

operations, which are in themselves free of restrictions and full of interesting 

relationships. Yet these often appear to intuitive thought as all too artificial and far-

fetched, especially with regard to their applications as symbols. They can be far more 

simply illustrated by means of geometric-harmonic forms. Unavoidably with such a 

comprehensive work, a series of fallacies arises, such as the misleading meanings of 

artios and perissos, etc. These are admittedly not important in the whole, and certainly do 

not disturb the spiritual timbre. In the interest of a possible reprinting, this brief reference 

is necessary; the index that is so far missing from the work would be an indispensable 

requirement for an eventual new edition. A later commentary could then be provided by 

the “Thimus studies” hopefully emerging from this new edition. 

 Naturally, one can also view Thimus’s works from an entirely “unharmonic” 

perspective: from the philosophical or religious side, or from the standpoint of the 

philologist who will see a vast area of study spread out before him: that of number-

harmonics, hitherto hardly ever explored, but which, as the book shows, was highly 

important in Classical times. Musicology, also, has harmed only itself through completely 

ignoring this up to now, for after the studying of H.S.d.A., the whole appraisal of ancient 

Greek music theory, especially enharmonics, undergoes a complete metamorphosis and 

rectification. But without precise study and understanding of the technical-harmonic 

assumptions, which are bound up willy-nilly with an energetic development of these 

same assumptions, Thimus’s work will forever remain a “book with seven seals.” And 

here, in the difficulties undoubtedly accompanying this, lies the main reason for the 

hitherto limited studies that have been made of him. 

 Since the greater part of the edition of H.S.d.A. was shredded (!) and it is only 

extant in a few libraries, a new edition would be especially desirable. The reader should 

not under any circumstances miss a chance of somehow looking at this book. He will 



reap an advantage from this in proportion to his knowledge – for a thorough humanistic 

education is necessary for a full understanding – be it only from the introduction to the 

first volume, understandable to anyone, which gives an excellent overview of the history 

of harmonics and an accurate impression of the character of A. v. Thimus’s mentality. 

 

“Harmonic symbolism” 

The concept of harmonic symbolism stems, then, from A. v. Thimus. He understood this 

to mean the relationships between the harmonic theorems and forms that he had 

discovered, and the multifarious symbols and emblems in ancient wisdom teachings. The 

usefulness of his work for modern harmonics, besides his service in rediscovering the “P” 

and the related predominantly algebraic-serial laws, lies in the wealth of historic material, 

so that a future “history of harmonics” would have to use this work predominantly. In my 

Grundriß (p. 143ff.), in the preliminary remarks to the section “Die harmonikalen 

Wertformalen,” I attempted to go into why it seemed better to me to use the term 

“harmonic value-form” instead of “harmonic symbolism.” The concept of symbolism has 

suffered of late, both among users and critics, from loose logic, watered-down ectypics, 

and indeed a degeneration of its essential content, to the point that in a new domain, one 

would do well to introduce a new concept in its place, or at least to examine the familiar 

concept of the symbol precisely and to define the concept of “harmonic symbolism” – 

since we also use the word “symbolic” here and there in this book. 

 The issue here is whether symbols have a binding significance, or not. This 

question was irrelevant to Creutzer and Bachofen, and even more irrelevant for Thimus, 

since for them, the concept of the symbol still rang true as spiritually valid and logically 

binding. However, we have a century of exact science behind us, and must protect 

ourselves on all sides. 

 The previous concept of “symbolism” can be reduced to two aspects: a) one uses 

an image, e.g. a triangle, as the symbol for various phenomena: trinity (religious), salt 

(alchemical), the triangle (mathematical), etc. Here the image of the symbol is constant, 

whilst its meaning is manifold, indeed arbitrary. The non-binding element exists here in 

the “symbolizing.” b) One uses various images for one and the same phenomenon. 

Evidence for this includes hieroglyphic writing, which is nothing other than a variable 

symbolism for the same concepts. Furthermore, there is the imagery and personification 

of certain fundamental religious concepts in the iconography of art history, the heavens of 

various religions, which overall represent approximately the same human values and non-

values, and so forth. The non-binding element resides here in the variability of the 

images. 

 Regarding harmonic symbolism, or harmonic value-forms, this dual element of 

insecurity, of arbitrariness, of non-bindingness stands in opposition to the binding nature 

of the harmonic symbol (= value-form), strongly anchored in the psychophysical basis of 

harmonic theorems, which is verifiable psychically as well as intellectually and which 

realizes itself in “nature.” These harmonic value-forms are by no means rigid 

abstractions, instead they are living image concepts, which in a certain sense allow a 

great variation of meaning on all sides. But – and this is the deciding factor – its starting 

point, its becoming, its “birth” is not arbitrary but is something we can ascertain, and 

through this kind of “cross-checking” we can rectify the most erroneous interpretations – 

for our science has not lacked for these, nor will it.  



 A further extension of the “axiomatic” foundations of harmonics must of course 

distinguish the concept of “harmonic value-form” more precisely from that of “harmonic 

symbolism,” and must hold fast to the constitutive character of the former in contrast to, 

or perhaps in amplification of, the regulative character of the latter – using the terms 

constitutive and regulative in the sense and meaning of Kant’s Kritik der Urteilskraft. 

The constitutive element of the harmonic value-form has its warrant in its anchoring in 

harmonic theorems; the regulative more in the general spiritual meaning of harmonic 

symbols. 

 

§25.2. 0/0, 1/1, and equal tones 

We will now attempt to grasp the value-formal meaning of these three theorems in regard 

to their deepest foundations. If in the process we touch on the profoundest matters, the 

superficial student of harmonic theorems will doubtless find our conclusions absurd. The 

mathematician, too, will perhaps think that this interpretation goes too far; and above all, 

those holding religious beliefs will see it almost as blasphemy, when we symbolize and 

even support the highest norms with harmonic theorems, thereby – in their view – 

wrongly encroaching upon the spiritual from a realm dependent on nature and humanity. 

 However, we will brave this danger and be so impudent as to say that in 

harmonics, we possess “proof” of the reality of these highest principles and norms. This 

can only occur with an inner humility towards these principles, but also with the 

awareness that it is not arrogance to speak here of proving or seeking proof. After all, the 

impossibility of previous “proofs of God” through logical thought governed by reason 

nevertheless assumes the possibility of proof.  At all times the human spirit has 

continually sought this proof in terms of an anchoring that is not only based on belief, but 

also satisfying to reason and understanding. “for the Spirit searcheth all things, yea, the 

deep things of God,” says St. Paul (I Cor. 2, 10). 

 The reader will be so well trained through the progress of our investigations so far 

as to know that harmonic theorems are not simply conditions that “happen” in nature, not 

simply logical abstractions of figures and numbers that appear “right” to our 

understanding, but are above all forms to our psyche, whose value or non-value, tuning or 

mistuning, we experience psychically within. 

 This experience, however, resides in the same area of our humanity as faith, and 

precisely this anchoring of harmonic theorems in nature (the overtone series), their 

simple logical apperceptibility and understandability, along with the possibility of 

experiencing them psychically, create the conditions that allow us to include with it 

purely religious principles and values. Someone who sees only group-theoretical 

phenomena in the partial-tone diagram, productive of more or less “interesting” laws and 

ektypic results, must be satisfied with that. But whoever has really experienced the 

construction of the diagram in its psychical configurations (tension between light and 

dark, between two infinities of the unlimited and limiting, exhalation and inhalation, the 

two psychically pervasive values of major and minor, etc.) will be able to appreciate the 

following statements as binding in both the logical and the spiritual-psychical sense. 

 Every being-value – for which we use the primal phenomenon of tone number as 

a theorem for all value-formal observations – is, as we have seen, born from two 

psychophysical impulses arranged in polarity to one another: the primary over- and 

undertone series (basal series). These, in turn, can be traced back to the 1/1 as a singular, 



material, and psychical measure. We now regard this unity 1/1, the generator tone of the 

diagram, as the creation-value “Fiat” = “let it be,” as the “Demiurge,” the architect of 

worlds in classical philosophy, the (one-eyed!) Wotan of German mythology, the Zeus of 

the Greeks, the Yahweh of Judaism – in short, simply as the personal or personified 

concept of God. Seen in purely material terms, it is the final limit of physical size, be it 

the concept of energy, the atom, or the quantum of action h – depending on how one 

envisages this limit. Everything that we understand to be reality in the familiar sense goes 

back to the 1/1 c. This unity, however, does not appear only materially and logically as a 

number or vibration of something; there is besides an a priori value (tone) with which it 

is inseparably bound up, and from which the other values of dimensional being emerge. 

Whereas the physical-material origin lacks “value,” and the religious-philosophical unity 

lacks “being” (materially speaking), both being and value are bound most closely 

together in harmonic being-value from the very beginning, and the harmonic concept of 

unity – 1/1 tone – as a primal phenomenon is synonymous with the origo = origin, 

beginning of all that is, in value-formal terms. The character of origo is evolutionistic, i.e. 

generating, creating, unveiling itself, and developing in the thousandfold forms of the 

world of being. 

 Now we see what information we get from our diagram if we observe the being-

value in terms of its individuality, its singularity. Here we have already learned that in the 

“P” system, these individualities “reincarnate” here and there, i.e. they continually renew 

their singularity, only in other surroundings, other “locations.” This reincarnation is not 

arbitrary, however; it is in a lawful relation to the origo, specifically to its material basis 

(tone number). The being-value 3/2 g cannot rematerialize just anywhere, but only at 

certain places: 6/4, 9/6, 12/8 ... Its individuality remains the same, but its surroundings 

change; its “configuration” is always new and different, and will continue to infinity, 

whereupon the series of reincarnations returns to unity, to the generator-tone line. With 

the “logarithmic” arrangement of the diagram, i.e. with the diagram based on tone-values 

in §36, we will see that the vectors of the being-connection (equal-tone lines) run parallel 

to the generator-tone line, and must intersect with it at infinity, which means that for 

index ∞, the reincarnation of the being-values reaches its end in the unity 1/1. 

 Regarding the various configurations, we can produce a clear image-concept even 

with our small index of 16. The first incarnation of, for example, the g-value 3/2 g is still 

within the senary hierarchy (§26a.2): 

 

Figure 159: 

 
 

The second is already tangent to the modulatory dissonances of the 7th series on the right 

side: 

 

Figure 160: 



 
 

The third is tangent to the dissonances below: 

[Fig. 161 needs correction from HK’s errata inserted] 

 

Figure 161: 

 
 

The fourth and fifth are already surrounded by a multitude of “ekmelic” ratios: 

 

Figure 162: 

 
 

Here, then, we see that the environment of each reincarnation is different every time, and 

more or less difficult for the being-value in question, depending on the possibility of its 

resonance to that of the environment. If we now increase the index, we will notice 

something very remarkable. Viewed from outside, the “environment” approaches closer 

and closer to the character of the tone in question, not only in the contiguous but also in 

the surrounding being-values. By reference to the single ratios, we can easily reconstruct 

such a situation, e.g. at the location 65/52 e (log. 322): 

 

Figure 163: 



 
 

A comparison of the logarithms reveals that the diatonic semitone-values f 415 and es 

263, lying next to the tone e 322, enclose a space in which all eight values surrounding it 

in the diagram come into being. Here, one could speak of an e-“coloring” of the 

surroundings of the ratio 65/52 e. This tendency grows stronger as the index of the 

diagrams is increased; it would be an interesting exercise for the reader to illustrate, by 

means of the table before last, the inbred family formation, so to speak, surrounding some 

senary value near the borders of index 256. A further analysis of this phenomenon yields 

more important information. The outward similarity and local “family membership” is 

under closer examination only an apparent one. All eight ratios surrounding the e-value 

65/52 are different, not only in terms of their “birth” but also in terms of their value-

weight, their meaning corresponding to their position in the “hierarchy” of the system. 

The value 65/52 e already has a multitude of reincarnations behind it; it can be traced 

back to 5/4 e and therefore possesses a host of consonant relationships. The value 64/52 

goes via 32/26 back to 16/13 øes, thus existing in the third reincarnation, and has a harder 

time finding itself rightly in the world of the “P” and seeking corresponding resonances. 

The value 65/51 emerges in the world of tonal relationships for the first time at this 

location; its mission is still entirely in the future, and at first it will feel like a foreigner. 

All the being-values of a given configuration must be analyzed in a similar way. Here we 

have the solution to the enigma of absolute character difference, of easier or more 

difficult “adaptability” of the being-value in spite of apparent affiliation to a 

“sociologically” closed group. 

 We will come back to these observations on reincarnation in §48; but now we are 

in a position to grasp the meaning of 0/0. All harmonic being-values, by virtue of their 

reincarnational references, therefore by virtue of their having characteristic values, have a 

direct relationship to 0/0, the harmonic symbol for the Deity. The equal-tone lines are the 

indicator for this relationship in the diagram. Compared to this fact, the position in the 

system of reality, in the “hierarchy” of the diagram, is irrelevant; it does not matter when 



or where the being-value is born, whether it has auspicious or inauspicious aspects or 

resonances, whether it orients itself with ease or with difficulty in the “reality” of the “P”. 

In this radiation from the divine, and direct reflection upon the divine, everything is 

equal, “high or low”; moreover, in the divine “spark” emanating from 0/0, every 

individuality is equally important, equal in worth. For these reasons, we call 0/0 the eidos 

(Greek: archetype, idea), because every being-value seen from 0/0 is pervaded by it and 

receives its innermost Being from it. The character of the eidos is emanative, i.e. 

pervading all and bestowing its innermost value upon all, and thus once again reflexive, 

unifying all within itself. 

 A worthy minister, who practiced his profession in an exemplary fashion and 

knew nothing of harmonics but the name, once tried to explain to me what he thought 

was the fundamental difference between scientific thought and religious belief. Placing 

both hands together like a roof, in the form of a Greek lambda (Λ), he said: “You see, this 

is how the scientist thinks, always on an actual peak, statically, always with some 

systematic objective lying in the graspable.” Then he drew his hands apart, reached aloft 

with one hand, pointing upwards with his index finger, and said: “This is how the 

religious person thinks, feels, and believes, directly to God, without detours, without a 

system, directly and intuitively!” 

 Now, in this beautiful and extremely telling visualization, the reader can scarcely 

fail to recognize our previous arguments. The comparison even stretches to the external 

unities (Λ = form of the “P”; direction of the uplifted arm = vectors of the equal-tone 

lines). In our method of harmonic visualization, science and faith coexist; in the harmonic 

image-concepts we have the possibility of a synthesis of intellect and heart. We might say 

that there is a path here by which we can reach the highest things through thought, not 

just through faith; for here, faith is supported by and founded upon thought. And here, the 

full sound of psychical participation in the highest values flows into thought, by virtue of 

its harmonic inundation. 

 The last paragraphs, admittedly, attempt to summarize these matters only 

incompletely in words and concepts. In all harmonic deliberations and phenomena, 

spiritual immersion requires not only spiritual anchoring but also a quiet and calm 

meditation upon these phenomena themselves. The reader should spend undisturbed 

hours continually contemplating the diagrams and drawings he has made himself, think 

over what has been said here, think exhaustively through the pros and cons of his own 

opinions, and devote himself to that inner contemplation from which alone creative 

certitude emerges. Then, with all the dedication of his heart and intellect, he will be able 

to judge the rightness or wrongness of the “proof” of the highest principles discussed 

above. It is important above all that he realize again and again the origin and “binding” 

nature of the diagram. The “P” is more than just an interesting system of coordinates with 

numbers and geometric figures, a simple “pattern” (cf. on the word schēma = form, 

figure, the profound observations of Proclus in his commentary on Euclid, cited in my 

Grundriß, p. 249ff.). This configuration can be traced back to the psychophysical law of 

the overtone series, which is “real,” actual, outside of us in nature, and whose “rightness” 

our psyche is able to appreciate through tone evaluation. Both together provide the “P” 

system, and thereby all harmonic theorems, with the foundation from which 

corresponding conclusions can be drawn for both the natural and psychical-spiritual 

domains. 



 

§25a. Ektypics 

The value-formal consequences of 0/0 and 1/1 can be traced especially well in the history 

of religious and philosophical systems. 

 On the basis of these two image-concepts, we come upon the traces of two 

different thought- and belief-forms, which until now have simply been historically 

categorized, but whose meaning can definitely be illuminated by harmonic analysis. In 

religious terms, the two types are the Deity-religions and the God-religions, the irrational 

and rational concepts of God; in philosophical terms they are the pantheistic and monistic 

systems. 

 In harmonic symbolism, 0/0 is the last reference point of all being-values; its 

image-concept 0/0 indicates that here nothing = everything, that we no longer have an 

adequate expression for its essence, yet everything emanates from it and then returns to it. 

Thus we identify this image-concept with the term “Deity,” meaning the impersonal, 

transcendent Being of the highest Instance, no longer adequately graspable through any 

concept. The 1/1 is the harmonic symbol of the first, graspable reference point of all 

being-values, simply the unity in which the real origin of everything resides, from which 

all being-values are born according to number (measure, weight) and value. We identify 

this image-concept religiously with “God,” the creation-word “fiat” = let it be, indicating 

a concept of the highest fundament, the first Instance, accessible to our grasp. In the 

framework of a comparative religious study, it would be a rewarding task to investigate 

the various concepts of the highest Being in terms of these two aspects. This would 

admittedly require a very comprehensive treatment and a correspondingly great learning, 

and thus the author can only say as much as his knowledge allows. 

 The two closing stanzas 13 and 14 of the “Shorter Seer’s Speech” in the sacred  

poem of the Edda (Thule, vol. 2, Jena, Diedrichs 1920, p. 47, tr. by F. Genzmer) read 

thus: 

 

 



13 

One stands 

Higher than all 

He nourished 

The Earth’s strength 

The most noble ruler 

They call him 

Through clan related 

To all people 

14 

Then comes another 

The all-ruling 

Never would I presume 

To name him; 

Few see 

Further forward 

Than to Walvater 

The wolf approaches. 



 

Andreas Häusler remarks on stanza 13: “We cannot relate this with any certainty to any of the 

Nordic gods,” and writes that stanza 14 refers to the “Christian God.” Under harmonic 

observation, this is a singularly pure poetic expression of the prototypical forms of 1/1 (stanza 

13) and 0/0 (stanza 14) that are unconsciously present in our psyches. The Judaic-Christian 

religion developed into monotheism (monos = 1/1) from the primordial gods of the nature cults, 

and from there into the “personal” Christian concept of God, who has never denied his 1/1 

origin, and never wishes to deny it. Every personalization, even of the Absolute, is always 

connected with a conceptualization. The concept of “God the Father” – discussed later, together 

with the trinity-concept in harmonic symbolism in a deeper sense (§30) – also demonstrates the 

monotheistic anchoring of the Christian concept of God. Islam has a similar personal, 

monotheistic concept of God (Allah, the absolute One), while most Indian religions tend towards 

a complete de-conceptualization, transferring the highest symbol 1/1 to the notion – or non-

notion - of 0/0, an endeavor followed by the mystics and theosophers of all times and peoples 

(Jakob Böhme’s “Ungrund,” the Chinese “Tao,” etc.) 

 Turning to details, however, we notice a much more astonishing concordance with the 

harmonic prototypes. The Gospel of John begins with the words: “In the beginning there was the 

Logos, and the Logos was with God and God was the Logos.” Luther’s translation of “Logos” 

with “word” is at best one-sided. If this is to have any sense at all, then it is with the harmonic 

prototypical substitution: 

 

God 

0/0 

↕ 

1/1 

Logos 

 

This would also be in accordance with the familiar construction that designates “Logos” as the 

“personified God.” Behind the 1/1 of Zeus, in ancient Greek mythology with its twelve gods, 

there is the 0/0 of Moira, Destiny, to whom all gods must submit. Plato gives only a 

philosophical expression to this mythology in his Timaeus (Phaidon, 2nd ed., 414), differentiating 

a “god of eternity” from “ that god who first came into being.” “The Tao (0/0) creates unity; 

unity creates duality; duality creates trinity; trinity (1/2 c, ← 1/1 c → 2/1 c) creates all that 

exists,” reads the 42nd aphorism of the Tao Te Ching. In the ancient Persian Avesta, both the 

good (Ormuzd) and evil (Ahriman) principles are located in the 1/1. Each has six (cf. the concept 

of the “senary”) values or non-values on its side, light ones on the right and dark on the left, that 

were at first conceived purely abstractly and later personified: image-concepts that we can read 

off directly in our diagram, except that we do not make the attempt, forbidden from the harmonic 

standpoint, of identifying the vector 1/∞ ← 1/1 with “evil” (darkness) and the vector 1/1 → ∞/1 

with “good” (light), which is what the Avesta does. The Vedic religion arrived very early at the 

impersonal grasp of the One (1/1), therefore at the symbolism of 0/0 in the concept of the 

impersonal neutral Brahma as the fundamental energy of everything. This Brahma, however, is 

identical with Atman, the quintessence of human personality; and here is the exact analogy to the 

equal-tone line, radiating from 0/0 into every being-value and bestowing upon each one its actual 

life. The Nirvana of Gautama Buddha is not only the “Nothing” or something “indefinable,” as 

the harmonic 0/0 would likewise be if we assessed it only mathematically and materially. 



Nirvana, like the 0/0 in our diagram, is everything, the groundlessness from which everything 

emerges and receives its energy, and to which everything will eventually return – but only if we 

grasp this concept value-formally, in an intellectual and a psychical manner. Also the concept of 

the “Demiurge” as the creator of the world of senses, especially taught in Valentinian 

Gnosticism, can find a satisfactory meaning in the conscious or unconscious value-formal grasp 

of the 1/1. It was in fact the Valentinians’ teaching that the highest God (the Deity = 0/0) as a 

pure spiritual principle could not enter directly into any relationship with matter, for which a 

certain intermediary being would be needed. This was the “Demiurge” (1/1), an “earthly” 

creating god, from whom the development of worlds began de facto. Here we come to a further 

concept, which is somehow immanent throughout all religions: that of the Redeemer. The Deity 

or God needs a mediator, a god-man, whose appearance in the human world of reality is a 

continual sign of the divine. Conversely, the world needs this redeemer, so as to have a continual 

yardstick for attaining the divine and returning to the right path. Christ, Mohammed, and Buddha 

are the most representative redeemer-forms of world religions. The figure of the Buddha is 

presented in eternal reincarnations, and the “Disciples of Christ” contain the same reincarnative 

element (the concept of the Saints). Harmonic symbolism also gives us ample evidence here, in 

the prototype of the generator-tone line. The 0/0 emanates the 1/1, and from here, as long as the 

world of reality lasts, we find a perpetual presence of this unity 1/1 2/2 3/3 ..., as it were an 

eternal mediation of the divine Being in the form of a being-value.  

 Philosophically, the old dilemma of the immanence and (or) transcendence of God 

belongs here. In his 21st letter, Spinoza writes to Oldenburg: “I have a completely different view 

of God and Nature from those who are busy defending the new-fangled Christians. Namely, I 

claim that God is the cause of all things, intrinsic (immanent), and not acting from outside. 

Everything, I say, is in God and is moved within God, as Paul and perhaps all ancient 

philosophers would agree ... but if many believe that this theological-political disquisition 

amounts to God and Nature (understood to mean a definite measure or a corporeal material) 

being one and the same, then they are completely mistaken.” If one substitutes the direction 

(equal-tone line) immersed in every being-value with the “intrinsic divine cause,” then 

effectively “all is in God and is moved within God”; yet God and Nature, the Eidos (0/0) and the 

being-value, are still not one and the same. This is a dilemma that, in pure philosophical or 

logical terms, must be set aside as an unexplainable antinomy, as the honorable Spinoza did – but 

which can be completely understood by means of harmonic analysis! 

 Here we cease to give further examples. They could multiply a hundredfold and would 

allow for a manifold series of religious symbols, personifications, hierarchical problems, the 

heavens, etc., to be illuminated by means of harmonic symbolism, and to create a framework, a 

type of genealogy of all these emblems and concepts in the muddle of this multitude, facilitating 

an amazing synthesis within this vast domain. Even the notorious Gnosticism – still a stepchild 

of the science of comparative religion – undergoes an astonishing illumination through harmonic 

analyses. One will see that in Gnosticism itself, there is still a rich repository of true symbolic 

knowledge, admittedly often overly degraded due to a futile struggle against Christianity. 

Material related to this can be found in §52-54. 

 Also philosophy, which is indeed closely connected with religion where the above 

principles are concerned, can only be covered briefly here. Throughout the Orphic symbols, 

Pythagorean philosophemes, Plato’s ancient philosophy, the Neoplatonists, Renaissance 

philosophy, up to the systems of Hegel and Schelling, certain expressive image-concepts reveal 

to us the background of a general akróasis. This often allows forms apparently belonging only to 



the logical capacity of the psyche to be grasped more deeply, as value-forms of universal 

significance. Later we will speak of a few of these forms and their harmonic derivation, e.g. the 

concept of dialectic. Idealistic systems, and often materialistic ones, too, are constructed 

pantheistically to strive towards a 0/0-concept of the highest Instance, and here they often 

coincide strongly with mystical and nature-mystical doctrines, which place the 0/0 in the Self 

(for example, the concept of En-soph in the Kabbalah). Other philosophical systems distinctly 

derive everything from a real, conceptual origin of the 1/1. Alchemical nature-philosophy is 

peppered with symbols whose harmonic analysis via diagrammatic harmonic value-forms could 

make even this very difficult area transparent, and might reduce it to relatively few concise 

forms. This information is sufficient preparation for those readers who wish to explore these 

areas further. Perhaps later, the author may write some further thoughts about it. 

 The reader will now wonder: All this is very nice and interesting, but what is the meaning 

of this symbolism for us today, and above all for me as a religiously-inclined person? 

 There is no reason for the author to evade this question: the diagram, reconstructed by us 

according to nature, formed by creative energy, gives enough information about it. 

 On the basis of akróasis, we know that there is a highest Instance that bestows being and 

inner value upon everything. The image-concept 0/0 of this Instance indicates that we must now 

avoid any concrete naming, that this is outside all reality, and we must not be so impudent as to 

state anything definite about it. Akróasis, however, gives us the certainty that this Instance exists, 

and this certainty, a thing of sureness and consciousness, is the one predicate that we can give it 

here. Furthermore, we know that with the emergence of 0/0 into 1/1, although mathematically 

they are the same, in harmonic terms there is a metamorphosis of enormous significance: the 

world is created (cf. §54). With 1/1 the word “fiat” or “let it be” is pronounced, the polarity of 

light 1/1 → ∞/1 and darkness 1/∞ ← 1/1 is given, and the senary of the “work of six days” is 

given to the first polar ratios with their great consonant major and minor chords, these two 

psychical worlds. From the 7th ratio onward appears this multitude of configurations, whose 

norms and laws resonate through the entire world of appearances, of material, psychical, and 

spiritual being-values. With 1/1 also is given the divine mediator-principle of the unity eternally 

manifesting itself through the Aeons (0/0 → 1/1 2/2 3/3 → ∞/∞), and with it the system of 

being-values that it brings about, and its reincarnative reflection (equal-tone lines) toward the 

divine origin 0/0. 

 That is what we can say with certainty on the basis of the value-forms handled in this 

section. 

 As a conclusion to this section, we will share a remarkable poem by Rückert, which 

places the problems discussed here in a visionary view. Rückert was closely associated with the 

scientists of his time (Schleiden, etc.), but he cannot have known of Thimus’s harmonikale 

Symbolik, since it was first published in 1868 and he died in 1866. 

 

As many rays go earthward from the sun, 

Thus go rays from God into the heart of every thing, 

This ray connects the thing with God, 

And thus each thing feels its origin in God. 

From thing to thing laterally, there goes no such ray 

Only many tangled rays of light all at once. 

 

In these lights, thou canst never recognize the thing; 



The dark partition will separate thee from it. 

Rather must thou climb towards God on thy ray, 

And incline thyself toward the thing in its ray, 

Then seest thou the thing as it is, not as it appears, 

If thou seest it with thyself unified in God. 

 

Friedrich Rückert 

(Weisheit des Brahmanen, 10. Stufe 

“Vom Totenhügel,” Spruch 59) 
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§26. INDEX AND GENERATOR 

 

We come now to a phenomenon of the highest importance for all harmonic series and group 

theory: that of limitation. Everything in the realms of becoming and being arises from the infinite 

(spatial) and the eternal (temporal) within certain limits. Only through this limitation does the 

being-value receive its form. In harmonics, we differentiate between an outer and inner 

limitation; the former being known as the “index,” the latter as the “generator”; but one must 

understand the words “outer” and “inner” in terms of the value-forms, i.e. regarding both the 

index and the generator as psychophysical form-tendencies. 

 

§26.1. “Index” 

Index comes from the Latin index = indicator, content. In harmonics, it means the outward limit 

of a series- or group-construction. For example, the diagram of index 16 that we have 

predominantly discussed here ends, finds its limit on both sides (16/1 and 1/16) with the ratio 16. 

If I interrupt a series, e.g. the overtone series, at 16/1 c, then it has an index of 16. 

 Although the index forms an outside boundary for harmonic developments, it is in no 

way an “outside” affair. Going over the individual indices of the diagram analogous to the first 5 

consecutive listings: 

 

Figure 164: 



 
 

one will notice that each index has its own “face,” not so much due to its numbers – which are 

only uniform successions of the whole numbers and their reciprocals – but rather to the value-

content of the tones. Thus index 1 remains entirely in the realm of unity; index 2 displays this 

unity trinitarily in three c-values; within index 3 the great fifth-steps f and g emerge, which 

expand yet further into the heights and depths along with the c-values in index 4. In index 5, the 

major and minor thirds e-as and a-es emerge; and so forth. In each index, then, something new 

always occurs, which has never been before. Every index has its own physiognomy, its gestalt, 

and is not merely an accumulation of that which has previously been. If we just take the values in 

themselves, without their octaves, we will notice that only the indices with odd numbers, 1, 3, 5, 

7, ... actually produce new values. Notwithstanding, the physiognomy of the above index 3, for 

example, is quite different from that of index 4, despite sharing the same tone-values, due to the 

appearance of the octaves. This difference is important in terms of the inner arrangement. If we 



draw, for example, the diagonals from the lower left to the upper right in these two indices 3 and 

4: 

 

Index 3: 1/8 f,, 2/2 c 3/1 g 

Index 4: 1/4 c,, 2/3 f, 3/2 g 4/1 c 

 

then we see a new interval-succession with index 4 in contrast with index 3; thus although the 

values are the same, the value-relationships are different.  

 The reader should attentively examine the individual indices within index 16 and note 

them down individually. A more thorough discussion including monochord experiments, 

individual configurations, etc. appears in the following sections as each case demands. 

 

Figure 165/1: All values of TE16 

 
 

Figure 165/2: Only the senary values 



 
 

Figure 165/3: Only the c-values 



 
 

Figure 165/4: Only the fifths 

 



 

§26.2. “Generator” 

Generator comes from the Latin generator = procreator, parent. The term has been chosen to 

indicate a principle of inner limitation and form, in contrast to the outer. If the generator is a 

single ratio, e.g. 3 g, then in the overtone series it will produce the ratios 3 g 6 g 9 d 12 g 24 g 27 

a ..., and in the undertone series the ratios 1/3 f 1/6 f 1/9 b 1/12 f 1/24 f 1/27 es, etc. Here, then, it 

is identical with the so-called “interval-power series” (§17.3 and §45) with addition of the 

octaves. If the generator is a closed number-series, however, for example 1 2 3, then from the 

overtone series it selects the ratios 1 c 2 c 3 g 4 c . 6 g . 8 c . 9 d . . . 12 g . . . 16 c . . . 18 d . . . 24 

g . . . 27 a, etc. So only multiplications of the generator(s) are allowed, i.e. a mutual intervallic 

quality, likewise octavation (multiplications with 2n or 1/2n). That is the narrower, primordial 

concept of the generator. Naturally, one can grasp it further as a selection principle. For example, 

one can select individual tone-values from the “P” system, the c-, g-, and f-values (octaves and 

fifths), and set them as generators, likewise chords, etc., as the four diagrams of Fig. 165 show. 

The most important generator for harmonics is the so-called “senary,” i.e. the closed progression 

of ratios 1 to 6 with their reciprocals (Fig. 165/2). 

 In §21.2, we introduced the concepts of “emmelic” and “ekmelic” for the ratios 

respectively belonging or not belonging to the musical tone-system. Now we have the technical 

derivation of these concepts. All emmelic ratios lie within, all ekmelic ratios outside the senary. 

In diagram 2 of Fig. 165, one will notice that ekmelic ratios are also included, so for example the 

values 7/7 c 11/11 c 13/13 c 14/14 c (all = 1/1 c) and 14/7 c (= 2/1 c) as well as 7/14 c, (= 1/2 

c,), for the simple reason that these, although they are values that stem from extra-senary ratio-

creators, are still of a senary, emmelic nature. In value-formal terms, this means that under 

certain circumstances, being-values of “dissonant” parentage can be included in a “consonant” 

arrangement. 

 The generator chooses according to certain selection principles, from inside outwards; it 

forms some configuration within a given index according to the measure of given ratios. The 

reader should not neglect to develop isolated or closed generators in various modifications, either 

completely or at least as point-images, up to a certain index; if possible drawing the closed 

groups in different colors. With this he will be able to convince himself of the form-creating 

tendency of the generator. 

 

§26.3. Relationship of the index to the generator 

Index means outer limitation; generator means inner formation. Since there are no infinite  

forms, the generators are always limited by some index, whereas index and generator (as in our 

familiar diagram) can overlap. The index, then, can never be greater than the development of the 

generators, and the latter must have a limit, if the form is to have any meaning at all, and if index 

and generator are not set, purely theoretically, equal to ∞. 

 

§26a. Ektypics 

 

§26a.1. “Form” 

With these two harmonic theorems of index and generator, we come upon a common principle of 

such far-reaching significance that it is impossible to illustrate it adequately with examples in the 

space available here. The generative element can be distinguished with the concept of a universal 

selection principle; if we include the index, and therefore the limitation, then we can speak in 



value-formal terms of a “group limitation” (Grundriß, p. 253ff.) in which the formation of all 

being-values from within and without stands. 

 The reader should meditate upon how a form comes into being at all, and whence the 

Being of all formation and forms emerges. In thinking and sensing this through and through, 

whichever side he approaches the problem from, he will always come upon these two 

fundamental principles: that of formation from within outwards, and that of a limitation by or 

from the outside. To isolate these two principles from one another is possible theoretically, but 

not practically. Moreover, the two principles are not in rigid connection, but in living interaction, 

and in this very dialectic there presumably lies the mystery of all formation. 

 It is interesting that scientific attention has predominantly focused on the generative 

elements, whereas indexation (form-limitation) is simply taken as a given fact, to say nothing of 

the idea of a mutual influence of both principles. Every atom belongs within the generative 

selection of its quantum-tracks, and the “number” of its atomic nucleus; the dependence of the 

limit of its collective surroundings, of its index, on inner selection, should be indisputable here. 

On this rests the diversity of atomic building blocks. Every crystal forms according to the 

generator of its class-laws, and can theoretically grow without a limit, but in reality neither 

crystals nor trees “reach the sky”; so there must also be an index-limit here. I could not find 

sufficient information in the relevant literature as to how this is connected with the selection 

principle that builds the crystal. In my Harmonia Plantarum, (p. 39ff.) I attempted to explain that 

plants appear to reveal their secret forms in a dialectic between index and generator of their 

logarithmic “sound-image”; it is similar for the forms of animals and humans. In §38a, we shall 

see how the sound-image of the latter can be developed. But also in the humanities and arts, the 

selective and indicative tendency can be identified everywhere. A literary or artistic work does 

not simply choose its material; it forms this choice according to immanent selections peculiar to 

the artist’s psyche. Likewise, the work of art has not only an outer limit, but also an inner one, 

directly dependent on the immanence of inner selection principles. Here one can say that the 

value or non-value of the artwork rests upon the equilibrium of the two principles. A construct of 

ideas can only be build upon selective building blocks and planes, and the index of its 

architecture must be in harmony with the details, otherwise it will not last. 

 One might consider these things as self-evident, but – as all works of nature and of 

humans prove – they are not. To trace back the mystery of form to two such prototypes would be 

a great leap for our perceptive abilities. However, here we must mention a specific example of 

the universal selective principle, which is “harmonic” in the narrow sense: the “senary.” The 

word comes from Latin and means “based on six,” and its origin is in ancient metrics 

(“hexameter,” etc.). 

 

§26a.2. The senary 

If we limit the senary, the closed generator-progression 1 2 3 4 5 6, to itself, i.e. setting generator 

and index equal to each other, then we have the 1/4 partial-tone plane of index 6 with clearly 

intersecting major and minor chords. If we limit the ratios of some index, e.g. index 16, 

according to senary chords, and connect them with perpendicular (minor) and parallel (major) 

lines, then the result is Fig. 166: to keep this figure grounded in the 0/0, the equal-tone lines of 

all c-values are drawn. Here, we see that within the index 6 of the senary, a closed world of 

intersecting pure major and minor chords is produced, and that these types of chords can be 

continued infinitely in both directions. Therefore the generative model also pervades the ekmelic 

series here; because even though, for example, the ratio 11/1 °fis no longer fits into the original 



senary ratios, the chord 11/1 °fis 11/2 °fis 11/3 °h 11/4 °fis 11/5 °d 11/6 °h is still a pure 

minor chord, hence of senary character in itself. Checking with the monochord or with the 

differences of the logarithms will instantly prove this. 

 

Figure 166: 

 
 

 It is clear that this deep anchoring of the senary element in pure chords, and the melody 

developing from it, must also have corresponding value-formal significance. 

 In music, all usable tone-values are of senary nature. The fact that they are again 

obfuscated by “tempering” (see the Index) plays no role in their logic. As a universally 

expressive morphological term, the senary can be found in many different areas, either in its 

ratio-progression 1-6 with its multiples and sub-multiples within restricted indices, or else simply 

in its restriction to the number-value 6. The development of crystal surfaces, as V. Goldschmidt 

showed in his complication-series, takes place predominantly within senary ratios; non-senary 

ratios are unusual exceptions. The same goes for the bonding weight of chemical elements, for 

chromosome numbers, for the “secret calculations” of plants in their leaf growth, stem sections, 

and blossom formations, as well as in areas of human creativity and spirituality. I am reminded 

of the “hexadic” system” preceding the decimal system, the so-called “reckoning by sixes,” the 

division of the circle into 360° with all its astronomical designations (12 months, 24 hours, 12 

zodiacal signs, month = 30 days), and others; also the adherence of the British to their “inch” 

system. Especially ancient architectural history (the numbers of columns in Greek temples; the 



Temple of Poseidon in Paestum has 6 columns on the short side, 12 on the long side; the most 

ancient six-stepped Egyptian pyramid at Saqqara, 2950 B.C., etc.) and mythology display a great 

number of senary elements; the “six-day creation” in the Bible. “Six to the right, six to the left” 

is found in some form in almost all religious systems; in this dualism, the value-formal 

background of our diagram becomes especially evident. Von Thimus says: “Even the muddled 

fantasies of heretical Gnosticism concerning the six masculine-feminine syzygies of the 

twelvefold Aeons, spawned in second place by Anthropos and Ecclesia, derive from the content 

of speculative theorems of the harmonic study of numbers” (Thimus I, 179). 

 A satisfactory explanation for this ubiquitous senary element is continually sought – with 

little success. The best explanation was naturally based on astronomical data, which still does not 

explain why the year has exactly 12 moon-months, i.e. why the moon circles the earth 12 and not 

13 times per year. The Babylonians originally had a sexagesimal system: 120 steps = 180 cubits, 

and also the “double-minute” = 360 cubits (M. Simon: Geschichte der Mathematik im Altertum, 

1909, p. 93). To the question “Where did the sexagesimal system come from?” M. Simon 

disagrees with Cantor, who explained it by circle-division through the radius; he rejects 

astronomical causes as an explanation, holding that it was simply introduced for practical reasons 

because ratios of six can be easily divided. This last is true; but why are ratios of six (due to 

which we chose 120mm as the length of our monochord!) so easily divisible? To get closer to 

this answer, we must grasp the senary value-formally, grasp it as an autonomous psychophysical 

value, deeply anchored in nature, a morphological prototype lying behind all appearances. We 

must be able to place this model in a universal system of value-forms, as with harmonics we are 

in a position to do. 
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§27. PARABOLA, HYPERBOLA, ELLIPSE 

 

Let us imagine two tone-generating points surrounded by circles of equidistant waves. At some 

point, depending on the distance between the points, these circles of waves will intersect. In 

reality, of course, they will always be spheres, but to discover the laws by which these 

intersection points occur, projection on a plane is sufficient. One must then simply imagine the 

relevant figures transposed into the spatial realm, turning an ellipse into an ellipsoid, a parabola 

into a paraboloid, and a hyperbola into a hyperboloid. If we connect the intersection points of the 

two groups of concentric circles, we will trace out ellipses or hyperbolas (Fig. 167), depending in 

which direction we proceed. Since Fig. 167 is very easy to draw, the reader can easily derive the 

formula of the ellipse (Fig. 167a) and the hyperbola (Fig. 167b) by counting off the radii that 

generate the respective intersection points. This shows that the ellipse traces all the points for 

which the sum of the distance from A and the distance from B is the same, whereas the 



hyperbola traces all the points for which the distance from A minus the distance from B is the 

same. 

 

Figure 167a: 

 
 

Figure 167b: 

 
 

Figure 168: 



 
 

 We have therefore achieved the derivation of the ellipse and the hyperbola through the 

intersection of two fundamental phenomena of general vibration theory: the two wave-spheres. 

 We can read off the parabola directly from our diagram (Fig. 168). Its ratios are: 

 

Fig. 169: 

 
 



Here is the proof that they are parabolas: the familiar parabola equation x2 = 2px changes into y2 

= x for a parabola whose parameter is 1/2, i.e. the y-coordinates (perpendiculars) are equal to the 

square roots of the corresponding x-coordinates (parallels). For the parabola 0/6 5/5 8/4 9/3 8/2 

5/1 0/0 in Fig. 168, 5/1 is the perpendicular 2 units away from the point 5/3 on the x-axis, and the 

length of the x-line 9/3-5/3 contains 4 units. The y-value 2, then, is the square root of the x-value 

4. The x-value 0/3-9/3 has 9 units as its axis, the corresponding y-value 9/0-9/3 = 3 units. √9 = 3, 

etc. The apexes of these parabolas generate further parabolas. We get a beautiful image of these 

parabolas (Fig. 170) from their fourfold combination, anticipating what will be further discussed 

in §32. 

 The hyperbola also has a simple and interesting harmonic derivation. If we draw the 

partial-tone-values of its string-length measures perpendicularly (Fig. 171) and turn them 

sideways, always using the unit as a measure, then perfect rectangles result, which are identical 

in area to the unit-square. Connecting the corners then yields a hyperbola, whose equation is a2 = 

xy, as is generally known. In our case, this means that 

 

1/1 · 1/1 

1/2 · 2/1 = 1 

1/3 · 3/1 

etc. 

 

Figure 170: 

 
 

Figure 171: 



 



 

Figure 172: 

 
 

As we saw above, the hyperbola is the geometric location for all points for which the difference 

between the x- and y-coordinates is the same. Therefore, we can also clarify their “harmonics” as 

in Fig. 172. 

 The hyperbola, drawn in points, continuing endlessly in both the x- and y-directions, 

indicates that from any point placed on it, a rectangle of consistently equal area can be 

introduced between the curve and the axes A B C. If d – B = 1, then we have:  

 

Figure 173: 

 

for: length:  height:  therefore, the quadrilateral’s area: 

a2 1/4  4/1  1/4 · 4/1 = 1 

b2 1/3  3/1  1/3 · 3/1 = 1 

c2 3/4  4/3  3/4 · 4/3 = 1 

d2 1  1  1 · 1 = 1 

e2 4/3  3/4  4/3 · 3/4 = 1 

f2 2/1  1/2  2/1 · 1/2 = 1 

g2 4/1  1/4  4/1 · 1/4 = 1 

 

 



The law of hyperbola construction therefore shows us an increasing arithmetic (1/n 2/n 3/n 4/n 

...) and decreasing geometric (harmonic n/1 n/2 n/3 ...) series – a precise analogy to the 

intersecting major-minor series of our diagram. 

 And if we consider further that the ellipse is the geometric location for all points for 

which the sum of two distances has an unchanging value, then it is easy enough to construct the 

ellipse harmonically with reciprocal partial-tone logarithms, since their sum is always 1 – for 

example, 585 g (3/2) + 415 f (2/3) = 1000. In Fig. 174 this tone-pair is drawn with a thick line 

and marked for clarification. We draw two focal points (Fig. 174) 8 cm apart for the construction 

of the ellipse, encircle one focal point at radius 5.9 cm (585 g), and the other at radius 4.1 cm 

(415 f) upwards and downwards, then draw 2 rays through the intersecting points, long enough 

for the two shorter f-rays to intersect with the circumference of a small circle drawn around the 

center of the ellipse, and for the longer g-rays to intersect with the circumference of a larger 

circle drawn around the center of the ellipse. These two outer circles, whose radii are arbitrarily 

large, serve simply to intercept the vectors (directions) of the single tone-values and to clearly 

distinguish them from one another. All remaining points of the ellipse are constructed in the 

same way. The tone-logarithms here were chosen simply for the construction of ellipse points to 

be as uniform as possible. If the reader has a precise set of drawing instruments, then he can use 

all of index 16 for point-construction – a beautiful and extremely interesting rainy day project. In 

this case it would be best to choose focal points 16 cm apart and to double the logarithmic 

numbers. 

 

Figure 174: 



 
 

 Even if this construction of an ellipse from the equal sums of focal-point rays is nothing 

new and can be found in every elementary textbook, its construction from the reciprocal P-

logarithms still gives us an important new realization. As one can see from the opposing 

direction of rays in the ratio progression of the outer and inner circles, the tones are arranged 

here in these 2 octave-reduced semicircles, and thus the directions of the ratios of the two circles 

are opposite to one another. From the standpoint of akróasis, then, there are two polar directions 

of values concealed in the ellipse: a result that might alone justify harmonic analysis as a new 

addition to a deeper grasp of the nature of the ellipse. 

 Parabola, hyperbola, ellipse, and circle (in §33 we will discuss the harmonics of circular 

arrangements of the P) are of course conic sections, i.e. all these figures can be produced from 

certain sections of a cone, or of two cones tangent at the apexes. The above harmonic analyses, 

of which many more could be given, show that these conic sections are closely linked with the 

laws of tone-development, which supports the significance of the cone as a morphological 

prototype for our point of view. In pure mathematics, this significance has been known since 

Apollonius, renewed by Pascal, and discussed in De la Hire’s famous work Sectiones Conicae, 

1585 (the reader should not neglect to seek out a copy of this beautiful volume at a library!), 

right up to modern analytical and projective geometry. For those interested in geometric things 



and viewpoints, hardly anything is more wonderful than seeing the figures of these conic 

sections emerge from an almost arbitrary projection of points and lines, aided only by a ruler. For 

a practical introduction see also L. Locher-Ernst’s work, cited in §24c. 

 

§27a. Ektypics 

Mathematically speaking, ellipses, parabolas, and hyperbolas can be defined as the geometric 

location of all points for which the distance from a fixed point (the focal point) is in a constant 

relationship to the distance from a fixed straight line (the directrix). On this rest the projective 

qualities of conic sections and the possibility of constructing them by means of simple straight 

lines (the ruler). 

 In detail, as remarked above, these “curves of two straight lines” have many more special 

harmonic attributes – for example, the octave relationship (1 : 2) of the areas of a rectangle 

divided by a parabola, the graphic representation of harmonic divisions in the form of 

hyperbolas, etc. One arrives at the “natural logarithm” when one applies the surface-content 

enclosed by the hyperbola between both coordinates (F. Klein: Elementarmathematik vom 

höheren Standpunkt aus, 1924, p. 161): thus a close relationship also exists between the conic 

sections and the nature of the logarithm. The applications of the laws of the conic section are 

many, especially in the exact natural sciences. I will recall only the Boyle-Marriott Law, which 

connects the respective number-values of pressure and volume and in which the hyperbola 

emerges as a graphic expression (and thus the pressure : volume ratio of the reciprocal partial-

tone values 4 : 1/4, 2 : 1/2, 1 : 1, 1/2 : 2, etc. are expressed most beautifully). I am also reminded 

of the “parabolic” casting curves in mechanics, the properties of focal points, parabolas in optics, 

the countless “asymptotic” relationships, etc. Admittedly, these applications are mostly obscured 

by differential and integral calculus, though doubtless simplified mathematically, i.e. the 

morphological content of conic sections is outwardly diminished in favor of a practical 

calculation method, but remains the same in content. 

 

Figure 175a: 

 
 

Figure 175b: 



 
 

Because of this, it is not astonishing when a figure such as a cone, from which all these laws 

flow as from the source of an almost inexhaustible spring of forms, is applied emblematically 

even in the most recent deliberations of natural philosophy, as a direct prototype for the “layers 

of the world” and for our “causal structure.” In figures 175 a and b I reproduce the diagrams 

from H. Weyl: Philosophie der Mathematik und Naturwissenschaft, 1927, pp. 65 and 71, which 

speak for themselves. 
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§28. THE PROPORTIONS 

 

Proportion technique is a realm of “harmonic technique” that appears from the outside to be all 

numbers and formulae. In spite of this, it is one of the most lively domains, if one starts by 

understanding the concept of proportion = relationship in terms of its actual nature: an 

exceptional multitude of possible forms based on principles that are very simple because not very 

mathematical, understandable and provable by anyone with basic knowledge. In this movement 

back and forth between numbers, the numbers change into distances and then into tones; thus 

every individual number, distance, or tone must always somehow agree with two, three, or more 

others, or else persuade these to agree with it. This process has an almost seductive charm for 

those who calculate, draw, and listen along with it; the reader should not neglect to work over the 

examples once again and experience them. In this way, he will surely grasp their meaning 

himself. 

 In §24a, we discussed proportions while considering “harmonic division-ratios” in the 

harmonic pencil of rays of the equal-tone lines. Unfortunately, the study of proportion is taught 

perfunctorily nowadays; textbooks usually devote only a few pages to them, and as one 

intelligent man thought, 3-4 pages “could be further abbreviated without harm” (Tropfke: 

Geschichte der Elementarmathematik, 1902, vol. I, p. 232). But we will see about that as we 

orient ourselves.  

 The three most important proportions, probably originating from Babylon, were known in 

the school of Pythagoras: 

 

arithmetic a – b = c – d 

geometric a : b = c : d 

and harmonic a : c = (a – b) : (b – c) 

 

This looks very dry. What do these formulae say? We will first try to clarify them with lines. 

 

The arithmetic proportion 

For the arithmetic proportion, we must draw two lines from which we can derive another two; 

what is left over must be equal. For example: 

 

Figure 176: 

 
 

If I subtract b (= 3) from a (= 4), the result is 1. Subtracting d (= 5) from c (= 6) also yields 1. 

This is exactly what the formula a – b = c – d indicates. Here we see that it is not the segments or 

their ratios that are equal, but instead their differences: that is the so-called “arithmetic” 

proportion. Naturally, one can perform this subtraction with any given numbers and segments; 

the only requirement is that the same difference results on both sides of the equation. Surplus or 

shortage, then, is the characteristic of this proportion, depending on whether (in the above 

example) I judge by the two upper or two lower lines. “Arithmetic” proportion is thus named 

because an arithmetic series, for example the simple whole-number series 1 2 3 4 5 ..., represents 



a so-called “continual” arithmetic proportion, in which the differences between the adjacent 

elements are always the same (in this case, 1). The constituent “arithmetic mean” of such a series 

is 

 

n = (a + b) / 2 

 

i.e. each element of the series is half the sum of its neighbors, e.g. 

 

4 = (3 + 5) / 2. 

 

Now, if we examine our diagram, we immediately notice that in the frequency diagrams, all 

horizontal rows of the overtone type clearly make continuous arithmetic proportions. This means 

that every overtone, in terms of its frequency, is half the sum of its two neighboring tones. In the 

string-length diagram, the “arithmetic” element is in the vertical series. 

 

The geometric proportion 

Whereas the arithmetic proportion only has a “ratio” in the equality of differences, the geometric 

proportion has, so to speak, direct ratios in the segments themselves, which must also be equal. If 

a:b = c:d, then at the simplest we are looking for numbers (in this case also fractions) with the 

same value, e.g. 4/8 = 2/4, 3/6 = 6/12, 20/4 = 5/1, etc. In purely numerical terms, one can even 

check them in this way, since the inner and outer elements of this proportion can be multiplied: 

 

4 : 8 = 2 : 4     8 · 2 = 4 · 4     16 = 16     etc. 

 

But one can go further, using a geometric proportion to exchange the elements of one string with 

those of another, without changing their content: 

 

8 : 4 = 4 : 2     4 · 4 = 8 · 2     16 = 16 

 

The inner value remains the same. Now when we look back to our diagram, we will notice that 

all the rows standing perpendicular to the generator-tone axis (in the frequency diagrams; for 

string length, reciprocal numbers or tone-values) make continuous geometric proportions, for 

example: 

 

Figure 177: 

 
 

which can, of course, also be written in the form 3/2 g : 1/1 c = 1/1 c : 2/3 f, etc. As one can see, 

for geometric proportions, in harmonic terms, the interval is always the same. The characteristic 

thing about this proportion is not, as for the arithmetic proportion, the equality of the surplus or 

shortage (the difference), but instead the equality of the value of both in terms of set distances 

(numbers, tones). Today this geometric proportion, in the form a : b = c : d, is used as the 

prototype of proportion itself: “a is to b as c to d,” in which one calls the two quotients a : b and c 

: d a “ratio” and the equalization of two ratios a “proportion.” Every arithmetic and algebra 



textbook covers the manipulations of which the individual elements of “proportion” are capable, 

especially interchangeability and the ability of the inner and outer elements to be multiplied, as 

already mentioned. The concept of a “continuous” or “constant” proportion exists, then, 

whenever the median elements are equal, as in the above examples. Thus the “median” 

geometric proportional of 2 numbers emerges. When a : x = x : b, then x2 = a b, or  

 

x = √ab (geometric mean). 

 

The median geometric proportion between 2 numbers is the square root of the product of these 

numbers, which can be demonstrated with our diagram. If a = 3/2 and b = 2/3, then x2 = 3/2 · 2/3 

= 1, thus x = 3/2 · 2/3 = √1 = 1. In the diagram, naturally, we find other geometric proportions, if 

we merely look for the ratios of equal intervals, for example: 4/2 c : 4/3 f = 2/4 c, : 3/4 g, where 

the equality-ratio consists of fifths. 

 

The harmonic proportion 

The predominantly geometric laws of the third of the typical proportions, known as the 

harmonic, were already discussed amply in §24a. Its algebraic expression a : c = (a – b) : (b – c) 

means that in a three-element harmonic proportion (a, b, c) the differences between the first and 

middle elements have the same relationship to the difference between the middle and third as 

does the first element to the third. If, in a three-element (continuous) harmonic proportion, (a – 

x) : (x – b) = a : b, then by multiplication of the outer and inner elements, we find that (a – x)b = 

(x – b)a, thus ab – bx = ax – ab, so 2ab = ax + bx, therefore 

 

x = 2ab / a+b (harmonic mean). 

 

Look once again, more closely, at the visual geometric derivation in §24a. If we look for 

harmonic proportion in our frequency diagram, we find it in all the vertical columns of the 

undertone series type. Each aliquot series is a continuous harmonic proportion series. The 

progression 1/1 1/2 1/3, brought to a common denominator, is 6/6 3/6 2/6. (6/6 – 3/6) : (3/6 – 

2/6) = 6/6 : 2/6, thus 3/6 : 1/6 = 6/6 : 2/6, thus the left and right sides become 3/6, fulfilling the 

harmonic proportion. In a similar way, with the introduction of tone-values, the progression 1/2 

c, 1/3 f,, 1/4 c,,, set to a common denominator 6/12 4/12 3/12, yields the harmonic proportion 

(6/12 c, – 4/12 f,,) : (4/12 f,, – 3/12 c,,) = 6/12 c, : 3/12 c,,, so 2/12 f,, : 1/12 f,,,, on right and 

left. Visually, it can be clarified thus: 

 

Figure 178: 

 
 

As one can see, in contrast with arithmetic proportions, it is not the differences but the ratios of 

the differences that are equal to the ratios of the two section-difference pairs. 



[Fig. 179 needs corrections from HK’s errata inserted] 

Figure 179: 

 
 

It is now important and interesting to investigate the relationships of the three proportion types to 

one another. Viewed harmonically,  the above diagram makes this relationship self-explanatory. 

In the P-diagram one can draw horizontal, vertical, and perpendicular lines through any point on 

the generator-tone line to find three intersecting “continuous” arithmetic, harmonic, and 

geometric proportions in each case – for example, the series through the point 8/8 c, as illustrated 

in Fig. 179. 

 The great polarity of major and minor also emerges here, once again: all major series (in 

terms of frequency, as in our diagram) have the arithmetic proportion, all minor series have the 

harmonic, as a constituent element in the background, whereas the geometric proportion invades 

them both from one direction and overshoots in the other, holding together the coordinate 

structure.  

 For further investigations of the relationships of the three proportion types, their median 

proportionals are most useful. We find a remarkable conjunction in the circle (Fig. 180); here we 

also find the solution to the problem of the geometric construction of these three “median” 

proportionals. 

 

The median proportionals 

 

Figure 180: 



 
 

In the circle (Fig. 180), choose any point V on the radius MW. With the same radius r, draw an 

arc from V that meets the circumference at A, and continue the line AV in the other direction 

toward point H. Finally, construct a perpendicular line from V to G. In every case, VA will be 

the arithmetic proportional, VG the geometric proportional, and VH the harmonic proportional to 

the segments a and b divided by point V on the diameter UW. Proof: VA is the arithmetic 

median because VA = the radius r. a + b = 2r, so r = VA = a+b / 2. The arithmetic mean of the 

reciprocal values of two quantities is equal to the reciprocal value of the harmonic mean of both 

quantities, i.e.: 

[Fig. 181 needs corrections from HK’s errata inserted] 

 

Figure 181: 

 
∆VAU is similar to ∆VWH, since <UAH = <UWH and <AUW = <AHW (angles on the 

circumference on equal chords), therefore VA:VU = VW:VH or r:a = b:VH 

 

VH = ab/r; r = a+b/2, therefore 

 

VH = ab/a+b/2, or  

 

VH = 2ab/a+b 

 

Thus VH must be the harmonic median. VG, the geometric median, results from the right 

triangle UGW, whose height GV, according to a well-known law of plane geometry, is equal to 

the square root of the product of the sections that it marks, a and b.  



 Since, in Fig. 180, the point V can be arbitrarily chosen, it is clear that only certain 

numbers are suited for an “emmelic” ratio of all three median proportionals. What was said in 

§24a.1 regarding the musical special case of “harmonic proportion” also applies here. We will 

soon see how the three “medians” relate to one another algebraically and harmonically. 

 From examining Fig. 180, it is directly evident that the arithmetic mean must always be 

greater than the geometric, and the geometric greater than the harmonic: 

 

Figure 182: 

 
 

and that the geometric mean is also the geometric mean of the arithmetic and harmonic means: 

 

Figure 183: 

 
 

The correctness of this proportion follows from the equality of the product of the inner and outer 

elements. We also come upon this remarkable symmetry for the median proportions, which we 

have already come to know from the continuous proportions belonging to them in the partial-

tone diagram. This indication of symmetry led A. v. Thimus to further investigate the behavior of 

the three proportion types in algebraic abstract terms. In vol. II, p. 38 of his Harmonikale 

Symbolik, Thimus writes: “To gain a deeper insight into the number-harmonic construction of the 

musical system, we wish to illustrate the process of the Medietäten (= median proportionals) and 

third proportionals more generally, by algebraic methods. […] For this we start with the most 

general ideas. We place the measure of the width of the still undefined interval in the middle ‘as 

beginning of everything,’ take the same constructive primal tone of the one, α (alpha) and the 

other, ω (omega) from the pole (archai = beginning of the up- and down-way hodos anō katō) ... 

the geometric median will equal the square root √αω of the product of the two outer terms. The 

arithmetic median is known to be half the sum of the outer term, so 

 

Figure 184: 

 
 

as a general formula for the harmonic, the term 

 

Figure 185: 

 
 

is used.” 



 Thimus now inscribes the three median proportions between the two “poles” α and ω, 

adding the arithmetic in parentheses as above, for reasons of symmetry in place of 

 

Figure 186: 

 
 

and notates the harmonic replacing 2αω / α+ω with αω (α0ω0 / α1ω1). 

 

Figure 187: 

 
 

Now he begins to proportionate according to the series. First we seek, as “second arithmetic 

median proportional” to 

 

Figure 188: 

 
 

the third arithmetic proportional x . According to the law of arithmetic proportion, the median 

element 

 

Figure 189: 

 
 

must equal the sum of the first element 

 

Figure 190: 

 
 

and the desired third element, divided by 2: 

 

Figure 191: 



 
 

and thus the result is 

 

Figure 192: 

 
 

If we seek the “second harmonic median proportional” y according to the equation 

 

Figure 193: 

 
 

then after calculation we find 

 

Figure 194: 

 
 

In a similar way we find the third arithmetic median proportional: 

 

Figure 195: 

 
 

the third harmonic median proportional: 

 

Figure 196: 

 
 

and so forth. The final collective result of this proportioning of the formula is: 



 

Figure 197: 

 
 

The brackets above the formula represent geometric proportions, those further above represent 

arithmetic proportions, and those beneath represent harmonic proportions. The collective formula 

obeys the law of the hyperbola, and shows the inner symmetry of the three interrelated 

proportion types most beautifully. If one sets the formula for α = 1 and ω = 2, i.e. the framework-

interval of the octave, the result is the series: 

[Fig. 198 needs corrections from HK’s errata inserted] 

 

Figure 198: 

 
 

If we now pursue the two halves of this series to the right and left of √2 in the “P” system, we 

will see that these two halves, 3/2 5/3 9/5 ... and 3/3 3/5 5/9 ... each lie upon a straight line going 

out from 1/1 – a very peculiar condition if we seek the possible “location” of √2, and even more 

significant if we examine the two end-values, approaching this straight line, or unify them in the 

formula, namely α = 1 and ω = 2, as “limits” of this straight line. The mathematically adept 

reader may investigate whether this is true! 

 We can now operate a three-element continuous proportion with the third proportionals 

instead of with the median proportionals, to obtain new steps and values. For this proportion 

technique, which is often important for practical harmonic tasks, one should note the following 

scheme. 

 a) If I am seeking, for example, the third arithmetic proportionals downwards for the 

partial-tone coordinates 10/3 a and 8/3 f, then because the denominators must be equal for a 

continuous arithmetic proportion, and the numerators must be equidistant, I construct: 

 

6/3 c ← 8/3 f → 10/3 a 

 

Thus 6/3 c is the desired third arithmetic proportional: 

 

(10/— 8/— 6/—). 

 

b) Conversely, for a continuous harmonic proportion, the number-values must be equal and the 

denominators must be equidistant. For example, if I am looking for the third harmonic 

proportionals upwards from 9/10 b, and 9/9 c, then I construct: 

 



9/10 b, → 9/9 c → 9/8 d 

 

9/8 d is the desired harmonic proportional: 

 

(10/— 9/— 8/—). 

 

c) If one seeks the third geometric proportional, such as for 10 e and 12 g downwards, then 

one constructs: 

 

x : 10c = 10e : 12g 

x = 100/12 = 50/6 = 25/3 cis 

 

Thus 25/3 cis is the desired third geometric proportional. In pure tones (without numbers) these 

are, as noted above, equal intervals: i.e. the interval g-e is equal to the interval e-cis (minor 

thirds). Without arithmetic calculation, then, I could continue the example, saying that the further 

geometric proportionals to 10 e and 25/3 cis must be ais, since cis-ais is another minor third, 

and so on. 

 If we once again take the two poles α and ω as starting points, setting α = 1 c and ω = 2 

c, then we find the corresponding third proportionals by proportioning back and forth, as 

follows: 

 

Figure 199: 

 
 

to this we add the third geometric proportion upwards and downwards: 

 

Figure 200: 

 
 

[The last letter of the third row of Fig. 200 should be c” not g” – Tr.] 

The third arithmetic proportion upwards and downwards: 

 

Figure 201: 

 
 

The third harmonic proportion upwards and downwards: 



[Fig. 202 needs corrections from HK’s errata inserted] 

 

Figure 202: 

 
 

The third harmonic proportion upwards: 

[Fig. 203 needs corrections from HK’s errata inserted] 

 

Figure 203: 

 
 

This strictly systematic back-and-forth proportioning yields formula 204: 

[Fig. 204 needs corrections from HK’s errata inserted] 

 

Figure 204: 

 
 

If one uses octave reduction to bring all the tones in this series into the same octave, in their 

correct scale-arrangement, then the result is the diatonic scale: 

 

bˇ c d es f g a (bˇ), 

 

which to our perception is a B-major (g-minor) scale for a generator-tone of 1/1 c. For the 

ancient Greeks, however, it was a “Dorian” scale, whose characteristic is that with c as the 

generator-tone, it begins a whole-tone lower and proceeds like a B-major scale, or with d as the 

generator-tone, it begins with c and proceeds like C-major. This, of course, is only to explain it 

in terms of today’s very primitive perception of scales. For the ancient Greeks, and for those 



nowadays who truly know “Gregorian chant,” these “church modes” are completely independent 

sound-forms with different psychical characteristics. 

  Thimus then continues by differentiating the above proportioning further, and thus 

comes to a new elicitation of the so-called “enharmonics” of ancient Greek tone-systems that 

was lost, or at least no longer used, by the later Greeks (Aristoxenos, Ptolemy, etc.): an 

exquisitely differentiated ratio-construction with deep speculative and symbolic significance. 

 The reader who, armed with a beginner’s background in algebra, calculates the above 

formulae, proportionates the proportions, and devotes himself to further related exercises, will 

certainly appreciate the deeper grasp of the laws of harmonic series-construction thus made 

possible, despite the apparent schoolbook-like circumstances. In a textbook, these things cannot 

be ignored. And those for whom such numbers and formulae are an expression of actual 

relationships, rather than just something external, will share the author’s astonishment and 

wonder at the phenomenon of proportion itself, which is revealed in its innermost Being in the 

above examples. Especially in the last formula, the inner laws are perceived with redoubled 

effect. All other readers, though, who follow the suggestion in the preface and skip over the 

above pages, will be compensated by the following ektypic excursions. 

 

§28a. Ektypics. Plato 

In his late work, Timaeus, Plato ascribes to Timaeus the following words on proportion: “It is 

impossible to join two things together without a third, because only an intermediate bond can 

build unity between the two. Of all bonds, however, the most beautiful is the one that 

simultaneously joins itself and the objects it binds together all into one. Proportion exists to bring 

this about in the most beautiful way.” And here a definition of geometric proportion is implied: 

“because when the middle of three numbers, measures, or energies of some kind has the same 

relationship to the last as the first has to this middle, and likewise to the first as the last to the 

middle, then the result is this: if the middle is set to the first and last, the first and last in the two 

middle spaces, the result necessarily remains the same; but if this remains the same, then they are 

all truly combined into one.” (Example: 2/3 f : 1/1 c : 3/2 g, and 1/1 c : 2/3 f = 3/2 g : 1/1). The 

fact that Plato described the unity of the geometric proportions playing around the generator-tone 

line as the “most beautiful of all connecting bonds” is in itself a proof for the “harmonics” of late 

Platonic thought, a proof that will be further solidified in the harmonic analysis of the scale of 

the Timaeus (§39). 

 It is not claiming too much to refer to the phenomenon of ancient Greek thought and 

perception as a thought and perception in proportions, an ascendance of the spiritual (logos) to a 

harmonically conditioned interplay of sensuality, in which this proportional relationship (in 

Greek, logos means proportion!) plays the role of psychically and spiritually saturated tectonics. 

 The actual theory of proportion was created by the Pythagoreans. Thimus found the 

fundamentals for his formulae described above mainly in Iamblichus’s commentary on the 

arithmetic of Nicomachus, and Iamblichus noticed especially that the three proportions 

originated from Babylon. Cantor (I, 167) agrees with this, since arithmetic and geometric series 

were already known in Babylon and Egypt. For us, however, it is fundamental that the ancients’ 

entire study of proportion is almost always illustrated through the introduction of tone-values; 

indeed, it is through this that the musical spirit and perception of the Greeks were first made 

understandable. At the center of this harmonic concept of proportion stood the so-called 

harmonia perfecta maxima, the “tetraktys”: 

 



6 : 8 = 9 : 12 

 

which was revered as something holy. This tetraktys consists of the three proportions: 

 
    6 : 9 : 12 arithmetic proportion 

    f   bˇ  f 

    6 : 8 : 12 harmonic proportion 

    f   c   f 

6 : 8 = 9 : 12 geometric proportion 

f   c   bˇ  f 

(tones by string-length) 

 

It produces the most important intervallic building blocks: the octave, fifth, fourth, and whole-

tone. 

 The Greeks reached interesting conclusions from the discovery (or rediscovery) of the 

concept of proportion, only a few of which we can discuss here. 

 

The irrational 

First, the concept of the irrationals, which indeed belong in our continuous geometric proportion 

a : √ab : b, in which the median element is usually “irrational”, i.e. inexpressible in rational 

numbers. For this reason, this proportion is known as the “geometric,” since it can only be 

grasped and conceived geometrically. The classical example for the irrational is the diagonal of 

the square: 

 

Figure 205: 

 
 

which, according to the Pythagorean theorem, yields the value √2, if the square’s sides are all 1. 

E. Frank, in his book Plato und die sog. Pythagoreer (1923, p. 224), writes: “The deep 

impression that this discovery (the irrationals) made upon their time can still be seen in Plato’s 

writings. It pointed to the existence of spatial quantities that could in no way be expressed with 

rational numbers. This discovery necessitated a complete revolution of mathematical thought, if 

the theorems of mathematics were to be absolutely universal, i.e. should apply to both rational 

and irrational numbers. To satisfy this requirement, the Pythagoreans created the new method of 

plane geometry and the new theory of proportions.” 

 The new method of plane construction gave common size-ratios, which today we notate 

algebraically (for example, ... x = √a or [a + b]2 = a2 + 2ab + b2), geometrically, such as the side 

of a square or with the so-called “gnomon”; it was a type of geometric algebra. By these 

methods, the irrational quantities could be handled geometrically, and in Euclid’s Elements we 

find them perfected. The theory of proportions follows directly from this attempt to conquer the 

irrational numbers. The irrational √2 is the “median geometric proportional” between 1 and 2. E. 

Frank (op. cit. 226) writes further: “The irrational quantity √2 can be brought into an exact 



mathematic relationship with the whole numbers 1 and 2 by means of this so-called geometric 

proportion. This proportion (in general: a : b = b : c or a : b = c : d) is however called 

“geometric” because the median proportional (√2) can only be found in it through geometric 

construction; it cannot be found or represented arithmetically through any kind of rational 

number, nor harmonically as the string-length of a harmonic tone. Through the concept of 

proportion, then, the relationship of quantities is made understandable to us irrespective of 

whether they are rational or irrational. On the basis of this (geometric) concept of proportion, the 

Pythagoreans then reconstructed all of mathematics. This study of proportion was primarily 

created by Hippasus and Archytas, and brought to conclusion by Archytas’s student Euxodus.” 

 Despite indications in the sources, E. Frank made the old mistake of viewing only the 

harmonic proportion as musically derivable. The ancients analyzed both the arithmetic and the 

geometric proportions harmonically, as we saw above; the latter, in fact, does not always need an 

irrational median or medians. In spite of this, it is indeed the irrational quantity √αω that, to a 

certain extent, controls and holds together the three harmonic proportions as beginning, end, and 

middle, and as a secret generating “ineffable” center. 

 This conclusion, first made possible by harmonic analysis, contradicts the usual opinion 

of historians wishing to find, in the discovery of irrationals, the fall of the ancient world-view 

based only upon rational numbers. The exact opposite is the case: the harmonic inclusion of the 

irrationals in the “cosmos” of the being-values arranged between the two infinities (1/∞ — 1/1 

— ∞/1) strengthens the ancient thought and perception in the existence of a universal harmony, 

even in the regulating power that grants the irrational numbers their value-emphasized place in 

the order of things. Naturally, the discovery and teaching of proportional methods also had its 

practical significance. “For the Greeks, the inestimable value of proportions lay in the fact that 

they presented, with their metamorphoses, a substitute for our equations. This important 

application explains the extensive treatment given to proportions by the Greek mathematician 

Euclid (ca. 300 BC), and also by Arabic and Medieval scholars. For a long time in the Middle 

Ages, almost up to modern times, when letter notation was finally incorporated into equations, 

people continued to write the results in the form of proportions, which took the place of our 

modern closed formulae. Only in modern times has the space allotted to them been severely 

reduced” (Tropfke: Geschichte der Elementar-Mathematik, 1902, I, p. 232). 

 Fundamentally, every fraction is still a proportion, writes Julius Stenzel (Zahl und Gestalt 

bei Platon und Aristoteles, 1924, p. 36): “The segmentation of important problems of fractional 

calculation through the so easily aesthetically elicited proportion – harmonia, logos! – works in a 

similar way; for the Greeks, 4/5 was not a fraction, but the abstract relationship between two 

relative quantities. We know from Euclid that the Greeks indicated numbers with proportions of 

segments, but precisely because of this, the pure relation, the indifference to absolute size, must 

have been a particularly lively problem for them. Once again one can say: in all this lie the 

presuppositions for Plato’s study of the large-small, the hyle [matter] of the extensive, that must 

occur to the Logos formerly indifferent to size in order for himself to ‘come into being,’ hence 

giving him reality and determination in the full sense. The necessary meeting of these two 

principles – a grasp of the relationship of logos to physis that is actually transcendent, i.e. 

contrived on the absolutely necessary mutual relationship of both – remains the core problem of 

philosophy, for Aristotle as well as for Plato.” Stenzel writes further in this magnificent work (p. 

93): “The manifest sensualization of the spiritual is the theme of all late Platonic philosophy.” 

Furthermore (p. 125): “The late Platonic theories do not reveal the pallor of thought; on the 

contrary: they are the strongest confirmation of Fichte’s thesis that the Greeks achieved an 



exquisite refinement of sensuality much earlier than that of abstract thought. One can say further 

that the value of their philosophy for all times, especially for today, lies in the fact they were 

spared from the unavoidable fate of all intellectuality, the atrophy of the sense of sight, or worse, 

the substituting for it of unexplained individual intention, because this prominence of sensuality 

finally led to a symmetry of all spiritual energies, whose purest expression will always remain 

Plato’s and Aristotle’s.” From our harmonic standpoint, we can only subscribe to these 

penetrating views. Unfortunately, Stenzel, like all previous philologists, knew only of the 

periphery of the harmonic backgrounds of Greek thought, and not of the center. The reader who 

has worked through harmonic fundamentals based on Thimus’s studies and this textbook will 

hardly find anything more depressing than having to look over and work through the forest of 

often primitive commentary, laboring with insufficient acoustic munitions in “dark” numeric-

harmonic areas, especially the fragments of Philolaus, the Pythagoreans in general, and the late 

philosophy of Plato. One should set the entire thought of the golden age of Greek philosophy and 

its precisely numerically graspable and psychically perceivable laws against the background of 

akróasis and its rules: a procedure that is not at all arbitrary, but actually encouraged by hundreds 

of ancient sources. Then this “refinement of sensuality,” which Stenzel very rightly detected in 

that thought, will become graspable and understandable from a fully new, central position, 

inwardly adequate to this thought and accessible in the deeper sense to heart and mind. One then 

sees that Plato did not “come upon the unhappy (!) idea, in his old age, of developing the world 

of ideas as a number-system” (W. Windelband: Platon, 1905, p. 93). On the contrary, for Plato, 

number-harmonics was the idea and sensuality-mediating bond, and it was Windelband himself 

who came upon a most “unhappy idea.” In my essay on Pythagoras (in Abhandlungen), I 

attempted for the first time to rectify the most important Pythagorean theorems of akróasis, 

which indeed place the eye and ear on an equal level with thought. But a harmonic analysis of all 

Greek philosophy up to around Proclus would require half a life’s work; this analysis requires a 

precise familiarity with the harmonic fundamentals and an equally great knowledge of 

philosophical and natural history supported by thorough language abilities. I am sure that 

whoever undertakes this project will achieve results that place all of the ancients’ scientific, 

artistic, and philosophical thoughts and experiences upon a new, central foundation, not as seen 

by our modern thought but self-radiating from the cosmos of Greek thought. After this digression 

we return to our proportions and will note a few more typical examples for the ektypics of 

harmonic proportioning. 

 

Cube 

The twelve sides, eight corners, and six faces of the cube make a harmonic proportion. 

Nicomachus and Iamblichus believed that on this basis, the ancients spoke of a harmonia 

geōmetrikē (geometric harmony); because the octave (12 : 6 = 2 : 1), the fifth (12 : 8 = 3 : 2), and 

the fourth (8 : 6 = 4 : 3) are all contained in the cube’s ratios. As we saw in §24, geometry, 

through the significance of harmonic proportion, is anchored in harmonics especially on its 

projective side. Clavius, in his commentary on Euclid, concentrates completely on a musical 

proportion, which emerges in a triangle M1 M2 M3 that bisects any triangle A B C and the 

corresponding segments on the connecting lines of the corner points and the bisection points 

(Fig. 206). 

 

Figure 206: 



 
 

Draw a triangle A B C of any size, then draw lines from the corners to the midpoints of the sides 

M1, M2, and M3. Join M1, M2, and M3 together to form a smaller triangle, and indicate the 

intersection points with the first set of lines with HJK. Then set a compass, for example, to OH, 

and one will see that if OH is the unit 1, HA is 3 and OM is 2. The analogy also applies for the 

units OJ and OK. Here are the proportion numbers: 

 

OH = 1 c 

OM1 = 2 c, 

HA and HM1 = 3 f,, 
OA = 4 c,, 

M1A = 6 f,,, 
 

These sectors of the middle line AM1, which also apply for the two others BM2 and CM3, set in 

relation to one another as string lengths, yield the ratios: 

 

Figure 207: 

 
 

Here I have written all possible proportions between one another, so that his example shows how 

the material of our partial-tone coordinates, albeit lacking thirds here, emerges from a very 

simple notation of various proportional possibilities, with an elementary geometric theorem well 

known to the ancients. 

 Tonally, the two fifths (inverted: fourths) emerge with their octaves from this triangle 

theorem, beside the primal tone and its octave, as well as the large whole-tone from the 

comparison of g to f (f to g). (Note: the reader who owns Hörende Mensch should be aware of an 

error on p. 121, line 7 from the bottom, corrected thus: a : (a + b) : (a + b + c).) 



 

The Pythagorean triangle 

The Pythagorean triangle, with sides 3, 4, and 5, yields a considerably richer psychic harvest. 

 

Figure 208: 

 
 

Since it was traditional for the Greeks to test all segments on the monochord and to set the tone-

values obtained in relation to one another, we will set the segment-numbers and their squares 

together with the corresponding tone-values (since for a right triangle, c2 = a2 + b2). 

 

Figure 209: 

 
 

and set these values, reduced by octaves (without octave signatures) analogous to the above, in 

the relationship 

[Fig. 210 needs corrections from HK’s errata inserted] 

 

Figure 210: 

 
 

If we now eliminate the duplicates (*) and arrange the remaining tone-values in scales, the result 

is a nicely differentiated chromatic scale: 

 



Figure 211: 

 
 

One can naturally explain this result with the permutation possibilities of the triadic ratios 2, 3, 

and 5, and say that any triangle would produce the same result with triadic ratio sides reduced by 

octaves. However, we are morphologists, and think in terms of the form. If this scale emerges 

within a typical limit such as that of the Pythagorean triangle 3 : 4 : 5, that is reason enough for 

anyone who possesses even a minimum grasp of morphological laws to pay close attention. This 

is an optically graspable figure of entirely characteristic peculiarity, namely a triangle that 

satisfies the Pythagorean theorem with the smallest whole numbers possible; thus, an 

exceptionally normative configuration. The fact that calculating this yields a chromatic scale – 

admittedly not tempered, but with the finest enharmonic variants – should be food for thought for 

those harmonic hobbyists who tinker so long with some arbitrary numbers that a chromatic scale 

arises from them like a phoenix from the ashes, or who manage without a normative proof from 

the outset – which the cautious among them still do today, albeit because they do not know one. 

(Note: in my Hörende Mensch, p. 116-117 frequencies are used as a basis instead of string-

length for analysis of the Pythagorean triangle; the result is naturally the same as here.) 

 

Newton 

Here we offer to the reader an excerpt from Thimus (H.S., I, 48ff.) that shows that the great 

Newton himself was interested in number-harmonic problems. This is what Thimus wrote: 

The discoverer of the law of gravity directed his attention especially to the musical 

number-ratios of ancient times, and did not fail to connect his speculations on the 

relationships between the laws of art and the mathematical laws of nature with the 

observation of laws of musical harmony after the manner of the ancients. A young 

scholar, John Harington, who occupied himself with subject matter relevant to this, had 

devised a compilation of those harmonic numbers that, on the basis of the 1st book of the 

elements of Euclid, theorem 47, could be found in the right-angle triangle from the 

measure of the sides of the square of the hypotenuse and the other two sides, if the three 

sides of the triangle have the ratio 3, 4, and 5. The ratios found in this manner through 

geometric-linear construction were as completely developed and as musically rich as 

those that furnished the geometric figure of the so-called Helikon contrived by Ptolemy. 

Ptolemy left out the thirds and sixths. The right-angle triangle also provided the numbers 

at the basis of these intervals in the linear measure. Harrington, in his letters to Newton, 

had mentioned how strange it would be in principle that the ancients should have 

remained unaware of the ratios of the two thirds and sixths, in other words the arithmetic 

and harmonic divisions of the interval of a fifth, in which the pivotal point for the 

modern tone-system lies (we could substitute any naturally developed tone-system). Here 

he also mentioned mystical Biblical numbers and emphasized how the ratios for the triple 

octave of the major thirds (300 : 30 = 10 : 1) and for the major sixth (50 : 30 = 5 : 3) – 

the inversion of the minor third – could be found in the numbers described in Genesis as 

the measures of the Ark: 300 · 50 and 30, expressed as string lengths. He asked Newton’s 

opinion of this, and also stated the view that in architecture the art-forms that were 

pleasing to our senses might well have their deeper reasons in a definite agreement of the 



chosen measure with the harmonic numbers of musical intervals. Newton’s reply to the 

young scholar’s communication can be found in Hawkins: General History of the 

Science and Practice of Music (London 1776, vol. III, pp. 142-143). It was only because 

Newton was too busy with his multifarious other occupations that he did not pursue the 

subject of the communication and the cue therein and did not produce a more detailed 

work. He said that earlier he had occupied himself with investigations of a similar type, 

and would like to have the leisure in future to apply himself to the same. Meanwhile, he 

would continue contemplating this subject-matter; for these were serious investigations 

which showed how great is the simple beauty in all works of the Creator. Moreover, 

pleasure in the arts requires the closest possible approach to simple, concise forms, and 

this requirement became, from his point of view, most fulfilled in the visual arts, the 

more the chosen ratios approached the harmonic ratios. In architecture, arc segments 

present a more or less pleasing image, according to whether the emerging curves give the 

observer the idea of the law on which they are based. He assumes that Harington would 

have consulted Kepler’s, Mersenne’s, and the other authors’ writings about the matter. 

Newton goes on to say that what Harington said about the inconceivability of the 

ancients’ ignorance of the ratios of both thirds is quite right. It would be very surprising 

that such highly talented mathematicians should not have discovered in such number-

observations that if the ratio of the fifth 3 : 2 does not permit division in this form of its 

expression (through whole-number interpolation), however it immediately becomes 

possible with the exchange of the last term in the same ratio 6 : 4; now (through 

interpolation of the five) the ratios yield both the major third 5 : 4 and the minor third 6 : 

5, in which the diatonic system first reaches completion, and without which the tone-

system of the ancients must have been very incomplete. It appears amazing that those 

who brought their inquiries to a conclusion in such a minute way had not gone to work 

more precisely in the investigation of the larger intervals, whose divisions, just 

mentioned, are so fruitful for modern harmonics. Furthermore, he would be inclined to 

accept that certain universal laws laid down by the Creator would be authoritative for the 

pleasantness or unpleasantness of all our various sense-impressions; at least such an 

assumption would not in any way infringe upon the belief in the wisdom or omnipotence 

of God, but would stand much more in unison with the simplicity showing itself 

everywhere in the macrocosm. The letter is dated from May 30th, 1693 and closes with 

the assurance that all further results of the investigations into the subject of the 

communication would interest Newton to a high degree. Newton, in his optics, based the 

exposition of his theory of the prism’s graduated breaking up of the various color-rays 

upon a comparison of the graduations with the ratios of the Doric diatonic scale. This 

will be discussed later, and will be the subject of detailed disquisitions with which we 

intend to conclude our continuing investigations of harmonics and the study of ancient 

number-theory in Part 2.  

 

 Unfortunately, the “second part” mentioned by Thimus, i.e. the third volume of his 

Harmonikale Symbolik, was never published, and so far the search for the supposedly existing 

manuscript has proved fruitless. The letter from Newton to Harington speaks for itself. If such a 

great spirit was not afraid to take number-harmonic investigations seriously, and indeed to direct 

his special attention to them, then this is a challenge and incentive for us today to give a new 

foundation to the whole field of harmonics and to draw the corresponding conclusions. 



 

Geometric harmonics 

Further on in the domain of elementary geometry, there is a wealth of typical harmonic features, 

especially in the so-called “curious properties of the triangle,” the sections determined by them, 

and so forth. This is actually expressed in the word “chordal” (from hē chordē = the string), and 

“hypotenuse” (from hupoteinō = to span, namely a string). The beginnings of the function-

concept and the seedlings of analytical geometry are also based on the ancient concept of 

proportion, whose innermost Being the ancients knew how to derive harmonically and 

substantiate, as we have seen. The formula for changing a rectangle into a square, which we 

write today as the formula x2 = ab, was expressed by the Greeks in the proportion a : x = x : b, 

etc. There is more about this in the textbooks on the history of mathematics cited in the 

bibliography for this chapter. 

 

The imaginary number i 

It is very interesting to see the sudden emergence of the imaginary number i when the two 

division ratios of a harmonically constructed segment are set equal. 

 

Figure 212: 

 
 

As we know, in the harmonically divided segment AB or PQ 

 

Figure 213: 

 
 

i.e. the segment AB is divided inwards and outwards in the same ratio by PQ, likewise PQ by 

AB, but only each one in itself; the two ratios are not equal. This yields the numeric proof 

 

Figure 214: 

 
 

One can now calculate one ratio with the other. If one writes 

 

Figure 215: 

 
 

then through enhancement with BP 



[Fig. 216 needs corrections from HK’s errata inserted] 

 

Figure 216: 

 
 

Therefore, y = x – 1 – xy or y + xy = x – 1 

 

from which it follows that y = (x – 1)/(x + 1) or y + 1 = x – xy 

 

and thus x = (1 + y)/(1 – y) 

 

If we now set the two ratios equal, i.e. set x = y, then 

 

Figure 217: 

 
 

From all these examples, and those in §24, it is undoubtedly evident that seen historically, the 

fundamentals of the “new” projective geometry, the germ of the function-concept, analytical 

geometry, the concept of the infinite, the irrational, and the imaginary (the number i), are all 

based on a common denominator of the universal concept of proportion. The fact that the Greeks 

did not yet need our modern formulae makes no difference regarding the actual knowledge that 

they obviously possessed about these things. The common view of Greek thought is that it was 

directed only towards the finite, the “rational”; but for us, from the harmonic standpoint, the 

derivation and basing of all these very “modern” concepts upon that of harmonic proportion is of 

exceptional importance. This shows that the concept of the ratio in itself, which indeed is most 

distinctly characterized in the interval, has a constructive significance in the whole structure of 

mathematics. 

 

Proportion as value-form 

If we grasp the nature of proportion in the value-formal sense, as I tried to do in my Grundriß (p. 

277ff. and 280ff.) under the value-forms of “ratio-equalization” and “being-proportion,” this 

meaning becomes almost universal. The reader should use his own knowledge and experience, 

and the parts of Grundriß just mentioned, to make up for the lack of space to discuss further 

ektypic examples here. The “golden section,” harmonically a third-sixth problem, was specially 

discussed in my Harmonia Plantarum, p. 148ff. In §29.1 and §55.8 we will discuss this further. 

 From our human viewpoint, the concept of the “relationship” of humans to one another is 

nothing other than proportions of psychic individualities, whose “tones” must or should be tuned 

to one another so as to somehow satisfy the proportional relationship, not in a mathematical but 

in a value sense. Anyone who is comfortable in a circle of friends knows well enough how 

someone who does not belong in the circle “disturbs,” which does not say anything about the 



disturber as an autonomous being-value, but simply affirms the fact that the previously existing 

proportion is no longer in tune when a foreign element is introduced. But also a thought that is 

new, unfamiliar, objectionable, acts as a potency in the previously existing spiritual proportion, 

and must either adjust to the existing elements (if it is too weak) or else, by the strength of its 

own value, rectify the other elements until they enter into a new proportion with it. 

 

J.J. Rousseau 

J.J. Rousseau, in his Contrat Social, Book 3, Ch. 1, imagines the relationship of ruler (president), 

government, and people in the form of a geometric proportion. “One can clarify the relationships 

set forth with the image of a continuous proportion (a : b = b : c), the outer terms a and c 

representing the people as ruler and the people as a crowd of individuals, while the government 

is the geometric mean b. The government receives orders from the ruler and gives them to the 

people, and thus the state is in a correct balance. Equality must exist between the product of the 

government’s power with itself (b2) and the product of the ruler’s power over the people with the 

power of the individual (a · b). (From a : b = b : c follows a · c = b2.)” (Quoted from A. Speiser: 

Klassische Stücke der Mathematik, Zürich, 1925, p. 105.) 

 The domains that emerge in a new light against the background of harmonic proportions 

will be discussed later. The first, “harmonics and architecture,” will be the subject of the next 

chapter. The proportions of the human form will be brought into connection with the “sound-

image” in §38, and proportional relationships in the planetary system will come up in §41 with 

the discussion of the Timaeus scale, since we need first to treat further harmonic theorems. 

 

§28b. Bibliography 

A. v. Thimus, H.S., preface x ff., I, 118ff., 196ff., II, 32ff. H. Kayser, Hörende Mensch, Ch. 2; 

Klang, 20, 21, 36, 37, 51-2, 142, 145; Grundriß, 103, 155, 287. On mathematical proportions, 
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Socratic fragments; 3. Grundriß, vol. I; 4. E. Frank, Plato und die sog. Pythagoreer, 1923; 5. J. 

Stenzel, Zahl und Gestalt bei Plato und Aristoteles, 1924; and 6. the author’s fundamentals of 

new harmonics compiled in his works, especially his essay on Pythagoras in Abhandlungen. 

Aristides Quintilianus’s De Musica, fundamental for the entire “atmosphere” of Pythagorean 

musical philosophy, has been excellently translated into German by R. Schäfke (Berlin 1937). 

The first thing to observe about Frank is that the main value of his book is in its wealth of dates 

and references, and in the fundamentally correct assessment of harmonics in Greek thought. As 

far as I can see, even specialists reject his quirk of proving that the “so-called” (!) Pythagoreans 

were mythical. Stenzel’s work is valuable as an excellent collection of sources; it also does 

justice through many subtle and deep thoughts to the assessment of the “harmonic” side of 

Plato’s later philosophy in its numeric-spiritual aspect. But neither Frank nor Stenzel knew that 

this actually had a technical harmonic background, though Thimus had brought it to light long 

before them, and for these reasons they often labor vainly with certain things that a harmonic 

analysis could make very simple. But precisely because of this, their books are more important 

for us harmonists; once one has studied through them, one often has the feeling that many false 

conclusions, incorrect interpretations, and misunderstandings in certain places can be rectified by 

the single concept of tone-number, not to mention the various harmonic theorems themselves, 

which often shed a brilliant light in the darkest places. 



 Above all, the philologist learned in harmony must make a new foray into ancient 

mathematics, metrics, music theory, and natural philosophy. It seems to me that there is a wealth 

of harmonic relics here, in manuscripts or in published but little-known authors, with which 

history until now has not known how to begin, simply because no one has been able to arrange 

them into any “valid” science, and thus no one has been interested in them. 

  



§29. HARMONIC PROPORTIONS IN ARCHITECTURE 

 

§29.1. History 

 

Architecture unifies two elements that rarely go together otherwise: outward functionality and 

usefulness with free creative formation. This unification, seen from the outside, is connected 

with an apparently inescapable one-sidedness: a complete elimination of the temporal in favor of 

the spatial. Analogously, one might say that music is the polar opposite of the spatial, and makes 

the temporal exclusive. Perhaps the feeling of the coincidentia oppositorum, which eternally 

captivates aesthetics, is based on the consciousness of this diametric opposition: namely, that 

deep down, a unity exists between architecture and music, and that the cliché of “frozen music” 

that one experiences when looking at significant architecture is only an expression of the feeling 

of this coincidence. 

 In the framework of this textbook, we shall now consider as far as possible the concrete 

backgrounds of these collective relationships, those that will appear based upon a harmonic 

proportion, a tertium comparationis, which is no longer simply architecture (space) or simply 

music (time); instead, by virtue of the primal phenomenon of tone-number, which unifies space 

and time within itself, it establishes certain simple laws, which are used as a basis by the creative 

process of both these arts. Regarding general viewpoints on harmonics and architecture, as well 

as the value and non-value of various proportions, I suggest reading my Hörende Mensch, pp. 

257-279, Klang, 140-146, and Grundriß, 280-288 (being-proportions); these citations save me 

from repeating myself here. 

 

Albert Eichhorn 

 It is the fate of all scholars of harmonics to stumble repeatedly upon works that, even at 

the time of their publication, were only noticed by a few people, and since then have been 

completely forgotten. The most important, besides A. v. Thimus’s Harmonikale Symbolik, are 

the books of Albert Eichhorn, an architect from Berlin (1. Die Akustik großer Räume nach 

altgriechischer Theorie, Berlin 1888; 2. Der akustische Maßstab, Berlin 1899). Eichhorn was the 

first to take the trouble to untangle the complicated realm of ancient spatial proportions – 

previously given only a rudimentary treatment in other sources – and to make this realm 

accessible once again for modern thought and practice. 

 In the account of the results of Eichhorn’s research, we must restrict ourselves to what is 

important for us: harmonic proportion in architecture. 

 

Vitruvius 

Vitruvius, a Roman architectural writer living around the time of Christ, is the source from 

which Eichhorn gained his insights and drew his own independent conclusions. Vitruvius calls 

the study of harmonics, i.e. the study of numeric relationships in music, a “dark and difficult 

branch of science” (De architectura libri X, Book V, Ch. 4), especially for those not versed in 

the Greek language. Here he indirectly confirms that ancient Greek building-harmonics no 

longer existed in his time. He states, however, that an architect must be well versed in music. His 

works are full of exact proportional indications, and his more specialized musical-harmonic 

statements – admittedly taken from Aristoxenos, who no longer understood the Pythagorean 

tone-system – are valuable enough to be studied further. 



 Eichhorn uses the monochord string, which he calls the “symmetron” (= tonika) = unit 

measure for architectonic and musical size. He divides the string “canonically” (according to 

Euclid’s katatomē tou kanonos = division of the canon, i.e. the monochord) as follows: 

 

Figure 218: 

 
 

A further division leads to the seventh ratios that are no longer musically, i.e. psychically 

perceptible as “pure,” so that we also see the senary element used as a limit here. The string, as 

we have already learned, is divided into two segments by each division. One segment (here the 

right) was called the “plagal” by the ancients – from the Doric plaga and Ionic plēgē = striking, 

impact – because this is the segment that is struck or plucked, as stringed instrument players still 

do today; they strike this part of the string, not the other part. The other segment (here the left) 

was called the “authentic,” from authentēs, meaning something like “the actual initiator,” that 

which determines the actual measure of the string’s division, 1/1 1/2 1/3 etc. For Eichhorn, the 

difference between the study of musical and architectonic harmony lies in the fact that the 

ancient architects included both sides of the string division, the plagal and the authentic, in their 

proportions – whereas, as he believes, ancient musicians only used the ratio values of the plagal 

segments. Through summation of the above divisions, Eichhorn arrives at the pattern: 

 

Figure 219: 

 
 

and writes: “From the architectonic-acoustic standpoint, which takes as its starting point not the 

tones but the segments of the measuring standard belonging to them, we obtain the rule that the 

divisions of the measure to be used in the composition of inner spaces must correspond to the 

minor triad in music” (Der akustische Maßstab, p. 19). 

 Vitruvius used these “senary” numbers and segments – which can only be understood 

through monochord division and therefore through harmonics – for the specification of his 

“eurhythmic” ratio numbers, which Eichhorn compiles in Table 41 of his Der akustische 

Maßstab (reproduced as Fig. 220 of this book). 

 The musical-senary content of these numbers is obvious. After Book V, Ch. 4, “die Lehre 

von der Harmonie,” i.e. the study of the musical tone-ratios, Eichhorn discusses the strange 



sounding vessels (resonators) in the amphitheater (Ch. 5), then the explicit requirements (loc. 

cit.) for constructing these according to a musical diagram from Aristoxenos; also the condition 

that the architect must understand music; and many more things. I do not understand how an 

author such as G.F. Hartlaub (Musik und Plastik bei den Griechen in Zeitschrift für Aesthetik und 

allg. Kunstwissenschaft, Vol. 30, 1936) can drag out the old saw of the Greeks’ ignorance of 

triadic ratios, then simply because we have not inherited any direct harmonic “recipes,” attempt 

to challenge and even outright deny the ratio designations dictated by tone. The most primitive 

monochord experiments yield intervals, triads, and chords; whether the Greeks used them in their 

practical music or only played and sang “horizontally” is of secondary significance. Only one-

sided haptic blindness can hold on to such antiquated viewpoints, especially after reading 

Thimus and Eichhorn. 

 Eichhorn does not stop at this. His most valuable investigation, in my opinion, is the 

rediscovery of the remarkable ancient Greek theory of sound-propagation, which is extensively 

discussed in his work, Die Akustik großer Räume, mainly on the basis of Porphyry’s statements 

in his commentary on Ptolemy’s harmonics. This is another ancient source-work, hardly noticed 

until now, whose mention in current musical texts must be sought out with a magnifying glass, if 

it can be found at all. A new edition of the text has been published – see §55 – but I have 

currently heard nothing of its content being used. 

 On this subject, I quote from my Hörende Mensch, p. 259:  

 

The result is summarily this: whereas today we imagine sound-propagation somewhat 

like light-propagation, i.e. spherically emanating from a center, the Greeks imagined two 

completely different types of sound-propagation emanating from the same center. They 

imagined the sound propagating horizontally like a wave in water, and upwards and 

downwards from the center in the form of cylindrical shells. The two types of 

propagation, in which the vertical proceeds twice as fast as the horizontal, are described 

by the expressions psallein (to speed forward) and krouein (to press forward). In 

Eichhorn’s works, one can read about the more precise demonstration, which reveals that 

the ancient acousticians had an astonishing understanding of the physical process, as well 

as a definite ability to depict the process geometrically and mathematically. The results 

are important. And these lead the Greeks to two practical consequences which they 

followed strictly in the construction of their theaters. If the theater was open – an 

amphitheater – they calculated the angle of the slope of the sound exactly from the 

originating center, which usually yielded 1 : 3. This was the direction of sound that 

allowed someone sitting in the highest seats to hear a spoken word, or a sung or played 

note, just as clearly as those in the lowest rows. They went even further. To avoid loss of 

sound (through wind, etc.) as much as possible, they build “resonators” in the rows of 

seats at precisely proportioned places, i.e. larger or smaller drum-like or tub-like vessels 

of earth or clay, tuned precisely to certain tones, which, with the opening directed at an 

angle toward the stage, reflected the tone to which they were tuned. Imagine what broad 

acoustic knowledge must have been required for such arrangements, and especially what 

experiments must have been performed! It is clear that these things were constructed 

with the conviction that they would be extremely useful for the theater in acoustic terms. 

The magnificent acoustics of the ancient amphitheaters can still be witnessed today, even 

though the best of them are in ruins. The second practical application corresponded less 



to sound-direction experiments and more to the theoretical investigations into tone-

development. 

 

 Eichhorn reexamined these investigations, especially in his second work (Der akustische 

Maßstab), and came to the conclusion, as remarked above, that “the measure to be used in the 

design of large indoor spaces must contain such divisions for its main dimensions as correspond 

to the construction numbers of the minor triad 5, 4, 3 in music (in terms of string or segment 

length)” (op. cit., 46). How it happened that the details and minutiae of the architectonic 

“appendages” required yet another special “module-calculation” must be studied in Eichhorn’s 

last work. 

 

Figure 220: 

 

Table of eurhythmic ratios of the Greek temple according to Vitruvius 

Description of the ratio sizes old Doric Etruscan old Ionic true Ionic 

1. Width of antae: epistyle height; 

antae width: medius tetrans (Doric) 

 

2. Triglyph or zophorus height: epistyle 

height: corona height 

 

3. Triglyph height: triglyph width; 

metope width: triglyph width 

 

4. Corona overhang: corona height 

 

5. Capital height: cyma height: abacus 

height 

 

6. Gutta cum regula width: epistyle-

fillet width: gutta 

 

7. Bottom column diameter: top 

column diameter 

 

8. Middle cella width: width of side 

cella or ala 

 

9. Temple length: temple width: cella 

length: cella width (old ratio) 

 

10. Greatest width of the gable: whole 

roof [?] 

 

11. Cella length: c-height: c-width; 

bracket overhang: b-height: b-width 

3 : 2 

 

 

3 : 2 : 1 

 

 

3 : 2 

 

 

3 : 2 

 

3 : 2 : 1 

 

 

3 : 2 : 1 

 

 

4 : 3 
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4 : 3 : 2 
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4:3:2:1 
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4 : 3 : 2 

 

5 : 4 

 

 

5 : 4 : 3 

5 : 4 : 5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6 :4 

 

 

 

 

 

 

 

 

1 :1 late 

 

 

 

 

 

 

 

6 :5 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

12. Bottom: middle: upper band of the 

epistyle; first: second: third molding  

 

13. Cella length: cella width: pronaos 

width 

 

14. Cella + pronaos length: c-width; 

side-wall length: side-wall width 

 

15. Bottom: top column diameter: 

epistyle height: smooth zophorus 

(Hermogenes) 

 

16. Total height of the dentils: tooth 

height: tooth width: intersection 

 

17. Tooth height: tooth width: 

intersection width: cymatium height 

(old Ionic) 

 

18. Cyma height: corona height: tooth 

height: cymatium height: ledge over 

dentil (Polias) 

 

19. Cyma height: corona height, with 

incised cymatium (Ilissus) 

 

20. Triglyph head height: triglyph 

width; triglyph gap: triglyph width 

 

21. Width: height of the Etruscan 

round base 

 

22. Frame height of corona overhang 
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5 : 4 : 3 
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3 · 4 / 5 

Results of the table: 

Surface eurhythmy 

Body eurhythmy 

Composite eurhythmy 

Interpolated values 

 

3 : 2 

3 : 2 : 1 

2/3, 1/3, 

1/6 

 

4 : 3 

4 : 3 : 2 

1, 3/4, 

1/2 

 

5 : 4 

5 : 4 : 3 

12/5, 2, 

1 

 

6 : (5,4,3) 

6 : 5 : 4 : 3 

2, 1 

(From A. Eichhorn: Der akustische Maßstab, Berlin 1899, p. 41) 

 

In the results of Eichhorn’s half century of research, there lies a wealth of concrete instructions 

for spatial acoustics, emerging tonally rather than physically. Are his claims valid? One can only 



decide through practice, i.e. investigating the actual proportions of spaces currently existing and 

known for their “good acoustics.” Eichhorn relates the measurements of the Berlin 

Singakademie, built in Schinkel’s time, perhaps the only venue in Berlin in which it was a joy to 

listen to music. Its proportions were: 

 

Figure 221: 

 

For exact values; i.e. 

for 32.83 = 2 × 1 

32.83 m long 12.85 m wide 9.81 m high 

32.83 m long 13.13 m wide 9.85 m high 

2 × 5/5 long 4/5 wide 3/5 high 

 

As one can see, these are the pure triadic proportions, only with minor differences arising from 

the building process. 

 

E. Schieß: spatial acoustics 

Switzerland has the organ-building expert and acoustician Ernst Schiess to thank for several of 

its most beautiful organs, matched in their registers to the corresponding spaces, as well as for 

the good acoustics of the Bern Conservatory and other halls. He also revived the true, primordial 

relationship of tone and space, together with their ancient traditional rules. The great chamber of 

the new conservatory at Bern has the exact inner dimensions: length 22 m, width 11 m, height 

7.3 m; thus, the proportions 6 : 3 : 2. The original suggestions, which would have surely 

produced better acoustics due to its inclusion of the proportions of a third interval, were these: 

length 28, width 11.2, height 8.4 m =  2×5 : 4 : 3 and 21.3, 12.8, 8.5 m = 5 : 3 : 2. Unfortunately, 

these suggestions were not followed for technical architectural reasons. One of the best small 

halls in Switzerland, the small 1890’s Tonhallesaal in Zürich, has the same measurements as the 

Berlin Singakademie: 30 × 12 × 9 meters = 2×5 : 4 : 3. Despite protests, 2.5 meters were cut off 

from this hall, which detracted from its acoustic quality. The destroyed (i.e. its roof lowered) 

assembly hall in the Mädchenschulhaus at Biel also had the same proportions: 17.7 × 7 × 5.3 = 

2×5 : 4 : 3. The best large concert hall in Switzerland, in Basel’s Casino, has the measure of the 

golden section: 35.5 × 21 × 14.5, and additions have changed it to 36 × 21.7 × 14.5 = 5 : 3 : 2. 

The destroyed Kammermusiksaal in Basel also had the golden section measure: 19.5 × 11 × 8.5; 

this room must have been acoustically superb. Since, as I have continually mentioned (especially 

in Harmonia Plantarum, p. 148ff.), the golden section is a third-sixth problem, these golden 

section rooms also have the triadic proportions in their backgrounds. Incidentally, one need only 

juxtapose two rectangles of which the first has the ratio of the harmonic sixth 5 : 8 (inversion of 

the third) and the second the golden ratio 21 : 34 (see Fig. 222), 

 

Figure 222: 



 
 

to see immediately that for the eye, there is barely any difference, whereas the ear, with the 

positioning of the corresponding string segments on the monochord, will perceive a definite 

difference: an “impurity” of the string lengths 21 : 34 in contrast with the absolute purity of the 

ratio 5 : 8. This is only a small selection of typical harmonic proportions with good acoustic 

results, which, as E. Schiess writes, can be greatly extended. The new Gewandhaussaal in 

Leipzig has the measurements: 38 × 19 × 14.3 = 8 : 4 : 3; the old one had the measurements 22.6 

× 11.3 × 3.8 = 10 : 5 : 3; and so on. 

 We have good reason to dwell on these things; today they are a hot topic. With half of 

Europe destroyed, a great amount of building will begin. The evil of bad acoustics is widespread 

in halls, and even worse in most radio station studios, with their insane sound-dampening 

methods, with which one hears the scratching of the bow or the incidental noises of the larynx 

more than the tone or voice itself. Anyone who has experienced this will wonder why a 

reactionary routine, afflicted with only physical sound-measuring apparatuses, is continually 

allowed to be a haptic nuisance, and why people do not return to the norms dictated by tone-laws 

themselves, which have been followed for thousands of years. Naturally, this would also require 

an inner change, namely an additional factor of awe at the mysterious connection of tone and 

space with simple functionality and usefulness, while not by any means neglecting the latter. 

 

Vitruvius’s resonators 

Here I will mention another interesting discovery made in 1944 by Ernst Schieß while building 

the new organ in the city church of Biel, Switzerland. High up in the wall, holes were 

discovered, behind which tone vessels of various dimensions were built into the wall. These 

various dimensions, and their regular division, led to no other conclusion than that these were the 

famous and often doubted resonators of Vitruvius, i.e. sound amplifiers, tuned to certain tones. 



Since a few of these vessels had already been removed in rebuilding, Herr Schieß was able to 

photograph them, and has very kindly allowed me to reproduce the images (see Fig. 223 and 

224).  

 

Figure 223: 

 
 

Figure 224: 

 
 

This church in Biel was built in 1451, and as the head architect of the restoration indicated, 

various architectural evidences show that these resonators must have been built into it originally. 

Since all publications of Vitruvius’s works are of a later date, there must have already been a 



tradition of this Vitruvian resonator-theory in Gothic buildings, which allows corresponding 

conclusions to be drawn about the level of acoustic sensitivity. This city church in Biel has 

exceptionally good acoustics, and despite its obvious irregularities, its inner proportions give a 

very harmonic impression.  

 The main problem Eichhorn considered was that of proportioning the inner space so to 

obtain unobjectionable acoustics. Here he stumbled upon the ancient Greek harmonic 

proportions, which, as we have seen, are expressed within the “senary” we know so well, i.e. 

within a selection-principle (pure chords of ratios 1-6, etc.) anchored in the “P” system. For the 

ancient architects, these senary ratios dictated forms absolutely. If the reader of this book 

observes and tests, together with his acquired harmonic knowledge, the above “eurhythmic ratio 

table” of the Greek temples according to Vitruvius and their senary ratio numbers (next to which 

there are no tone-numbers!), he will have no doubts as to the harmonic background of these 

numbers, and will feel just as Vitruvius presumably felt: after ascertaining the “rightness,” 

“tuning,” “eurhythmics” of these numbers, adding in the tone-values is no longer necessary, 

since these ratios already “sound” right. 

 This is the core of people’s misunderstanding of harmonic norms in general, or their lack 

of desire to learn about them. Since concrete statements with numbers and tones are rarely if 

ever found in old sources, people believe that the “musical” element in all these things is at best 

a superfluous decoration, if not simply a pipe-dream. In ancient times the numeric demonstration 

with monochord lengths was widespread (Nicomachus, Iamblichus, Euclid), and was used 

precisely to test the proportional ratios. 

 

The difficulties of harmonic research 

If an art-historian today were to take Vitruvius’s pronouncements seriously: “An architect must 

understand music” (I ,1) or must understand “the study of harmonics” (V, 4), then, since he 

would likely have no practical understanding of music theory, he would go to his colleagues in 

music and ask them for information. He would receive the reply: “Yes, my friend, I don’t 

understand much of this myself, that is physical acoustics, so you should go ask a physicist!” 

After going to the physicist, and telling him painstakingly all about monochord experiments, 

enharmonics, Greek tone-systems, resonators in old amphitheaters, and so forth, he would be 

told that physics no longer deals with such old-fashioned things, and if the science of music 

knows nothing about this either, he should go to see an ancient philologist, one who has worked 

with Plato or the pre-Socratics. Resigned, our art-historian would go to visit the philologist, but 

would find himself in a very learned yet completely unmusical house, to which the harmonic 

element of ancient Greece are like a book with seven seals, and which he must thus completely 

“dismiss.” At this point, the art-historian would go home and note something like the following, 

on paper or in his head (quoted from Lichtenberg): “Harmonicsought to have no influence upon 

architecture; however, it (possibly, perhaps, probably) does have one.” With this he would reach 

an honorable conclusion, but the original question has not been answered. 

 This example applies in general to the difficulties encountered in all domains of harmonic 

research. These difficulties, however, do not only trouble specialists. Often enough, they defeat 

almost anyone who researches and works with harmonics by himself. The requirements for such 

work appear too vast, the knowledge needed too great, for a “common mortal” to attempt such 

research with a clear conscience. As a principal reason, it is always suggested that a universal 

knowledge of anything is impossible nowadays; Leibniz and Goethe had that, but today even a 

somewhat satisfying overview is impossible. 



 

Universality 

Since this objection concerns both the author and the reader, allow me to answer it. 

“Universality” in the all-embracing sense, as these opponents believe, has never existed. It can 

easily be shown that Plato, Aristotle, Leibniz, Goethe, etc. were unaware of, or at least did not 

mention, many important things and events of their times. Universality in the deepest sense is not 

omniscience, but knowledge and experience of the essential in the science of the current time. 

Admittedly, the great minds such as Leibniz and Goethe possessed this “universality” in the 

highest measure. I am convinced that this actual universality can be attained again and again, up 

to a certain level, by anyone who is inwardly open-minded and receptive. I will give a concrete 

example. The domain of modern “results and problems of natural science” appears 

incomprehensible. But anyone who takes the trouble to thoroughly study B. Bavink’s 

magnificent book of the same name, Ergebnisse und Probleme der Naturwissenschaft, for a 

couple of hours daily for a quarter of a year, will understand what is essential. The only 

requirement is standard high-school education, or simply a lively interest in the problems 

themselves. The same goes for other realms. For almost all disciplines we have such 

“universally” oriented books. I write this to appease my readers, from long personal experience 

and from experience with such open-minded people themselves, whom I have admittedly only 

rarely found in “expert circles” but much more among laymen, for whom “knowledge” does not 

merely mean specialization, knowing much or everything, but means an approach to the 

essential, an orientation in it – which is precisely the purpose for which we have been placed on 

this earth as humans. 

 

Harmonic “keys” 

We now return to harmonic architecture. The search for proportional laws has constantly led and 

misled scholars to propose certain isolated geometric and mathematical forms as “keys” to the 

solution of the mysteries of form, and to emphasize them as measures for everything, not only 

architectonic formation. If one now investigates these keys from a harmonic standpoint, one 

almost always find harmonic data as a background. Simply reducing the golden section (see the 

above diagram, Fig. 222) to a third-sixth problem reduces all the voluminous literature about the 

golden section to a special case within harmonics. The Pythagorean triangle was applied in 

ancient times not only as an angle designation but also with regard to its segment proportions 

(for example, the 3 : 4 : 5 triangle in the King’s Chamber of Cheops’s pyramid, consecrated to 

Osiris, Horus, and Isis; and others). We have seen this above, with its triad 3g 4c 5e (by 

frequency; in terms of string length, the minor triad 3f 4c 5as is produced), as the actual 

formative source of the chromatic scale. It played a significant role in proportions up until the 

Middle Ages. In “quadrature,” i.e. the division of a circle into four or eight, according to which, 

for example, the cathedral at Aachen was built, there are predominantly octave ratios. “The 

Achtort emerges from the square, on which is superimposed a second square of equal size, 

rotated as the term dictates. But if the square is inscribed with a smaller one, so that its corners 

are at the midpoints of the sides of the larger square, and if this pattern is continued, the sides of 

the squares aligned with the largest square have the ratio 1 : 2 : 4 (octaves), but the sides of the 

tilted squares have the ratio √2 : 2√2 : 4√2 (Th. Fischer, op. cit., pp. 12-13). Eichhorn refers to 

this (Der akustische Maßstab, p. 80), calling this proportion the “optical” or π/4 measure of the 

Strassburg masons’ lodge. In “triangulature,” division in three parts, and the triangles used in 

certain circle divisions, we see fifths predominantly as the constituting element. Th. Fischer (op. 



cit., p. 14ff.) gives the example of notes from the beginning of Beethoven’s Ninth Symphony as 

a musical counterpart, and writes: “Does anyone who hears the massive effect of descending 

fifths and fourths at the beginning of the Ninth Symphony feel it lessened because he knows that 

fifths and fourths, with their ratio of 2/3 and 3/4 together building the octave 1/2, are the 

structural axis of all of music? How far these things are to be assigned to the conscious or the 

subconscious is a question for later; here it only serves to outline the subject to be discussed 

today, and while it is clearly an attempt to establish the tonic chord of the relationships, as 

Goethe says, perhaps it is also to penetrate with all due respect into the secrets that, according to 

him, can only be felt. Triangulature, quadrature, circle geometry, and other things that I will 

discuss later are fundamentally pure technical-rational processes; I am certain that harmonies 

emerge outside these yet from them, and appeal to the psyche. That is the subject.” 

 The cathedral at Cologne, the work of Gerhard v. Riles, was built according to Sulpice-

Boisserée on the measure of 25 or 50: 50 Roman feet = the width of the nave, 3 × 50 = 150 feet 

is the entire width of the five-nave church, 9 × 50 = 450 feet is its length. The transept has the 

ratio 5 : 9 to the total length of the church, known as “German symmetry,” or “the highest and 

most elegant stonemason’s gauge of the triangle.” The choir was as high as the church was wide. 

The entire length has the ratio 5 : 2 to the height, and the lower story has the same ratio to the 

ridge of the small roofs, likewise the upper story of the roof’s ridge to the cross of the pointed 

gables on the windows.  

 Prof. Castle identified 37 as the fundamental number of St. Stephen’s Cathedral in 

Vienna. The width of the long nave is 2 · 3 · 37 = 222 feet, the length of the church is 3 · 3 · 37 = 

333 feet, the height of the tower is 4 · 3 · 37 = 444 feet, the ratio of total width to total length is 2 

: 3, and the height of the central nave is 2/3 · 3 · 37 = 74 feet. The prime number 37, multiplied 

by 3 and its multiples, yields the product 111, 222, 333, 444, and so on. It is no wonder that 

Castle imagined the draftsman to be a profound theologian and mathematician for whom the 

number 37 had a great symbolic value: written in Roman numerals (XXXVII) it combines the 

triple cross X, thus the Trinity, with the mystical seven of the seven days of creation. As one can 

see, a “key number” was adopted here, which, like the meter, foot, etc., does not always need to 

be of harmonic nature. This key number plays the fundamental role in connection with typical 

harmonic ratios such as 3, 9, 5, 2/3, etc.: some important symbolic or natural base-measure (= the 

true mason’s gauge), from which, by means of harmonic proportions, the whole multitude of the 

remaining forms radiates fanwise down to the smallest details. 

 

Ernst Mössel 

Ernst Mössel’s “circle geometry” is a grandiose undertaking, with substantial material 

documentation, to trace all of visual art back to the regular circle divisions 4, 5, 6, 7, 8, 10, and 

12, and their geometric forms. In this (especially in his main work, Vom Geheimnis der Form 

und Urform des Seins, 1938) we find a plethora of typical harmonic ratios and proportions. In the 

beautiful introduction to this book, which is full of deep thoughts, in the harmonic analysis of the 

triangle 3 : 4 : 5, p. 430, and in the peculiar dream vision mentioned in his previous work, Die 

proportionen in Antike und Mittelalter, 1926, p. 117ff., Mössel knocks very forcibly upon the 

door of harmonics, but does not open it. It makes one wonder about the basis of his investigation 

and about the actual anchoring of this circle geometry. With Mössel’s express argument that the 

important part is not the number (term) but the form (geometry), one gets no further than the 

obvious interchangeability of number and segment, with which the ancients were familiar. 



 The irrationality of the geometric ratios also goes without saying (see Geheimnis d. F., p. 

417). Geometry contains a great number of rational segments and point connections, and it can 

be said that all irrationalities are framed, indeed generated, by rationalities, or conversely that the 

irrational root-sizes are the seedling points of rationalities by which the rational connections 

become “real,” a dialectic well known to the Greeks. We can observe this in Thimus’s α—ω 

formula in §28. Surely for the ancients, number was a priori form; but one must experience the 

concept of geometry in the deep and almost unique way, and be as saturated by it as Mössel was, 

if one wishes to remain and be satisfied with it. The cardinal question is why these particular 

circle divisions, and not others, were so important and authoritative? Where is the domain of our 

psyche in which they are embedded, and where is the bridge for our intellect that leads into this 

domain? Mössel would answer: “The geometric forms, as archetypes, exist in our psyche as a 

priori forms; that is enough for me, I do not need or want to know more.” But this would not 

satisfy an architect so careful, so inwardly devoted to the whole complex of questions of 

proportion, as was Th. Fischer: “If all talk of ratios is to make sense, a bridge must be found 

between this reading off of segments and the visual impression of the space or body. And in the 

age of C.G. Jung, it is nothing extraordinary to locate this bridge in the subconscious. Older 

witnesses of no lesser status stand ready: Leibniz says of music, to take the parallel further: 

‘Musica est exercitium arithmeticum occultum nescientis se numerare animi,’ or translated, 

‘Music is a mysterious arithmetic process of the psyche, which does not know that it is working 

with numbers.’” (Th. Fischer, op. cit., 80-81). Mössel’s arguments, attempting to discredit 

Vitruvius’s clear statement on the triadic proportions (3 : 5 : 8) of ancient architecture, are absurd 

and circular: he says that this is only a substitute for the true irrational ratios of circle division, 

especially those of the golden section. We saw above that the latter comes very close to the third-

sixth. But precisely for this reason, the third-sixth is not a substitute for the golden section, but 

conversely: for the phantom of the golden section, coincidentally almost concordant with the 

triad 3 : 5 : 8, must be substituted the psychophysical reality of the triad. Indeed, this purely 

geometric irrational proportion with its effective visual meaning does not become rational or 

comprehensible until we realize that it is almost identical with a psychical form in us, namely the 

triad proportion. And just as our ear wants to hear this triad, and is pleased by it, so our eye 

wishes to see this triadic proportion (transposition of the auditory to the visual). 

 Th. Fischer, in the sections cited above, and especially in the second lecture in his 

booklet, touches only on the periphery of harmonics. But his views point towards the core of the 

problem: in the subconscious, there must be a hidden “common denominator” for number, form, 

and tone. Having arrived at this point, we can hope to found an architectural theory similar to 

music theory: a mode of thought around which all the architectonic work of Th. Fischer is known 

to have circled, especially in his buildings in Stuttgart. 

 The common denominator is none other than the harmonic. If our psyche spontaneously 

recognizes the proportions 1 : 1, 1: 2, up to 1 : 6 in Classical, Roman, and Gothic architecture, 

and their variants 2 : 3, 3 : 4, etc., in the same way that it recognizes pure intervals, chords, and 

whole-tone steps through the ear and experiences their appearance as tones and tone-ratios, then 

this means that the auditory and audible is only the secondary apperception of a primary form-

structure existing in the depths of the subconscious, which is “synopsized” and reappears in 

other, visual ways on the outer surface of our optical view, via number and its conversion into 

segments. 

 Related to this, as we saw in §21a and will see in §38a.1.γ, §41.4, and §55.8, is the 

fruitfulness of the harmonic division canon for rational segment measurements, and thus the 



practical-technical applicability of geometric harmonics for the ancient temple builders. (See my 

work on Villard in Harmonikalen Studien, Vol. I; Occident-Verlag, Zürich 1946, which I believe 

offers a proportional key with the proof of a “harmonic division canon” obviously still existing 

in the Middle Ages. This proportional solution, due to its many-sidedness, firstly allows 

considerably broader possibilities of application than the previous ones [circle geometry, golden 

section, π/n = triangle, etc.] and secondly allows a psychic-symbolic meaning through its tone-

number backgrounds, which all other solutions have been missing.) 

 For the ancient Greeks, the value of the fully sounding pure chord and the senary 

proportions surrounding it, with the rare inclusion of the mystical Seven and other exceptional 

proportions, had a fully concrete “human” significance, besides its psychical significance. 

Vitruvius (IV, 1, 6, and 7) wrote: “When [the ancient Greeks] found that the human foot was a 

sixth part of the length of the body, they applied this to the column, and made the thickness of 

the foot of the shaft one sixth of the height, including the capital. Thus the Doric column began 

to show in buildings the ratio and the compact beauty of the male body. When they wanted to 

build a temple to Diana, with a new (Ionic) order, they took its form from the outline of feminine 

slenderness, and made the thickness one eighth of the height, giving it a more illustrious 

appearance.” I do not consider this a “fable based on philosophical aesthetics,” as did L. Curtius 

(Die antike Kunst, Vol. II, Ch. 1, p. 124), but an ancient tradition still known to Vitruvius, which 

incorporated everything, even the human form, into a universal psychophysical proportion. In 

§38 it will be shown that the human body also reveals harmonic ratios. 

 

§29.2. Modern times 

But now we are satisfied with the dry historical tone and want to build it ourselves! 

 First, according to the “harmonic proportion,” as we developed it in §24a.1. Since the 

product of the inner and outer elements in every proportion is equal, the surfaces of the 

corresponding rectangles are also equal. 

 

Figure 225: 

 
 

In the above harmonic proportion AC : CB = AD : DB (2 : 1 – 6 : 3), AD · BC = AC · DB. Since 

the product of two segments geometrically yields a rectangle, there are two rectangles here in 

characteristic positions (Fig. 226). AD · BC  is found in the rectangles ADst and CByz. AC · DB 

is found in the rectangles ACwx and BDuv. 

 

Figure 226: 



 
 

Figure 227: 

 
 

As one can see, the harmonics 1 c 2 c 3 f 6 f (or for 1 = 6/6 | 1/6 g 2/6 g 3/6 c 6/6 c) are an 

architectonic projection with close inner connection. Another example from the harmonic: 

 

2 c   3 f   10 as   15 des. 

 

In this harmonic proportion (see Fig. 227) the ratios are: 

 

AD : AC = BD : BC 

15 : 10 = 3 : 2 

 

The corresponding rectangles AD · BC and AC · are drawn over the harmonically divided 

baseline analogous to Fig. 226. Naturally, the reader must imagine the three-dimensional 

(corporeal) projection for himself, or else draw it perspectively, which would be a good idea if he 

is occupying himself with various such projections according to the indications in §24a.1. 



 In observing these and similar projections, one might ask: “A factory?” Indeed, why not a 

factory? Once the insanity of this war is finally over, and factories are once again given over to 

producing things that help people rather than destroying them, nothing stands in the way of 

giving such buildings “human” measurements. 

 Let us examine this more closely. We draw a projection of the partial-tone coordinates 

for index 5 analogous to the model in §23b. In Fig. 128, for clarity’s sake, only the outer ratios 

are plotted. If one imagines a building equivalent to this projection, such as a high-rise, one must 

admit that there are completely new architectonic possibilities here, which are fruitful for new 

practical purposes – in this case, for example, an optimal exploitation of light with precise 

orientation of the corner 1/6 f,,, towards the South, etc. If we attempt to give the continuous 

arithmetic and harmonic proportions an architectonic expression, then the result is something 

like Fig. 229 and 230. Here we would have two typical aspects of gables, as are found 

everywhere, especially in Nordic nations. 

 

Figure 228: 

 
 

Figure 229: 



 
 

These examples, which serve merely to illustrate a conversion of harmonic proportions into 

optical-spatial forms, pose the core question: does the eye also have a “resonance” to certain 

spatial forms, especially to harmonic discontinuities? 

 

Figure 230: 

 
 

Figure 231: 



 
 

Th. Fischer, in his 2 Vorträgen über Proportionen, gives an interesting example (Fig. 231) and 

writes (op. cit., p. 86):  

 

In architecture, the ratio of height to width can be compared, as a means of expression, to 

the interval in music. I wish to attempt to prove, without suggestive intent, that the 

rectangle, this most simple figure, can be inherent in an expression; so I set three 

rectangles in the ratio numbers of a major chord to the right of a square, and three with 

the same, but reciprocal, number ratios, corresponding to the minor chord, on the left of 

the square. And there is also reason to claim that a division can be made into more and 

less pleasant rectangle ratios, i.e. into consonances and dissonances – though admittedly 

more blurrily than in music! But I say “admittedly” in reference to what was said about 

practice, the practice of the individual, the generation, the people. In music, the 

peculiarity of dissonance is that it allows no pacification, instead leading onwards, 

towards resolution. We can observe similar things with the rectangle. 

 

Figure 232: 



 
 

Rectangles of undetermined ratios, such as 8/15, 6/13, 9/10, or 12/13, need something for 

their completion or division, be it only division into two rectangles of clear ratios that are 

in tune together, or for dissolution in a system of rectangles, where analogy has a role to 

play. But if the rectangle of a wall surface or a space framework has definite ratios in 

itself, then one does not need to divide it, though this is not prohibited. Fifty years ago, 

the psychologist Fechner made a statistical experiment by measuring the dimensions of 

the pictures in the great galleries; he determined average values, namely the ratio 4/5 for 

portrait format and 3/4 for landscape format. 

 

If we pursue these thoughts of Th. Fischer further, and apply them to the constant interval ratios, 

whose elements are indeed varied as in architecture generally, then for the octave, fifth, and 

third, the result is the possibilities in Fig. 232 (here, of course, only a sample). 

 From these three series of interval combinations, which one can easily imagine as the 

first outlines of buildings, gardens, furniture, etc., not only the great variability of the elements 

among themselves is important; but above all the comparison of the three series-types (octave, 

fifth, third) to each other. Physiognomically, seen as a whole, one could say that the median 

fifth-model with its variants, in contrast to the two others, has something smooth about it, 

whereas the first octave-model is pretentious, the last third-model is almost mellifluous, dulcet. 

This is a matter of feeling, however, and each model will make a different impression on each 



viewer. But the deciding factor is that these three models activate other perceptions, and that, 

concretely speaking, an architectonic complex will have a different character on the basis of an 

“octave” design than one based on a “fifth” or “third” design. And in this last conclusion lies the 

sense of such a possible “normative” architecture, identical with the sense of the “true mason’s 

gauge” of the old cathedral architects or the fundamental proportion of any Greek temple. 

 A yet more exact support for a future study of harmonic architectural proportion can be 

obtained by taking the first senary ratios, i.e. the index 6 of the partial-tone coordinates, as 

proportions, and drawing them analogously to the P diagram (Fig. 233). We first notice here that 

all forms “standing upright” above the generator-tone diagonal are reciprocal to all forms 

beneath the diagonal, which in this case means that they are equal in content, and only different 

in their position. Now, exactly as for the tones, identical forms emerge, for example the squares 

of the generator-tone diagonal, the rectangles 3/1 6/2; 3/1 4/2 6/3; 3/2 6/4, which are different in 

their sizes but equal in their proportions. Therefore the figures that are effectively different and 

present within this index 6 reduce themselves collectively to twelve. If one takes out these 

different forms (drawn with thick lines in Fig. 233), and brings them to a common denominator – 

for example, the square 6/6 is “homologous” to the rectangle 6/5, etc. – then one has an evident 

number (12) of primary form-models, by means of which an “architectonic study of harmony” 

can be built, especially if one also observes its three-dimensional spatial combination 

possibilities.  

 

Figure 233: 

 
 

 If we complain today that we are lacking a “style,” it is not because our time lacks a 

“feeling for style” – every era has its “style,” including ours, and it is not at all necessary for this 

style to be activated predominantly in architecture – it is because (as far as architecture goes) 



people simply build as they wish and as they see fit, and because the measurements of every 

single building or building-complex follow completely arbitrary proportions, or at best utilitarian 

ones. If the architect in question happens to have a great talent, or if he is an artist of the first 

rank, then he will accomplish brilliant things, even today. The thousands of others, though, who 

are well-intentioned but more or less rely on copying, due to their lack of original ideas, badly 

need some steady guidance. This guide would give them not only a “personal note” but also a 

certain uniformity in their plans and drafts, certain norms which would temper the hullabaloo of 

the modern disarray of styles. I can well imagine that the talented architect sets himself such 

norms in his designs, and I believe that he would not do badly with harmonic proportions, 

especially bearing in mind the things that have been shown and developed in this section, both 

regarding the “optics” and especially the “acoustics” of his buildings. 

 Building is wonderful! Do we not use the word alone as an expression for production and 

creativity? One the one end of this concept is the taming and forming of the raw material for the 

framing of the space, for the shelter of human beings for their lives, reflections, and work. On the 

other end stands the almost limitless possibility for artistic creation, and even, if we include the 

concept of “interior design,” all visual arts and crafts! To this it is imperative to add a coherent 

arrangement according to measure and number as the basis on which an architectonic work can 

begin to be realized: an imperative that has presumably made the most substantial contribution to 

a conscious grasp of number and geometric form. 

 

§29a. Bibliography 

Th. Fischer’s booklet is recommended as a first introduction. Besides the other sources 

mentioned in this section, anyone who wants to follow up on harmonic proportion is referred to 

the following authors: Bötticher: Tektonik der Hellenen, 1874; Reinhardt: Gesetzlichkeit der 

griechischen Baukunst, 1903; Röber: Geometrische Grundformen antiker Tempel, 1854; 

Schadow: Polyklet, 1866; Schulz: Werkmaß und Zahlverhältnisse griechischer Tempel, 1893; 

Koldewey-Puchstein: Die griechischen Tempel in Unteritalien und Sizilien; Weichert: Typen der 

archaischen Architektur in Griechenland und Kleinasien; M. Theurer: Der griechische-dorische 

Peripteraltempel. Ein Beitrag zur antiken Proportionslehre; Semper: Kleine Schriften; Thiersch: 

Handbuch der Architektur, IV, 1, 1904, on “proportions”; Sulpice-Boisserée and other more 

recent literature is named and discussed in Th. Fischer’s 2 Vorträge über Proportionen, 

München 1934, Oldenbourg-Verlag. – Martin Strübin (Basel) wrote an essay in the Schweiz. 

Bauzeitung (Sep. 20th, 1947): “Das Villard-Diagramm, ein Schlüssel zur Bauweise der Gotik?” 

in which, excited by my II. Harmonikale Studie and other writings, he analyses the cathedral at 

Bern by means of the harmonic division canon. 

 

 

 

§30. TRINITY 

 

§30.1. Religion 

It is not usual for human beings to find themselves perfectly at ease in the endless space and 

eternal time of the universe and the individual self. Despite our best intentions, we often become 

trapped in the chasm of psychic confusion, in the maze of hopeless webs of thought, and in more 

foolish and even evil places. Even if the “numinous” was the authority for earlier peoples in its 

lowest form as an idol – and for later peoples, in its highest form, as piety – I believe that modern 



people must and do become “religious” at the moment when at some point during life, they 

suddenly see before them an insoluble absurdity. This absurdity then becomes their Lord, 

through a shift of their thought and perception into an acknowledgment of a goodness concealed 

beyond the reach of our logic in the lap of the Deity. Certainly, everyone has a different 

“religiousness”; in itself, “being religious” has nothing at all to do with a “concept of God,” and 

the so-called atheist is often more “believing” than many so-called Christians and theists, 

because he takes the problem of the ultimate things in deadly earnest and thus evidences an inner 

relationship to the above questions. But what belongs to actual “religion” is exactly what the 

word means: a reflexive contemplation, a connection to a meaningful and not meaningless first 

cause of the world. 

 I am convinced that this “religion” is not committed to the heart alone, but also granted to 

the intelligence, and that a synthetically oriented research must somehow deal with the religious 

problem. 

 From our harmonic perspective, in discussing the two concepts of God (0/0 and 1/1), we 

have already trodden on religious ground (§25). There it was shown that the harmonic forms, 

which are indeed forms of our psyche and of nature, allow for a sufficient interpretation of these 

two concepts of God, in a certain sense a proof of God’s existence, as far as our perceptive 

abilities are capable of such a thing. We shall now investigate one of the most important 

religious theorems, that of trinity (triunity). First we will provide harmonic data for support, and 

then, in the following ektypics, observe the problem from a religious-historical standpoint. 

 

§30.2. Harmonic information on the trinity 

 

30.2a. 

Let us observe the beginning of the tone-development of the “P” system, which, as we must 

continually remind ourselves, is not only a scientific theorem (overtone law) but also 

(monochord testing) a structure of being-values known by our psyche to be “right”: 

 

Figure 234: 

 
 

Here we have three tone-values of the same character, i.e. c-values alone, but of different pitches 

– an octave up (c) and an octave down (c,) – with the starting c in the middle. Numerically, the 

difference is expressed by the quotients 1/2 1/1 2/1, which, if we grasp them harmonically and 

not only purely numerically, express an identity of octave-ratios, whether in relation to 

frequencies or string lengths. Here, then, we see the remarkable fact that in this harmonic trio, 

three things are simultaneously the same, uniform, “as one,” and different, other, separated. 

Careful analysis reveals that in this trio, the individual components in terms of value 

(psychically) (c, c c) are both different and the same, whereas numerically (materially) they are 

only different (if one considers the quotients alone). 

 

§30.2b. 



We find another trio if we take the 0/0 as the actual reference point of the “P” system: 

 

Figure 235: 

 
 

Here there seems to be no difference between the values (three generator-tone values) or between 

the numbers, so long as one compares them with each other without reference to their position in 

the “P” system. But if we give these three ratios autonomous significance in the system, i.e. grant 

a characteristic value to the place where they stand– something we must do, for many reasons 

discussed earlier – then in this group-theoretical element, in this “placement,” lies the difference, 

the otherness. This is a trio of inner identity and disjunction at the top of the hierarchy of 

harmonic groups. 

 

§30.2c. 

Here we see that for a complete grasp of certain laws of the “P” diagram (for example, 

parabolas), we must assume a so-called “zero-series.” Here we arrive at a most lofty, indeed 

abstract trio: 

 

Figure 236: 

 
 

whose only sound comprehensible to us is in its 0/0 (= c) value, and even then, only when we 

reflect the Monad (1/1) in the Eidos (0/0), which the ideality of the two mathematical symbols 

allows us to do. For the terms 0/1 and 1/0, however, we have no equivalent that is sufficient for 

sensual apperception. But what was said about the significance of “placement” also applies here, 

and later (§54.6) we will see that this abstract “zero-domain” can be important for the 

significance of religious ideas. 

 

§30.2d. 

If we take the “P” system as a whole and assess its physiognomic expression vectorially, then its 

development is concentrated in three great forms: 

 

Figure 237: 



 
 

Here, in a certain sense, there is also a trio of three directions: towards the domain of the deep, 

the dark, and the concentrating, narrowing; towards the lofty, the light, and the expanding; and in 

the middle towards the coincidentia oppositorum, the unification of opposites, the limiting and 

unlimited. In §42.3 and §54.4 we will learn of the concrete results of the significance of this trio 

as three essences, simultaneously different and the same through their unification, their internal 

dialectic movement. 

 

§30a. Ektypics 

 

§30a.1. Trinity 

Paul Sarasin, in his Helios und Keraunos, oder Gott und Geist (Innsbruck 1924, p. 3) – a book 

rich in material and treatment – poses the question: “In what way can the idea of the trinity, in 

itself completely incomprehensible, indeed absurd, have arisen?” P. Sarasin answers this 

question consistently with the astral-mythological trends of the time, with a threefold 

configuration of the Sun (morning, midday, evening) for early man, in whom consciousness was 

awakening. Sarasin sees in the progress from godlike worship of the Monad of the central 

constellation, to the Dyad of the birthing morning and dying evening (on the related significance 

of right and left, see P. Sarasin’s work cited in §23b.2), the Triad of the three most important 

sun-points, and the Tetrad of the four points of the compass, the astral background as the driving 

force of the monadic, dyadic, and especially the ternary (=triadic) mythologems with which we 

are concerned. Today it seems primitive that such a great thinker as P. Sarasin was content with 

such a superficial, material explanation for such high mythological forms. Assuming that the 

three important positions of the Sun, at morning, midday, and evening, impressed our forefathers 

outwardly and inwardly with the directions of east, south, and west, then this can only be one of 

the many outward congruences to a value-form already existing in the subconscious of the 

human psyche, for which consciousness, awakening later, sought the corresponding equivalents.  

 But let us hear the orthodox Christian viewpoint. The Catholic Kirchliche Handlexicon, 

1907, Vol. I, article “Dreifaltigkeit,” reads:  

 

Trinity or triunity (trinitas, trias) is Christianity’s fundamental mystery of the one nature 

and three really distinct Persons in God, called the Father, the Son, and the Holy Ghost ... 

the personal threefoldness is as important to the mystery as the being’s oneness ... the 

Catholic Creed demands belief in the Trinity as the foundation of the Christian religion; 

the holy martyrs acknowledge and seal it with their blood ... it is shown from the 

beginning that the entire Catholic life and conduct is carried out in the name of the 

Trinity, as with the rite of Baptism, the sign of the Cross, the Doxology, the closing 

phrases of the Ovations, the Benedictions, the formulae of prayer in the Eucharistic 

service ... the Trinity is mystery in the strictest sense, i.e. even after its revelation, the 



human intellect, no matter how great its progress, cannot prove or grasp this concept 

simply through its principles. 

 

Besides the Christian view of the three personifications, the trinity is found in almost all ancient 

religious and philosophical systems: Osiris, Isis, and Horus for the Egyptians; Anu, Bel, and Ea 

for the Babylonians; Brahma, Vishnu, and Siva for the Indians; Odin, Hömir, and Loki for the 

Germans; Zeus, Poseidon, and Hades; Chronos, Rhea, and Zeus for the Greeks; and so on. Then 

there is the idea of body-psyche-spirit, common in some form to almost all philosophical and 

theosophical systems, right up to the dialectical “three steps” of logic; the various triadic 

principles such as the Chinese Tai-Chi, Yin- Yang; the Pythagoreans’ limiting, unlimited, and 

the “harmony” emerging from them; the Kether, Chochmah, and Binah of the Kabbalah; and the 

countless ternary symbols and concepts in the speculations about religious nature-mysticism, 

right up to the factual or imagined importance of the number three as a formative factor of some 

domains, where the concept of the trinity divests itself, indeed dilutes itself, as a triunity in the 

merely numerical concept of three unities. 

 After all this, there can be no underlying doubt that the symbol of the trinity is a value-

form reaching especially deeply into the thoughts and feelings of all mankind. How could one 

otherwise explain the fact that for all of time, in almost all societies, the idea of the trinity has led 

in some form or other to a visual or intellectual realization in the most important domain, the 

religious, symbolic-speculative, and philosophical? 

 These verdicts on the trinity, in themselves, diverge diametrically: this idea would seem 

“completely incomprehensible,” indeed “absurd” even to P. Sarasin; and if at the other extreme 

Christian orthodoxy speaks of a “fundamental mystery” whose truth our intellect can never prove 

with its logical principles, that is simply a surrender of our thought before this mystery, which is 

indeed held by believers to be the highest positive virtue. 

 It is generally acknowledged that matters of faith can only be disputed by partners in 

faith. But must we, as harmonists, be satisfied here with mere faith? Not at all! Precisely in this 

case of the trinity, in a certain sense a very exposed case, the meaning and value of harmonic 

analysis are shown simply and clearly: let one think and perceive the above example in §30.2a 

and take some time for inward meditation over the fact that in this concrete example, three 

being-values (material and psychical data) are the same and different; let one meditate further 

upon the fact that the form of this example is not coincidental or arbitrary, but strictly governed 

by the numeric-material and tonal-psychical development of the primal phenomenon of tone-

number, that the elements of this example are thus anchored in nature and in our psyche, and that 

they must therefore exist de facto both within us and outside us. Thus it appears to me that we 

may speak without presumption of a first proof of the trinity that satisfies both heart and intellect  

 However, it would be completely false, indeed arrogant, if we were to say complacently: 

“Thank God, now the phantasm of the trinity is finally explained, the mystery is solved,” and so 

forth. I suggest that the reader allow one of the first harmonic maxims to rule here, that is, never 

seeing an enlightenment given by harmonic analysis as “self-evident.” This enlightenment is not 

only a thing of the intellect, but also a thing of the heart, and, correctly understood and 

perceived, it returns to the fold of akróasis and remains there as a value-form, still a mystery of 

the ruling and formative creative energy. 

 We can, however, note the fact that we are able to grasp the trinity in a harmonic value-

form as a progress not to be underestimated: on the one hand, in comparison with the more or 

less platitudinous attempts at explaining it, and on the other, in comparison with the rejection of 



any conceptual grasp. If the form of this symbol, in itself so highly remarkable, at the same time 

taking shape so manifoldly in history, and so pregnant with meaning, can be proved as a 

psychophysical de facto entity, then there emerges from opinion and belief the evidence of actual 

being, and this “ontological” certainty appears to me to be the most valuable result of harmonic 

analysis. 

 

§30a.2. The hierarchical evolution of the gods 

In his book Helios und Keraunos, oder Gott und Geist, P. Sarasin gives a wealth of examples for 

the so-called “multiplicity” of various mythological forms, within which the trio, or trinity, 

signifies a type of special case. Since this “metamorphosis” of unity into the duality, triplicity, 

quadruplicity, etc. of a definite god-figure or mythological concept is explained very externally, 

indeed superficially, as mere numerical “multiplicity,” and since harmonics enables us to trace 

this most peculiar quantitative-numeric morphogenesis back to psychical relationships standing 

in strict harmonic succession, I have chosen the term “hierarchical evolution” for this number-

metamorphosis. 

 For example, something like the form of Janus was worshiped as “Januspater,” the most 

ancient of the Roman deities, then developed from this Monad into the well-known “Janus-head” 

Dyad with two faces, and later progressed into a Janus trifrons or tricipitinus, and even into a 

Janus quadrifrons (Usener, from Sarasin, op. cit., p. 32). This, of course, is not a simple 

“multiplicity,” but instead a proof of the existence of a strong value-formal feeling for the 

position of the two-faced Janus in the highest chain of harmonic evolution, therefore a 

psychophysical form-series. A Dyad is unthinkable without the preceding Monad, but the inner 

psychic connection (c, c c) leads to a triadic grasp of the deity and leads on from there to the 

Janus quadrifrons: 

 

Figure 238: 

 
 

 as is demanded by the psychophysical development of the harmonic being-values. But the 

Janus-form is undoubtedly focused and concentrated in the Dyad, and when we read that this 

“most ancient autochthonous Italian god” (Momsen) is “the abstraction of the opening and the 

way,” and that the double head, looking in two directions, is connected with the gate opening at 

both sides – the Temple of Janus was also built with double doors – then we need only supply 

the harmonic image-concept of the Dyad (duality), expanding into the unlimited 1/1 → ∞/1 and 

the limiting 1/ ← 1/1. Then in the double-faced aspect of the Janus-form, we will see the 

mythological personification of a polar fundamental principle, pervading the material and 

psychical world, instead of the platitudinous “both ... and” by which it is so often interpreted. 

 The counterpart to the Roman Janus is the Greek and Egyptian Hermes. In Athens, two-

faced Hermes statues and columns were common, and the concept of “Hermes Trismegistos” is 

known to us from Alexandrian mysticism up to the alchemical speculations of the Rosicrucians. 

This god-form also traverses a hierarchical evolution. Strangely and significantly, Hermes is 



incarnated as a Monad and original Pelasgian god in the form of an erect phallus, in accordance 

with the magnificently sensual-spiritual synthesis of the Greeks, always experiencing and seeing 

the spiritual and divine in the erotic act. These “Herms,” commonly represented as stelae with an 

erect penis and a head on top, soon changed to a Dyad, becoming double-faced, with the 

corresponding attributes; but within this Dyad, they underwent a metamorphosis into the two-

sexed, “hermaphroditic” – very significantly from the harmonic standpoint, and only 

interpretable in the deeper sense through akróasis. Thus, as we see the two harmonic vectors 

originating from 1/1, going out to the right and left (up, down), and manifesting in the two 

worlds of major and minor, this double aspect finds its conceptual and symbolic formation in 

hermaphroditism – incidentally not only for the Greeks, but also for the Indians (P. Sarasin, op. 

cit., p. 41). As a Dyad, Hermes is the messenger of the gods (ho kèrux), the wanderer between 

Heaven and Earth (!). “Hermes Trismegistos,” i.e. Hermes as Triad, was the personification for 

the ancient Egyptians of discursive thought, of writing. Here he is also the father of science and 

inventor of the seven-stringed lyre, and later (§39) we will see that the seven-stepped diatonic 

scale can be built from ratios of three alone. Just as the ancients considered this scale as the base 

measure of the world, we too will see this “musical” attribute of triadic symbolization of the 

form of Hermes in a new light. One must consult  the books of P. Sarasin’s and especially 

Creutzer (Symbolik und Mythologie, 2nd ed., 1820, ff. 4 Vol. and plates) to find how the trio 

changes in various triquetrous symbolisms (for example, triskeles such as a gorgon-head with 

three feet on Sicilian coins, etc.) in various cultures, and also becomes a “quaternity” 

(tetrameral). There one will find a wealth of harmonic analogies, and will be convinced of how 

harmonics promises to give a guiding “Ariadne’s thread” through this very complicated domain 

of ancient mythology and symbolism, full of convoluted and often obscure thoughts. Above all, 

this will show that the most remarkable and as yet completely unsolved problem of the 

“multiplicity” of various symbols and god-forms can be traced back to a hierarchical evolution of 

harmonic prototypes. 

 

§30b. Bibliography 

H. Kayser: Klang, 166, 167, 174; Grundriß, 266, 269. Further, especially, P. Sarasin: Helios und 

Keraunos, oder Gott und Geist (Versuch einer Erklärung der Trias in der vergleichenden 

Religionsgeschichte, 1924), at the end of which a very comprehensive bibliography is given. 

 

 

 

 

§31. VARIATION MODELS 

 

In §20 we developed the original partial-tone diagram (1/4 PE) and studied the forms contained 

in it and their important consequences. Although this diagram will always be the starting point 

for all systematic investigations, it is only one, albeit the most important, among other possible 

coordinate representations, and is only the beginning of further possibilities of development – as 

the symbol 1/4 PE already testifies. 

 In this chapter we will contemplate the various forms in which the “P” can be 

elementarily represented, then show how the original partial-tone diagram can be varied. The 

reader is especially urged, in this and the following sections, to work diligently along with the 

text. With the help of the underlay given in §20b, he will be able to draw all of the following 



diagrams on single sheets of paper, in as many colors as possible, to date these sheets, and to 

staple or combine them in a portfolio specially prepared for this purpose. In the process new 

ideas will come to him, whose immediate execution or at least notation must not be neglected. In 

later independent work, the contents of this portfolio (or portfolios) will be a valuable aid and a 

wonderful criterion for his harmonic development. 

 

§31.1. Elementary representational possibilities of the “P” 

 

§31.1b. 

The already familiar representation of the “P”: 

 

Figure 239: 

 
 

is noted here for comparison with the following representations. The characteristic element of 

this “original,” “primal” (or however we want to describe it) representation is the outer 

equidistance of all ratios. The consequence of this is the uniform division in the coordinate grid. 

Every tone-point is equally distant from its neighbors, regardless of its “inner” content. However, 

as we saw from dozens of analyses of this diagram and from monochord testing, there is nothing  

artificial about this democratic principle, otherwise the equal-tone lines and the monochord 

segments they signify could not exist. The nature of these equidistant representations must 

somehow conform with the nature of  partial-tone development, or vice versa: this tone-

development must find an inwardly adequate expression in the familiar uniform coordinate grid. 

 

§31.1b. 

If one draws, starting from a zero-point, the aliquot ratios 1/2 1/3 ... and the overtone ratios 1/1 

2/1 3/1 ... according to their true length, then the result, in linear terms, is this series: 

 

Figure 240: 

 
 

We can give the corresponding coordinate field in a twofold arrangement. Both arrangements are 

noteworthy in various respects. The diagram (Fig. 241) shows the reciprocal basal series, bent in 



the familiar right angle. It continues as follows: choose a distance 1/1-0 (= the monochord) large 

enough to fit a sufficient number of ratios without crowding them (20 cm is best). First draw the 

point 1/2 c half-way between 1/1 and 0, then draw a line 0-1/2 on the horizontal starting at this 

point, then 1/2 c 2/2 c 3/2 f, 4/2 c, 5/2 as,, 5/3 f,, 7/2 xd,, ..., depending on the length of the 

strip of paper (about 80 cm is sufficient to start with). Beforehand, of course, one should have 

noted the ratios 1/1 c 2/1 c, 3/1 f,, 4/1 c,, with the unit measure (1/1-0) on the horizontal line 

starting at 1/1 c. The remaining horizontal ratio series starting at 1/3 g 1/4 c etc. are constructed 

analogously, always with the distances from 0 as measured dimensions. 

 

Figure 241: 

 
 

 As one can see from Fig. 241, a few peculiarities appear in contrast with the familiar P-

diagram. The equal-tone lines all lie in a diagonally slanted direction, are parallel to one another, 

and project all the tone-values contained in the diagram in correct scalar order upon the 

horizontal lines starting at 0 (here only the lines 1/1 c 2/1 c, 3/1 f,, are drawn). All n/1 series are 

on the horizontals; all 1/n series are on the pencil of rays starting at the zero point. All ratios 

smaller than 1 are within the triangle bounded at the top by the generator-tone line, i.e. by the 

diagonal going up and to the right from 1/1 c. This domain is “limited,” though its space can 

theoretically be filled with an “infinite” number of ratios. This is an interesting and clear proof 

for the geometric “limited” (convergence) and arithmetic “infinite” (divergence) of the harmonic 

aliquot series that we have so often mentioned. All ratios greater than 1, however, are in the 

space to the right of the generator-tone diagonal. This domain is also “unlimited” in its 

coordinate space, just as its ratios 1 2 3 have a divergent tendency. If we examine the 

perpendicular series above the points 2/1 3/1 4/1 ..., and search out these series (for example, 2/1 

3/2 4/3 5/4; 3/1 5/2 7/3 etc.), we will find that on our familiar P-diagram, all these series meet at 

the point 1/0. 

 

Figure 242: 



 
 

 Fig. 242 shows the same arrangement, but in different modification. The difference from 

the previous diagram (Fig. 241) is merely a 45° inclination of the “basal series” relative to the 

upper and lower parallel lines. Thus, the point 1/1 c on the lower horizontal lines is moved to the 

right around the unit measure, causing all other slanted equal-tone lines to become perpendicular 

(Fig. 241). This produces a nice symmetrical image of the value-bases of the individual ratios. 

The triangle of the “finite” undertone domain is a mirror image of that in the previous Fig. 241. 

 Symbolically noteworthy in the two diagrams (Fig. 241 and 242) is the fact that the 

overtone series return to the zero as pencils of rays, whereas the undertone series, as parallels, go 

on into infinity and, speaking in “projective” terms, eventually intersect there. Therefore, we 

have the pattern: 

 

0 ← 1/1 → ∞ 

 

which reminds us once again of the peculiar discrepancy mentioned above, between the two 

reciprocal partial-tone domains. 

 

§31.1c. 

To take the “haptification” further and build a diagram in which the overtone ratios follow each 

other successively from the zero-point horizontally and to the right as sums, one should first 

draw all the overtone series twice the unit from 1/1 (length of the unity of the string 0/1-1/1) up 

to 2/1, then from here three times the unit up to 3/1, and so forth; then the aliquot series beneath. 

The result will be Fig. 243, which appears to contain a veritable Eldorado of various curves of 

the second degree (a few of them are indicated with dotted lines). I have not yet investigated this 

diagram further; perhaps the reader will discover more interesting things during more precise 

analysis. 

 

Figure 243: 



 
 

 If we now think over the modifications of the “P” given in §31.1a, b, and c, and consider 

how to express the inner content most simply, there can be no doubt that we should give 

preference to the familiar means of representation (a). All other modifications express individual 

laws, admittedly often more distinctly and clearly; but the whole inner structure, in the familiar 

equidistant coordinates, still has the most satisfying representation. Thus, with the experiments b, 

c, and possible further ones, we can draw the remarkable conclusion that the representations in a 

that are in a certain sense “abstract” are the most “natural,” i.e. most adequately expressive of the 

inner content, whereas all attempts to locate the quantities of the ratios more precisely in 

graphical (geometric) terms make the corresponding diagrams unclear, “unnatural.” The 

logarithmic representation, i.e. the formation of the diagram on the basis of the values alone, is 

another matter. We will discuss this in §36. However, that does not mean that we grant no 

significance to the other modifications, but quite the opposite. The reader who diligently works 

through this himself, and performs his own further experiments, will be introduced in the best 

and easiest way possible to the inner standards of the harmonic system, and will be able to most 

accurately assess the individual laws from the most diverse aspects. 

 

§31.2. Variations 

We can variegate the “P” in an elementary fashion into three models: the triangular (equilateral 

triangle), the quadratic, and the circular models (see Fig. 244). These models require a very 

thorough discussion; we will cover them further in §33a and §34. 

 All three models can be permutated to some degree, i.e. altered within the same variation, 

with the inner content held constant. Fig. 244 shows only a few of the possible permutations of 

models I and II; more will be developed in the course of this chapter. Furthermore, the 

permutations of models I and II (Fig. 244) can be combined in various ways, an operation that 

will be dealt with in §32. As one can see from Fig. 244, our familiar P-diagram (model IIa) 

represents a special case in both the typological and permutative sense. 

 

Figure 244: 



 
 

 We put the triangular model first because it corresponds to the simplest regular geometric 

figure, the equilateral triangle. Coordinate grids can be built from it and from the quadratic 

model; from the regular pentagon, that is no longer possible, since pentagons cannot be fitted 

together on a plane without holes in between. The elementary coordinate nets are thus restricted 

to a grid of 30-45 or 60-90 degrees. 

 For all permutations of harmonic coordinate models, the sequence of ratios must be 

preserved and not come apart geometrically. Therefore, these permutations are not boundless, 

but restricted. 

 

§31.2a. The triangular model I and its permutations 

Purchase triangular millimeter paper, or draw such a grid with India ink, with a 1 cm mesh, 

fasten it onto the underlay, place some tracing paper over it, and test the possibilities of various 

permutations, without getting any prior information from Fig. 244. For this, one should set the 

ratio 1/1 c at some corner, then the ratios 1/2 c, and 2/1 c at the adjacent corners, and finally 

search for 2/2 c in the middle (above or below – this “above” or “below” brings about the 

various permutation), i.e. in the direction of the generator-tone line. Once one has established 

these four ratios, all the others follow automatically. 



 Now one will soon see that the permutation possibilities are very restricted. The most 

important of model I are given in Fig. 244, in diagrams Ia and Id. The reader is advised to get 

used to indicating the ratios with black (India) ink, the two basal series 1/2 1/1 2/1 with green or 

blue, and the generator-tone line 1/1 2/2 3/3, as well as the remaining equal-tone lines, with red 

in the corresponding coordinate grid. 

 In evaluation of these ∆-models, especially in the forms Ia and Ib, one could say that they 

are nothing more than a familiar square coordinate grid warped into a trapezoidal one. Because if 

one thinks, for example, of the model Ia in Fig. 244, “flexible” and somewhat compressed from 

above and below, then one will doubtless get model IIa. This is correct; but in one case the grid 

is built from a formation of triangles, and in the other case from a formation of squares. 

Furthermore, the morphological model of the two modifications is completely different regarding 

the combination possibilities, as we will see. In their inner construction, all models are identical, 

together with their variations and combinations. Therefore we can only examine differences of 

morphological structure, which are, once again, harmonic in nature. The dyadic and ternary 

ratios 2 4 8 ... and 3 6 12 ... are the only ones sufficing as ratio creators for the construction of an 

independent tone-system, as we will see, and they play a similar geometric role here, as they 

exhaust the possibilities for plane elementary coordinate grids. The reader should beware of 

seeing only a superficial matter, or indeed a gimmick, in this permutation. For anyone who has a 

strong feeling for form and good geometric perception, triangle and square are as much different 

worlds as fifth and octave, and permutations and combinations within these primal shapes, 

especially on a harmonic basis, have nothing to do with “externals” in the pejorative sense, but 

are of the highest morphological value and interest. 

 

Figure 245: 



 
 

 This value will first appear in the “ektypics,” especially of combination models (see §32); 

but whoever pursues the specifications of this chapter practically, having as a result a whole 

series of self-drawn diagrams in front of him, will know just what Plato meant by the saying 

about entry to his Academy: 

 

“mēdeis ageōmetrētos eisitō mou tēn stegēn” 

(No one ignorant of geometry may enter my house”) 

 

The monochord testing for this triangular model, and for the permutations of these models I and 

II, is noteworthy. It is given in Fig. 247, only for model Ia. The reader, however, can make 

experiments for the further permutations of this type, to ascertain where monochord testing is 

possible and where it is not. 

 

§31.2b. The quadratic model II and its permutations 



Here, also, the reader should test the permutation possibilities upon a sheet of the familiar 

millimeter paper, and compare the results with models IIa-d in Fig. 244. He will notice that there 

are two primarily different permutations, or rather one variant that is completely different from 

the usual model IIa, which was already illustrated by A. v. Thimus in figures I and II of the first 

table of Vol. I of his Harmonikale Symbolik (Fig. 245 and 246). Fig. 245 shows our familiar “P” 

(Fig. 244 model IIa) with monochord control. Fig. 246 shows the permutation of Thimus’s figure 

2 (not noted in Fig. 244), the so-called “lambdoma” of the Pythagoreans (because it has the form 

of the Greek Λ = L = “lambda”), also with monochord control. In Fig. 245 the monochord can be 

added to the undertone domain linearly by lengthening, but with the lambdoma in Fig. 246 it 

must be “bent,” and thus each tone length has its own direction in relation to 1/1. Fig. 248 is an 

illustration of this lambdoma that has already appeared in my Grundriß, p. 164. 

 

Figure 246: 

 
 

 The direction of the over- and undertone series, from the generator-tone line, undergoes a 

change here, in contrast to the previous permutation models of the familiar “P”. For example, the 

series from 1/3 g first runs horizontally to 3/3 c, then turns downwards and to the left. 

 

Figure 247: 



 
 

Figure 248: 



 
 

 An examination of the lambdoma (Fig. 248) allows one to presume that the ancients 

applied this very modification in symbolic demonstrations. At the peak there is the symbol of the 

deity, 0/0, to the right and left the “unlimited” and “limiting,” with its variants: darkness and 

light, near and far, minor and major. In the middle is the wealth of the “pleroma,” i.e. the world 

of reality, the “limited,” arranged by the demiurgic 1/1 2/2 ... line according to harmonic 

proportions, etc. Could the term “demiurgic triangle” have its origins here?JG 

 

§31a. Ektypics. Coordinates 

Since we have already dealt with coordinate systems in eliciting the partial-tone coordinates and 

in this chapter, a few fundamental observations will be made to deepen our grasp of this concept. 

In itself, the concept of coordinates is ancient, at least regarding its geometric character. In an 

incomplete chamber of Belzoni’s Tomb, from the 19th Egyptian dynasty, a wall was found 

divided into squares, presumably as a guide for reliefs to be executed later. M. Cantor (I, p. 108) 

sees this as the beginning of a study of geometric proportion. In the first book of his text on the 

conic sections, Apollonius of Perge (ca. 200 B.C.) uses a coordinate system whose initial point 

lies upon the conic section itself. Heron of Alexandria, around the same time, employed a 

“deliberate procedure with right-angle coordinates.” The astronomer Ptolemy (150 A.D.) appears 

to have already developed ideas that came close to the concept of spatial coordinates, and the 

Romans had the notion that the world, subjugated to their laws, could be arranged into a single 

right-angle coordinate system – probably not a very comforting idea for the people of the time, 

since of course it was “usefully” connected with land division and oppression. At the end of 

Boethius’s First Book of Geometry, it reads: “The Pythagoreans, to avoid errors in their 

multiplications, segmentations, and measurements – which were exceptional in ingenuity and 

subtle to the highest degree – devised a formula to use, which they called the Pythagorean Table 

in honor of their teacher; because what they put in the table had been handed down to them 

through the teachings of their master himself. This table was known to people later on as the 

abacus.” 



 This leads us back to the Pythagoreans, and after what we said in §20 about Thimus’s 

rediscovery of the Pythagorean lambdoma from classical sources, there is no question that even 

in 500 B.C., the Pythagoreans were familiar with coordinates not only as geometric matrices, but 

also as a basis for their harmonic number-system and its geometric figurations. This is a fact 

about which previous mathematical and historical works have been silent. Besides Thimus, I 

found a correct assessment of this Pythagorean discovery by only one radical philologist. 

Eberhard Hommel (Untersuchungen zur hebräischen Lautlehre, Part I: Der Akzent, Leipzig 

1917) relates the following about the Pythagoreans’ harmonic technique: 

 

The Pythagorean school is known to have established a close relationship between 

numbers and tones through the proof of simple number-ratios existing between string 

lengths. These investigations were made upon the monochord, a simple board or frame 

with a movable bridge, and probably also with a measuring chart, which was spanned by 

a string whose tension could be varied with a hanging weight. The instrument, with 

whose help singing teachers taught the tones from the earliest times up to the time of 

Guido d’Arezzo, was known as a “canon,” and the use of it was known as katatome tou 

kanons, about which Euclid of Alexandria has left us his own essay. – After the 

relationships of lengths of the strings or vibrating bodies of air were discovered 

experimentally, and a simple sequence of string ratios had been demonstrated, they 

constructed geometric figures and a type of coordinate system, i.e. a system of parallels 

and intersecting lines, the “diagram” (literally: line-intersection) in which the numbers 

and tone-ratios were illustrated with segments and simple geometric operations. Finally, 

they went from this to circle systems and spherical, three-dimensional systems, in which 

the tones were no longer only represented by segments, but also by arc lengths and 

angles. Related to this is the spherical-kinetic system of the Hebrew and Arabic 

grammarians, the study of the “inclinations” of tones in the terminology of the Latin 

grammarians, and in Syrian and Arabic phonetics. Distinct connections are also shown in 

ancient astrological doctrine of the aspects or configurations of the planets, which, as 

angle sizes, are correlated to the intervals of the scale, as in Kepler’s Harmonice Mundi. 

 

What we now know as a “coordinate system” is mainly based on Descartes’ analytical geometry. 

This establishes the actual connection between pure (synthetic, projective) geometry and analysis 

(numbers, algebra): a connection made through the coordinates. Over the course of time, all 

possible coordinate systems have been constructed, but all based on the original two right-angled 

plane coordinates (x and y) or three spatial coordinates. In all mathematical coordinate systems, 

the position of a geometric element is associated with some numeric element, or vice versa; its 

inner structure, as a pattern, is uniform and begins at the origin point. 

 The harmonic partial-tone coordinates use the geometric pattern of the intersection of 

axes, or some other (polar) coordinates. Here too, specific locations (tone-points) are also 

associated with specific numbers. The actual point of origin of all “P” is not 0, however, but 1, 

and from this emerges a priori a non-uniform inner structure of the numeric space, since this is 

not developed based on the pattern: 

 

–∞ –2 –1 0 +1 +2 +∞  I 

 

but instead on the pattern: 



 

1/∞ 1/3 1/2 1/1 2/1 3/1 ∞/1 II 

 

We saw in §18 that with logarithmic transformation the “P” also change into pattern I, from 

which we can conclude that the harmonic coordinates, in contrast to the mathematical ones, 

signify in a certain sense a “primal condition” of the numeric concept. If we refer to analogous 

examples in mathematics, being based on a primal number concept can be compared with the 

regression from circle construction to the line construction of the “new” (projective) geometry. 

In contrast with the older “measuring” geometry, which mostly uses the compass, i.e. a line of 

the second degree, projective geometry is mainly satisfied with the ruler, i.e. a line of the first 

degree. Also, the “line” is to some extent the “primal condition” of every geometric form, just as 

the whole-number series with its reciprocals is the “primal condition” of the idea of numbers. 

The fundamental difference between the harmonic and the other familiar mathematical 

coordinates, however, is the appearance of a tone for the number, i.e. the psychic evaluation of 

the number. Thus a quintessential psychic formation and monitoring is added to the numeric 

“non-uniformity,” which the mathematical concept of coordinates was previously lacking, and 

which it does not even want or need to have. 

 Thus through different numeric structure and the insertion of values, harmonic 

coordinates, in contrast with the familiar uniform concept of number, gain a great wealth of inner 

structures, and above all many more comprehensive possibilities for application to group theory, 

of which we will show a few examples in the next chapter. 
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225. – P.B. Fischer, Koordinatensysteme (in the collection Göschen, No. 507, 1911) gives a good 

overview of mathematical coordinate systems. 
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§32. COMBINATION MODELS 

 

By combination models, we mean the connection of the same or different variation models and 

their permutations to closed structures. In these combinations, the group element of the “P” is 

expressed with especial clarity; we designate it with the comprehensive concept of “sound-

image,” and will dedicate another special section to it in §38. First, though, we must create the 

foundations on as broad a basis as possible. 

 

§32.1. The quadratic combination models 

We begin with the combination possibilities of the “P” we know so well (Fig. 244, IIa). For the 

following experiments, it is good always to note upon the corresponding coordinate grids the 

ratios of the two basal series, the generator-tone axis, and the equal-tone lines of the first two 

octaves above and below (4/1 c 2/1 c and 1/2 c, 1/4 c,,); note them with dotted lines, thick 

lines, thin lines, respectively (or else in different colors). 

 

Figure 249: 



 
 

Let us begin with the combination of two identical systems. In Fig. 249, taken from Harmonia 

Plantarum (p. 29), no. 3 shows the familiar pattern of our “P”; no. 4 shows the same with the 

peak on the bottom; and no. 5 shows the combination of two such systems, coupled at 1/1. We 

immediately learn something different from this example. Firstly, the condition under which 

combination must or may occur: the coupling at 1/1 and the strict preservation of the ratio 

progression. Then (Fig. 249, no. 5) the tracing of the two equal-tone pencils of rays back to the 

two 2/2 points of the generator-tone axis. Seen from each system, these are identical with the 0/0 

point, but it does not appear here as an independent location. Now look at Fig. 244. We choose 

permutation model IIc, but with a slanted generator-tone line instead of an upwards 

perpendicular line: 

 

Figure 250: 

 



 

As we know from previous chapters, the setting of these three elements (overtone series, 

undertone series, and generator-tone line) makes the particular course of the system clear and 

definite. If we place this new permutation model with 4/1 c at the top, thus making the lower 

horizontal line of the basal series perpendicular, then the result is the left half of combination 

model no. 7 from Fig. 249, for whose completion the right side need only be added as a mirror 

image. If we start again from permutation pattern IIc (Fig. 244), leave it as it is, position it 

analogous to the previous one with 4/1 c vertical at the top, and complete it this time with its 

mirror image below, then the result is combination model no. 6 from Fig. 249. After this test, the 

reader is urged to engage in further experiments. These and the following are exceptionally 

important for an introduction to the morphology of harmonic systems. We shall now combine 

several systems, beginning with the familiar square type IIa (Fig. 244) in quadruple combination 

(Fig. 251). If we draw the three main elements once again – G-axes, basal series, and equal-tone 

lines of the octaves above and below – there results a very beautiful star-shaped figure of rays, as 

is characteristic for all these combination types. However, we can also combine various 

permutation models (not variation models!). The only requirement for this is that they coincide 

in the 1/1 and basal axes. For this we return to Fig. 244 and choose types IIa and IId. Their 

combination yields Fig. 252. In this combination model there is a certain outward similarity with 

no. 7 of Fig. 249. However, the inner configuration of the axes is completely different, although 

naturally the construction of ratios remains the same for all models of this type. 

 

§32.2. The triadic combination models 

Here we can briefly summarize and give the sixfold combined models Ia from Fig. 253, 

analogous to Fig. 251. The equal-tone lines in this figure produce a six-pointed star in the 

middle. In contrast, if we combine model Ia with 2d from Fig. 244, the result is Fig. 254. As can 

easily be seen, this is the triangular counterpart to the square of Fig. 252. 

 

Figure 251: 



 
 

Figure 252: 

 



 

Figure 253: 

 
 

Figure 254: 



 
 

Figure 255: 

 
 

These examples are enough; they are only to give the reader the incentive to perform further 

experiments. It should also be expressly noted that with the indication of the three elementary 



foundations – basal series, generator-tone axis, and primary equal-tone lines – the inner wealth of 

forms is far from being exhausted. This emerges significantly with the further drawing of 

characteristic curves, as we will discuss later. To begin with, however, the student should restrict 

himself to notating the main structures, so as to obtain as great an “archive of elementary sound-

images” as possible. Further geometric configurations can easily be completed on the diagrams 

that have been worked out up to this point. 

 

§32a. Ektypics 

 

§32a.1. Group theory 

Whoever has worked through this and the last few sections properly will have asked the 

question: “What is the point of all this: isn’t it more or less just a gimmick?” The question is 

naturally justified, except for the fact that one can construct regular further developments of 

geometric-arithmetical coordinates purely mathematically; except for the compelling visual logic 

of this structure; and except for the ektypic application possibilities specific to our harmonic “P” 

modifications that can be discussed with a few examples. What are we actually doing when we 

variegate, permutate, and combine in this manner? 

 With this, we are entering a domain that is known as mathematical group theory. Our 

partial-tone coordinates, in terms of their number and form content, are nothing other than one of 

the most elementary group-theoretical patterns, perhaps the most elementary because they 

develop from the simple whole-number series with its reciprocals. Speaking generally, the 

concept of group theory should be understood to mean calculation with groups. A. Speiser 

(Theorie der Gruppen von endlicher Ordnung, 2nd ed., 1927. p. 6) writes that the Greeks, as a 

typical example for the transition from a “groupoid” to the group, perceived the disentanglement 

of the tone-interval from the two-note chord, for example, the fifth from c-g or e-h. Speiser 

shows, on p. 15 of his work, a group table “that is important for later investigations,” as shown 

hereafter in Fig. 255. Its similarity with our partial-tone coordinates, about which we learned in 

§20, whose Pythagorean nature was already asserted by Iamblichus and Nicomachus, is 

immediately visible. According to this, the Greeks knew not only of the concept of wholeness 

progressing from part (tone) to whole (interval, chord), but also of a typical group theory pattern. 

F. Waismann, as related in §21a, shows that the “P” group is also drawn from the other side of 

mathematics (set theory), albeit without a tonal background. In his Einführung in das 

mathematische Denken (1936, p. 107), he writes: “One can construct progressions that have the 

paradoxical peculiarity that each of their cluster points is a cluster point. The entirety of rational 

numbers offers an example for this. To arrange it in a series, we first think of all fractions with 

the numerator 1, then all fractions with the numerator 2, and all with the numerator 3, and so on. 

The positive ones among them can be written out in the form of the following two-dimensional 

pattern: 

 

Figure 256: 
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Figure 259: 



 
 

If one arranges the fractions so that they are ordered in consecutive diagonal lines, then the result 

is a progression beginning: 

 

1/1 1/2 2/1 1/3 2/2 3/1 1/4 2/3 3/2 4/1 ... 

 

Thus, one and the same fraction appears multiple times, for example 1/1 2/2. If one eliminates all 

repetitions so that each fraction appears only once, the sequence finally encompasses every 

fraction. Thereby the set of positive rational numbers is arranged in a progression; but with the 

price that the natural arrangement of the fractions according to their size is fundamentally 

destroyed. If one wants to have all the fractions, then one need only insert the negative fraction 

after each fraction in the series, and place 0 in front of the first element. In this series, every 

rational number is a cluster point, so that the series consists only of cluster points.” 

 Since the above pattern from Waismann is completely identical with that of our already 

mentioned partial-tone coordinates of Nicomachus and Iamblichus, and restored by A. v. 

Thimus, the Pythagoreans were not only the first group theorists, but also the first set theorists! 

 In a closer mathematical sense, outside of the superior group concept, the “P’s” fall under 

determinants and matrices. “A matrix A [= “P”] does not signify a number, but a quadratically 

arranged system of n1 numbers” (Weber-Wellstein: Enzykl. der elementaren Mathematik, Vol. I, 

1922, p. 310). 

 Of course, the above remarks only serve to establish the “legitimate” connection of the 

“P” to group theory and related domains. The actual group-theoretical research of the “P” awaits 

the attention of an expert, since a fundamental familiarity with group theory itself is required – a 

branch of higher mathematics that is not at all easy. 

 



Figure 260: 

 
 

§32a.2. Application examples of combination models 

A. Speiser, in Ch. 6 of his Theorie der Gruppen, gives wonderful Classical and pre-Classical 

examples of the symmetries of ornaments. “The so-called arabesques also belong in this 

category. They owe their liveliness and multiplicity exclusively to geometry, since the stylized 

leaves found therein have preserved their forms almost unchanged through the centuries” (op. 

cit., p. 2). The same author also says about ornaments in general (p. 77): “The art of ornaments is 

a geometric art. It is undervalued in modern times, and the result is that no new ornaments are 

invented any more.” 

 Let us now examine our “P” in terms of such purely “ornamental” possibilities. For this, 

we choose the fourfold combination of the familiar square model (Fig. 257), which we examine 

from various value-emphasized viewpoints (taking these last words literally) in Figures 258-263. 

In Fig. 257, the upper and lower fifths are connected crossways over the generator-tone line. Fig. 

258 shows a linear image of the thirds and sixths c e as a es. The peculiar zigzag ornament gives 

a strange, almost confusing asymmetrical impression, despite its precise geometric symmetry. In 

Fig. 259, various c-values are connected with circle arcs in such a way that the arcs do not touch 

any other tone-values. Fig. 260 shows a few scale circles that arrange themselves into circle 

symmetries in fourfold combination. Figures 261-263 show symmetry in the “open” or 

“complete” partial-tone diagram, which we will cover in §35, but whose inner value-symmetries 

we are able to show here. 

 

Figure 261: 



 
 

In Fig. 261, more fifths are connected. They produce a star-shaped ornament, whose individual 

fields are filled out in black so as to highlight the structure more clearly. Fig. 262 shows a 

unification of the triads c e g and f as c, and in Fig. 263 c-values are once again joined by means 

of circular arcs. If the reader has drawn these and other examples himself, he will soon notice 

that there is a vast field of ornamental discoveries to be made here, especially if we add the 

triangular combination types. Moreover, this wealth  ornamental forms is based on a psychical 

background as well as on a mathematical-geometric one. In addition to the last curve illustration, 

Fig. 263, Figures 264-267 reproduce a few analogously drawn curves from Harmonia 

Plantarum. For the purpose of simplification, Figures 264-266 show various curving lines, 

drawn upon only one quadrant of 1/4 PE but connected to certain tones or intervals. To get a 

symmetrical ornament from them, four such quadrants must first naturally be connected in a 

single combination, and then either only a curve, or at all events the curves of an over- or 

undertone  sector must be chosen and drawn eightfold in the reciprocal domains. 
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Figure 263: 



 
 

Figure 264: 

 
 

Figure 265: 



 
 

Figure 266: 

 
 

Fig. 264, from above inwards, shows first the curve of thirds 1/1 c – 5/1 e10/2 e 15/3 e, then 

1/1 10/1 e, then 1/1 c 5/2 e 10/4 e, and as a fourth curve 1/1 c 5/4 e 8/5 as 10/8 e 16/10 as 

15/12 e, etc. In the lower left sector, fifths are joined. Fig. 265 shows the minor thirds above and 

to the right in their octave-exchange, and to the lower left two c-octaves: c,, c, - c joined by 

curve loops. In Fig. 266, various melodic fragments are drawn with their counterpoints, 

whereupon a symmetry appears right away in the quadrants; the precise analysis can be found in 

Harmonia Plantarum, pp. 181-183. From this diagram, we choose only the first (uppermost left) 

theme with its counterpoint: 

 

Figure 267: 



 
 

- well-known as the beautiful Parsifal theme. We isolate it and set it together with a fourfold 

combination model. The result, then, is Fig. 268, which also shows how multifarious ornamental 

combinations can be created from the data in Fig. 266, which indeed show only a small selection 

of the possible groupings. The purpose of these illustrations in Harmonia Plantarum was to 

attempt to trace the morphological structure of various flower petals. However, we discover the 

secret of petal design in a different way when we simply connect all present c-values with one 

another and draw the c-octave circle in a combination diagram, for example the one already 

mentioned on p. 177 of Harmonia Plantarum, reproduced in Fig. 269. Here, also, the symmetry 

lies in the combination of four sectors; the inner characteristic, in contrast, in the selection or 

emphasis of a certain psychical value – here that of the generator-tone with its octaves. It is clear 

that other tonal selections once again produce entirely different morphological models. We will 

come back to the selection principle, which plays an important role in harmonics, in section D. 

 

Figure 268: 

 
 

Figure 269: 



 
 

Figure 270: 

 
 

As a further ektypic example from a completely different domain – that of music theory – is 

given in Fig. 270: the “scale octagon”: a combination diagram of the two permutations of the 



quadratic model (Fig. 271). With this scale octagon, already published in Hörende Mensch (p. 

86), I became aware of the morphological value of this combination diagram. This special case 

presents for the first time a proof of the scale in the correct successive progression of its tones – 

whereby the generator-tone diagonals must be included – from the group-theoretical principle 

immanent in the laws of tone. The four large circles each contain a B-major scale: 

 9/8 bˇ generator-tone line c 8/9 d 3/5 es (twice) 4/3 f 3/2 g 5/3 a (twice). We will come 

back to this in §39. 

 

Figure 271: 

 
 

Figure 271a: 



 
 

 

 Finally, one more example from crystallography. In Grundriß, p. 260 and tables 21-23, I 

have already published a number of triangular combination models with a series of photographs 

of snowflakes, and here two analogies are given again (Fig. 271a). It would naturally make no 

sense to look for completely precise concordances between these two prototypes (diagrams) and 

ektypes (snowflakes), simply because diagrams of considerably higher indices are necessary, and 

an archive of such high-indexed hexagonal combination diagrams would require an immense 

amount of work. Every snowflake, seen from the molecular perspective, is an extremely high-

indexed formation. In any case, one sees from the comparisons in Fig. 271a that morphological 

congruences exist between prototype and ektypics, thus showing that harmonic “combinatorics” 

can also help to explain the puzzle of the immense multitude of forms of this type of crystal. This 

wealth of forms stands against the background of a psychical value selection, so that in every 

snowstorm, thousands of combinations of psychical constructions are formed, a silver 

enchanter’s cape of “frozen tones,” which bear witness to a universal harmonics of the secret art 

of creation. 
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§33. POLAR DIAGRAMS 

 

We now come to the circular, or polar, representations of the “P” (not to be confused with 

“polarity” as a value-form). Here there are three different elementary possibilities: 1. the simple 

circular form of the “P”, in which the right- or oblique-angled coordinate grid is converted into 

polar coordinates; 2. the division of the circle (either of the circumference or the angle at the 

center) according to the measure of the partial-tone ratios; and 3. the transformation of these 

ratios, i.e. the “P”, into vectors (angles), while simultaneously notating them as distances from 

the center or the generator-tone circle. 

 

Figure 272: 

 
 

Figure 273: 



 
 

§33.1. Circular coordinates 

These consist, in principle, simply of a circular variation of the familiar “P”. This is most clearly 

seen from the construction of Figures 272 and 273. The sheets of polar paper commonly 

available have a circle divided into 16 parts; of course, one can easily draw these polar 

coordinates oneself, put them on cardboard as an underlay, and perform the experiment on 

transparent paper laid on top. We place 1/1 at the center (Fig. 272), then 1/2, 2/1, and 2/2 on the 

three corresponding points of the first circle, then continue, obtaining a grid of ratios ending at 

the top with index 9. The two basal series, in this permutation, form a heart-shaped curve. If we 

start again from 1/1 at the center, but choose the ratio progression so that the overtone series 2/1 

3/1 ... proceeds regularly around the radii of the circle, while the generator-tone line 2/2 3/3 ... 

skips alternate radii, and the undertone series 1/2 1/3 ... skips two radii, then the result is the 

permutation in Fig. 273. 

 Variations of this circular model are achieved through various divisions of the circle 

(here the division into 16 parts is chosen, i.e. “octave division”). 

 Permutations are achieved through choosing various starting ratios, as for the square and 

triangular models discussed in §31. There, as here, the “variation” and “permutation” are purely 

geometric concerns (cf. the following division of a circle by harmonic ratios); these circular 

models become harmonically useful only through various fixations of the ratio content, i.e. 

through psychical evaluation. The reader should perform his own experiments in this area, 

likewise with regard to possible combinations that are considerably more complicated and have 

not yet been investigated. 



 

§33.2. The divisions of a circle by “P” ratios 

If we imagine the circumference of a circle as a bent monochord string, whose length (string 

length) or vibration (frequency) we divide according to the measure of the whole-number series, 

the result is the four possibilities of Fig. 274, shown here in seven columns up to index 8. 

 

Figure 274: 

 



 
 

A few more words for the clarification of Fig. 274. By “subdivision” we mean the division of the 

circle’s circumference (= the string). “Superdivision” takes the pitch of the whole circle as a 

string unit (frequency unit), and adds to this unit the corresponding sectors of the relevant circle 

divisions. 

 Regarding the ratios that emerge from this circle division, it is best to compare the 

collective ratios of a group of four, such as the division in six (6) on a diagram of our “P”. If one 

draws the fractions of the 4 circles: 

 

Figure 275: 



  
 

 

then one will see that by means of these circle divisions: 

 

Figure 276: 

 
 

one finally arrives at all of the partial-tone coordinates. Geometrically, the so-called “regular 

polygons” are the result. Tonally, however, the result is even richer, since from the analysis of 

string lengths and frequencies, we obtain the reciprocal tone-value for every ratio, which is 

shown by the circles under a and b. The example of notation below gives information on the 

tonal characteristics of each circle division. I have intentionally shown Fig. 274 in exhaustive 

variations, to give the reader a basis for this type of circle analysis – we can summarize more 

quickly below. 

 We can now tackle the individual evaluation of certain circle divisions (angles, regular 

polygons, positions of the tones on the circle), if we now examine the third most important type 

of harmonic circle diagram. 

 

Figure 277: 

 
 

§33.3. The vector diagram 



Previously, we divided the circle’s circumference successively into 2, 3, 4, ... equal parts (arcs), 

and analyzed the arcs distinguished through the regular polygons as “tones” (= string lengths and 

frequencies). We will now investigate the results when we divide the angle of 360° according to 

harmonic ratios. 

 An angle, of course, cannot “sound,” but we are completely authorized to set the round 

angle of 360° equal to the string length, or the frequency unit 1/1, and to subdivide and 

superdivide these 360° exactly as we did the circle circumference, as the unit 1/1. We have 

already done this indirectly (Fig. 274), in that the regular polygons divide the round angle around 

the center with their axes according to the same ratios. 

 If we direct our viewpoint entirely towards the division of angles, something entirely new 

happens: we have transformed the tone-values, previously indicated by segments or frequencies, 

into directions (vectors); because every angle is nothing other than the indication of a certain 

direction. 

 Here, however, one must be careful, and we must first proceed completely independently 

from the previous circle divisions. If we divide the round angle of 360° successively by 2, 3, 4, 5,  

and 6, then the result is Fig. 277. If, in contrast, we go downwards from ray (vector) 0° = 360°, 

the result is the octave 1/2 c 180°, then 1/3 g 120°, etc. (Tone-values according to string 

lengths). It can easily be seen that all aliquot ratios finally go to the upper half of the circle, 

whereby, according to the law of harmonic quantization and “perspective,” they approach the 

degree of zero ever more closely, but never reach it. Although we divide the round angle 360° 

according to harmonic ratios, resulting in corresponding vectors, this method does not get us 

much further; because we have only obtained the form of the “diminution” of the familiar 

partial-tone series, converted into vector form, as each string division line shows us. Besides, the 

equilibrium in the circle is very unequally divided. We must search for another way. 

 For this, there are two considerations. Since the partial-tones develop “above” and 

“below” 1/1, it would be advantageous to set 1/1 not as the center, but as the circle itself, so that 

the overtone and undertone ratios (as circles) have their place outside and inside the unit circle. 

This has nothing to do with the tones as vectors in themselves. However, as we will soon see, 

their connection with the vectors creates the unified structure of the “tone-spiral,” which 

illustrates the synthesis of the vector (angle, direction) with the size (distance from the unit 

circle). The second consideration is the necessity of creating a distribution of the tone-vectors 

within the round angle of 360°; they are distributed as evenly as possible throughout the entire 

angle space. For this, we use a very simple means: the octave transposition that we already know 

of, i.e. the projection of all partial-tones in the space of 360°, which is regarded as an octave. For 

this it is first necessary to reduce the partial-tones to this “angle-octave,” which is done through 

the following operation, which we elucidate with the ratios 3/2 g and 4/3 f: 

 

Figure 278: 

 



 

As one can see in the right-hand example, we must first bring the ratio 2/3 f to the octave 1/1 c, 

lying above 4/3 f, and the same with all ratios smaller than 1/1. The process, then, is very simple. 

We set: 

 

1 : tone-number = round angle : x 

 

and then solve for x, the angle of the tone-number. As one can also see, the octave position of the 

ratio in question does not matter, in contrast to Figures 274 and 277; all c-octaves 1/2 c, 1/1 c 2/1 

c ... lie upon the 360° ray, all g-octaves 3/4 g 3/2 g 3/1 g ... upon the 180° ray, and so on. To 

compensate for this lack of octaves, but also to incorporate the graphic image, we express these 

octaves as regular distances outside and inside the unit circle 1/1 c. From this, it follows that 

each tone-angle also has a tone-circle. Now, we want to continue the construction of this 

fundamental diagram, for which the frequency numbers and values serve. If we set the tone c as 

the unit 1/1, then its sphere is a circle with radius 1. The radius signifies the size of the tone. Its 

circumference is the location for all 1/1 c-values. The direction of the radius can go anywhere at 

all from the center; therefore we must set it arbitrarily by choosing some radius (Fig. 279). 

 

Figure 279: 

 
 

Figure 280: 



 
 

From there on, all further vectors are determined. Here, then, two completely different 

“dimensions” meet to become a unified idea: a dimension of size (distance from the center o) and 

one of direction (radius). The adjacent ratios are 1/2 c, and 2/1 c. We do not need to find their 

directions, since those must obviously be identical with that of the 1/1 c-value. The radii will 

have to be respectively half and double the size of the radius of the 1/1 circle. The result, then, is 

Fig. 280. If we construct this diagram according to the indices of the “P”, i.e. with the ratio 

pattern: 

 

Figure 281: 

 
 

then in index 2, the result is a doubling of the first c-value (1/1 and 2/2), which is best indicated 

by drawing the generator-tone circle with double thickness, triple thickness, etc. (Figures 280, 

282, and 284). 

 Index 3 brings about two new values beside 3/3 c, whose angles we have already 

calculated above: 2/3 f 120° and 3/2 g 180°. First we divide the radius 0-1/1 c into three parts, set 

the compass to 2/3, and draw the 2/3 f, circle. With 3/2 of the 1/1 radius, we draw the 3/2 g 

circle. Then, moving clockwise, we take the angles 120° f and 180° g, and beginning from the 

circles in question, draw the f and g rays (see Fig. 282, in which the 2/1 c and 1/2 c, circles are 



not drawn). It is clear that if we continue in the same way and draw the octave circles with the 

following ratios, we will soon have a comprehensive and substantial diagram. The reader should 

not neglect to draw at least one such diagram for himself, as far as his compass will allow. 

 

Figure 282: 

 
 

However, this artistically and visually beautiful but somewhat circuitous procedure is not 

necessary, when all we need to do is to express as many tone-values as possible in vectors. Since, 

in the “P” system, all values appear at some point or other in the sector of the first octave above 

and below, it is best to use this space of the “P” bordered by the two equal-tone lines 0/0 2/1 c 

and 1/2 c 0/0, for instance  at index 7 (Fig. 283). If we construct a diagram from these ratios 

analogous to these specifications, the result is Fig. 284. 

 

Figure 283: 



 
Figure 284: 



 
Figure 285: 



 
Figure 286: 



 
 

Here we attempt to indicate the individual vectors according to their “power,” likewise the 

“weight” of the circle. Since there are 7 c-values on the c-vector, it gets 7 thin lines, and so on. 

As one can see, there is a fairly large differentiation in vectors and circles. Fig. 284, however, 

shows another new characteristic element, already mentioned above. If we connect the points 

where the individual vectors begin on their corresponding circles, we get a spiral. Since we are 

working with a decimal “P” scheme, I call this the decimal tone-spiral, as a supplement to a 

spiral also possible in the logarithmic scheme. Through this, we can simplify the polar diagram 

still further, so that we are restricted to only the angles (vectors, directions, tones) and 

completely ignore the corresponding tone circles. Then all we have is a circumference of 

arbitrary size, on which tones emerge – as in Fig. 285 and the following polar diagrams, with 

regard to the scales and chord analysis. This simplified model is completely sufficient for many 

investigations. 

 A deep insight into our fundamental harmonic polar diagram is so important that we must 

examine it further, recapitulating what has been said previously. 

 If the round angle 360°, i.e. the circle circumference, is continuously subdivided in a 

given succession, then one can produce all ratios of the overtone series by purely geometric 

means, without calculation. Fig. 286 attempts to clarify this. First we set the 1/1 c line (circle 1), 

go around the circle once (second operation), and get the octave 1/2 c. The third operation 

brings about a new value, 3/1 g; this is the first subdivision of 360° into 180°, which produces 

the g line. The 4th operation, with 4/1 c, produces no new value; its ratio is noted on the c line. 

The 5th operation produces the new e value; here the section of 180° must be divided into 90°, 

producing the e line at 90°, and so on. One can see that through regular halving for newly 

emerging values, i.e. through a simple geometric process, the correct tone vectors of the overtone 

series 1 2 3 4 are found without angle calculation. Let us try it with 11/1 °fis 135° in the last 

circle of Fig. 286: 



 

Figure 287: 

 
 

The position of this °fis is identical with its position in the last circle diagram on the right of Fig. 

286, and precisely this comparison with the regular circle division in Fig. 274 now gives us 

information as to how we can construct all ratios and their angles (vectors) purely geometrically. 

The dyadic division of circles or angles in 2 4 8 etc. parts produces all primary overtone series 

beginning with the ratios 1/1 1/2 1/4 1/8 and so on. The triadic division in 3 6 12 24 ... parts 

produces all fifth series beginning with the ratios 1/3 ... 1/6 ... 1/12 ... etc. The pentadic division 

into 5 10 20 ... parts produces all third series, and so on. Here we see the “regular polygons” in a 

new light. Harmonically, they signify the possibility of illustrating the partial-tone coordinates 

geometrically in their lengths and frequencies as well as in their angles (vectors). 

 In the next chapter, we will return to the element of the tone-spiral. 

 

§33a. Ektypics 

 

§33a.1. Tone-spectra and atom models 

In my “Tonspektren” (in Abhandlungen), which place the relationship of the optical spectra to 

the laws of tone upon a new foundation, the fundamental polar diagram of the “decimal tone-

spiral” is used to give an idea of how a hypostatic atom model can lead to an emission of spectra. 

With regard to the details, the reader interested in this subject is referred to the relevant essay, 

since discussing this here would require too much space. But what he has learned in this chapter 

will enable him to understand two diagrams: the tone-spiral of PE 5 (Grundriß, table 19) and the 

acoustic atom model (in the “Tonspektren” essay, table VIII), which are reproduced here in 

figures 288 and 289, respectively. In Fig. 288, the coordinate field to be analyzed – the partial-

tone plane of index 5 – is shown at the top left, according to the measure of which the angles 

(rays) and the circles are drawn, likewise the distances of the circles inwards and outwards from 

the central (thickly drawn) generator-tone circle. The table at the bottom right shows the tone-

values arranged according to their frequency of occurrence. From this, for example, the 

elevenfold shading of the c ray becomes apparent on its upper end, since all the c values are 

summed there; likewise, this results in the “power” of the generator-tone circle, which through 

including the “inner” c values is 8 units “strong.” The spectrum on the left shows the 7 spectral 

lines, which are the sum of the ratios of PE 5 of the atom model (reduced by octaves). This 

“summation,” i.e. the varying strengths of the spectral lines, for which no sufficient explanation 

has yet been found, can be most precisely tracked on the basis of its harmonic emergence. See 

“Tonspektren” for many other important elements of the finer structure of the optical spectra, 

which can only be explained through harmonic ideas and analyses. 

 The “acoustic atom model” given in that essay (here, Fig. 289), whose ratios show a 

decimal angle-spectrum of type I of the partial-tone quadrant of index 3 (see §37), will now be 



understandable to the reader without further description. Characteristic for this diagram, 

developed from the tone-cube, despite its small index of 3 and its few (5) tone-values, is its 

comparatively large “electron shell” (circle outside the generator-tone circle 1/1) in contrast with 

the small “nucleus” (circle within the generator-tone circle). Since there are over 90 “elements,” 

whose electron paths increase successively from the most simple element (hydrogen) along with 

the increase of the atomic number, atoms with higher numbers, with enormously dense nuclei, 

would radiate a correspondingly great “remote influence” according to harmonic ideas – a 

thought that might explain the puzzle of “cosmic rays,” and indeed the universal coexistence of 

matter despite external “empty spaces,” the hypothetical “ether,” etc., which last idea modern 

physics has abandoned anyway. Since harmonic prototypes otherwise consist of ideas of 

vibrations, i.e. waves, which certainly rest on specific values, justice would also be done in this 

regard to the views of modern physics. 

 

§33a.2. Telepathy 

Here we can go a step further. Since all harmonic prototypes are figurations of values, we may 

imagine the human “head” as a type of harmonic sphere, in which the brain is the “nucleus” and 

the radiation of thoughts is the “shell.” Through formal use of the acoustic atom model, 

transposed onto the plane of values, it is at least possible to bring back into the domain of the 

explainable a phenomenon whose reality should by now be undisputed,  but for which we still 

have no acceptable scientific idea: that of the transmission of thoughts, or telepathy. However, in 

contrast to the atom’s “material” field of action, which is rigidly tuned to a one-time 

configuration of wave-spheres, humans are able to grasp their thoughts freely; harmonically 

speaking, they are able to freely determine the indexation and selection of their psychic 

radiations. Likewise, just as one can construct an image of the universal coexistence and remote 

effect of matter on the basis of the idea of the acoustic atom model, one can imagine a temporal 

synchronized thought transmission on the basis of an analogous assumption of “thought waves” 

over long distances, whose acting in unison requires a resonance in the receiver in tune with the 

emission in question. One must admit that this analogous example from the harmonic standpoint 

at least makes sense to heart and mind as a start for solving the puzzle of material and spiritual 

long-distance effects. Certainly a lot has been done to categorize the facts, and if two people 

halfway around the world from each other can be proven to have the same or very similar 

thought processes simultaneously, we are right to be astonished at this phenomenon, which is 

absolutely unexplainable with our current scientific methods. Precisely for this reason, we want 

to “know” how this can actually be explained; and here harmonics, with the polar diagram, can at 

least give a sufficient idea based on concepts of unprejudiced and precise research, and is all the 

more justified since the present theories of telepathy, etc., are vague, fantastic, or pitifully 

primitive. 

 In §44, we discuss the significance of the element of direction (vectors), which becomes 

independent in the polar diagram, so to speak, but appears in all harmonic configurations. 
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§34. TONE-SPIRALS AND TONE CURVES 

 

In §27, we discussed the three characteristic curves of the second degree (parabola, hyperbola, 

and ellipse) within the configuration of the “P”, i.e. using as a basis only the plane “P” system or 

its quantitative and logarithmic numbers, to which values naturally always correspond. 

 

§34.1. Tone-spirals on the basis of string lengths and frequencies. The decimal tone-spirals 

We will now examine a few typical curves that are encountered in the angle (vector) diagrams of 

the “P”. 

 We already know these decimal tone-spirals from §33.3 and §33a. (Until now, I have 

called this type of tone-spiral “decimal” and the one based on tone-logarithms “logarithmic,” but 

this can easily lead to errors in terminology – see §21.) We will now recapitulate them in Figures 

290 and 291, in two variations: Fig. 290 with ratios according to string lengths and Fig. 291 with 

ratios according to frequencies. If we create such reciprocal diagrams, we must maintain some 

kind of order. Here, the common element is established as the progression of tone-steps upwards 

within 1 octave (= the circle), going clockwise from 360° = 0°. Thus, the two spirals necessarily 

go in opposite (reciprocal, mirror-image) directions; their forms are exactly reversed. Not so with 

the geometric intervals of the tone-steps. Here, in the string length diagram, the direction of the 

diminution (the interval shortening) goes clockwise, from left to right; in the frequency diagram, 

in contrast, it goes counterclockwise, from right to left. We know that this shortening is the 

characteristic element of the law of harmonic quantization, and we find it, along with others, in 

dividing the monochord, where the division steps grow continually closer together as they 

ascend. The question now is: which type of shortening is in agreement with the shortening of the 

string length, if we think of the circle’s circumference as a monochord? It is clear that we must 

then use as a basis the diagram of the string length spiral, Fig. 290, which emerges from the 

comparison with Fig. 274, where we find, for example, the note e in the second circle of index 5 

at the correct place of string division (5/5 c 0°, 6/5 a 72°, 7/8 xfis 144°, 8/5 e 216°), i.e. at 216°. 

An instructive overview of the reciprocal relationship of the above diagrams 290 and 291 is 

given in Fig. 292, where we have noted the tones es, e, f, g, as, and a. The reciprocity is very 

noticeable here, as well as in the intervals, the corresponding angles, and their differences. 

 

Figure 290: 



 
Figure 291: 

 



Figure 292: 

 
 

 As for the mathematical character of these tone-spirals, it is based on an Archimedean 

spiral. Which variant we use (string length or frequency) depends, regardless of their 

autonomous meaning, on how we can use them for ektypic analyses. In the large table of ratios at 

the end, the angles of both variants are noted; other tables show only the frequency angle, since 

we are mostly working with frequencies. 

 

§34.2. Tone-spirals on the basis of logarithms (the logarithmic tone-spiral) 

In anticipation of the next chapter, we now discuss the logarithmic tone-spiral. Comparing it with 

the decimal tone-spiral allows us to see its difference and peculiarities properly. Refer to Fig. 

293 for the following. Since the circles, distances, and angles here correspond not to the 

quantitative sizes of string lengths and frequencies, but instead to the qualitative tone-values, the 

octave circles 1/1 c 2/1 c 4/1 c 8/1 c ... must be equidistant; because, indeed, we hear the 

octaves as tone-spaces of equal distance. The tone-angle is calculated according to the formula at 

the bottom left in Fig. 293. The distances between the remaining tone-circles are always between 

0 and 1000 (with 3 logarithmic places) and can most easily be indicated with millimeter paper as 

an underlay, using 10 cm for each octave 0–1/1–2/1 etc. Three octaves are sufficient, and just 

one for the position of the angle, as for all polar diagrams. However, several octave circles have 

the advantage that they produce several rotations of the spiral, and thus show their physiognomy 

more clearly. As for the division of tones on the circular periphery of the logarithmic tone-spiral 

and the logarithmic polar diagram, this is oriented according to “psychical” distances, i.e. 

according to intervals as we hear them, not as we count them. The “perspective” element of 

diminution falls away here, and the eye sees the intervals distributed in the same way as the ear 

hears them. It is interesting that this “logarithmic tone-spiral” is actually not a logarithmic spiral, 

but an Archimedean one; therefore we must differentiate it from “logarithmic spirals” in the 

purely mathematical sense. We will go into this further in the following section. 

 



Figure 293: 

 
 

§34.3. The tone- curves of the polar arrangement 

In sections 1 and 2 we constructed the tone-spirals starting from the fixed center of a circle. If we 

now allow this center to “wander” regularly upon the monochord string, a most remarkable curve 

appears, which I call the “partial-tone curve” (Harmonia Plantarum, p. 127) and which is 

reproduced in Fig. 294. Consider the entire length of the curve as a monochord string of 120 cm. 

For the angle, we use only the string-length angle. Halfway along the string, at the point 60 (cm), 

we place the angle 0° (= c), whose vector will correspond to the upper half of the string. The next 

tone is 16/15 h (always string length ratios). We first divide half of the monochord string into 15 

parts, add 1/15 below, and find the string position for 16/15 h (the vector for this tone was 

erroneously omitted in the drawing). Its angle is found according to the scheme (x/y · 360) – 

360, i.e. 16 · 360 = 5760 ÷ 15 = 384 – 360 = 24° (16/15 h). This angle, with the corresponding 

vector, is missing from Fig. 294, as noted. The next value is 12/11 °h. To find the place on the 

string, we can now divide the half of the string again, in 11 parts, and add 1/11 to it. Or else we 



calculate: 60 : 11 = 5.454 · 12 = 65.44 cm, and subtract this amount from the 120 cm monochord 

string, getting the length 54.5 cm as a result, which we measure from the bottom up, thus 

yielding the remainder of 54.5 cm for the tone 12/11 °h. Now we calculate the corresponding 

angle analogously to the above (12/11 · 360) – 360, yielding 32.7°. We add this angle (to the left 

or right), draw the vector (ray), and add to this the remainder of the string, measured from below 

(therefore always diminishing with the following ratios), from 54.5. We proceed in the same way 

with all the remaining tones, and so construct the partial-tone curve of Fig. 294. The tone-values 

can naturally be chosen arbitrarily from any partial-tone diagram; only they must be reduced to 

one octave first, and must be selected so that the vectors are distributed upon the curve as evenly 

as possible, i.e. so that this curve, as the line connecting the end-points of the vectors, can be 

constructed as accurately as possible. Like the circular periphery of the preceding tone-spirals, 

the partial-tone curve contains all possible tones, and therefore an infinite number of tones 

reduced by octaves. 

 

Figure 294: 



 
 

§34.3a. The tone-cycloid 

Instead of the shorter remainders of the string, we can also remove the longer ones. That is, we 

take the upper, longer segment of the monochord string in the circle, instead of the lower, shorter 

segment, and draw it along the vector. If we do this in the same way for all tones, the result is an 

even more interesting curve, which I call the “tone-cycloid” – an irregular ellipse almost circular 



in form (see Fig. 295). The partial-tone curve, to which it is reciprocal in terms of the monochord 

string, is drawn inside the cycloid for better comparison. This tone-cycloid is especially 

interesting in various ways. Assuming that it is indeed an ellipse, I have first constructed the 

ellipse from the narrowest and widest diameters of the cycloid – a process that can be found in 

every mathematics textbook. If one lays this regular ellipse upon the cycloid, one can see that 

with a few widenings and indentations, the cycloid aligns with the ellipse. In Fig. 307a the 

ellipse is printed on transparent paper, allowing comparison with the cycloid. If we had simply 

derived and established the cycloid as a curve drawn from observation data, as the expression of 

some natural phenomenon (e.g. the paths of the planets), without knowledge of its regular 

harmonic information, then obviously the ellipse would be highlighted as a mathematical 

relation. For the deviations of the ellipse, one would doubtless look for “disturbance factors” – to 

stick with the example of planetary orbits – in this case accepting gravitational effects from other 

planets, etc., as an explanation. However, in the cycloid we have a legitimate clarification of 

these irregularities through the harmonic emergence of the curve itself.  

 Between cycloid and corresponding ellipse, however, there exist even closer 

relationships. The monochord axis is divided by the cycloid into 3 equal “octaves”: the 2 octaves 

of the monochord itself and an additional octave of the segment lengthened below from the 

monochord. This “octave” appears again in the ellipse as the distances of the two focal points F 

and F1 of the two axis points B and A of the ellipse curve. The angles by which the major (A B) 

and minor (C D) ellipse axes divide the monochord line at E and G are both 45°, and with the 

center of the ellipse, S, an isosceles right triangle SEG is constructed, whose height E G (at the 

tone f) divides in half. I hardly believe that these relationships could be merely coincidental. 

Remarkable above all is the sideways position of the monochord line that produces the cycloid, 

and the midpoint S of the corresponding ellipse, apparently existing in complete isolation. 

Assuming that in this harmonic cycloid – a figure that the ancient harmonists must have known 

of, considering the Greeks’ great talent for geometric constructions, even if they intentionally 

kept their other important harmonic theorems secret – we might see the prototype for the paths of 

the planets, then from the Pythagorean standpoint, the center of the ellipse must be given the 

name of the secret Pythagorean “antihelion” or “central Sun” – a concept with which no one has 

been able to do anything up to this point, and which emerges inevitably and obviously from the 

harmonic cycloid and its ellipse. If one pursues this astronomical-symbolic ektypic further, then 

one comes, with regard to the Pythagorean octave that played such a great role in ancient times, 

to further important “sphere-harmonic” realizations. Here, inside the cycloid, we see this as a 

generating element. Modern literature always talks about the “scale” and the “7 planets” as the 

two fundamental concepts of the ancient harmony of the spheres. This is understandable on the 

basis of the existing exoteric ancient sources, which no longer knew anything of the true esoteric 

backgrounds. But if one returns to ancient Pythagorean thought and begins to research in 

Pythagorean terms, it is everywhere apparent that Pythagoreanism was a very different and 

exquisitely harmonically ramified domain of thought and observation, which absolutely did not 

bow to such primitive reflections as people today imagine. Thus it is evident to me that the 

generating space for the ancient harmony of the spheres was not the “scale” that occupies the 

octave space, but instead the “octave” itself, and that the corresponding important diatonic steps 

and their tone-values and vectors (circle-spheres) were chosen within this space, so as to arrive at 

a comparison and an interpretation of the bodies visible in the skies. Now we see, in Fig. 295, 

that there are significantly more than seven important tone-values within the octave. For future 

harmonic research, however, this tone-cycloid with its ellipse is not only valuable for historical 



analyses, especially those arising out of the harmony of the spheres, but far more so for a 

prototypical interpretation of the planetary orbits. To develop from the tone-cycloid each planet’s 

harmonic vector, its distance from the sun, and its characteristic ellipse would require a 

specialized and intensive harmonic undertaking on the part of a learned astronomer, for which 

the above can only serve as an encouragement. Should this succeed, a complete union between 

modern astronomy and Pythagoreanism would be achieved – something that Kepler attempted in 

his Weltengeheimnis, partially realized in his Third Law, and in which he believed with every 

fiber of his being during his lifetime. 

 

Figure 295: 

 
 

§34.3b. The primordial leaf 

If we now take the angles that we have previously set on one side of the monochord (here the 

left, but one can also use the right side, obtaining a mirror image of the same figures) for the 



partial-tone curve and the cycloid, and place them symmetrically on the middle of the axis, then 

the result is the tone-curve of the “primordial leaf” – a description that will be retained here for 

simplicity’s sake, since it has already been shown in Harmonia Plantarum (p. 125) as the 

harmonic prototype of the leaf in general. Here again we can construct two different figures, 

depending on whether we take the longer or shorter – “plagal” or “authentic” (see §29.1) – 

remainders on the vectors of the respective tone-locations on the monochord string. Both figures 

are given together in Fig. 297. For reasons of exactitude, the inner figure of the primordial leaf is 

printed specially and its development described (Fig. 296). 

 

Figure 296: 



 
[NOTE: Unfortunately, the tables at the top cannot be read in the scan or in my facsimile of 

Kayser’s book. The top left table is “String lengths on a 120-cm monochord reduced by octaves, 



and their remainders”; at the top right is “Tone-values and angles according to string lengths.”  

–AG] 

Figure 297: 

 
 

The small square at the top right contains the tone-values and angles of the partial-tone plane of 

index 7, based on string lengths, which have a reciprocal relationship to the vibration numbers 

(frequencies). The square at the top left gives the corresponding string lengths, reduced by 

octaves – calculated for a monochord 120 cm long – and the remainders of these string lengths. 

For example: 1/3 of the string length will produce the duodecimal (2nd upper fifth) g, and 2/3 of 

the string length produces a tone an octave lower, thus the 1st upper fifth g. 1/2 of the 

circumference of the circle, i.e. the string bent into a circle (360°), yields 120°, 2/3, since we 

reduce all the tones within one octave, i.e. all g-values are upon the vector 120°. The same goes 

for the position of tones on the monochord, if I wish to bring them all into one octave. 1/3 g is 

40 cm of the 120-cm monochord string, and the remainder of the string is 80 cm long.  2/3 g is 2 

× 40 = 80, the octave below g; but since we want to bring all tones into an octave of 1-1/2 (0-60 

cm string length or 0°-360° of the circle’s circumference), all g-values remain at a string length 

of 40 cm and a remainder of 80 cm. Fig. 296 is now easy to construct. Draw 40 units from the 

bottom up on a middle axis of 60 units to fix the tone g. Set the corresponding angle 120° 



symmetrically on this point, and set the lengths of the two angle legs equal to the corresponding 

string length – likewise 40 units. One proceeds analogously with all tones, thus getting the 

primordial leaf as the line connecting all the endpoints of the angle legs obtained. The greater the 

partial-tone coordinate index one uses, i.e. the more one fills out the octave with tones, the more 

precisely the primordial leaf can be constructed. Its form, however, always remains the same. 

But this means nothing other than that the primordial leaf is a form-expression of the very nature 

of tones – a discovery that deepens and confirms the fundamental ideas of Goethe’s morphology 

of plants in a completely new way. 

 The construction of the outer curve of the primordial leaf (Fig. 297) emerges of itself 

according to what is said above and in section 34a. As one sees in Fig. 297, the outer and inner 

curves of the primordial leaf, in contrast with the partial-tone curve and the cycloid, have a 

morphologically reciprocal relationship, except that the apex of the smaller inner curve points 

upwards, while the outer curve’s apex points downwards. 

 

§34a. Ektypics 

In many of my works (see the Index) I have discussed the nature of the spiral extensively, and 

here I will only recapitulate fundamental matters and summarize the ektypic data. 

Mathematically, one imagines the spiral as a point P, moving with a given speed along a straight 

line that is continually rotating, with another given speed, around a center point Z. Depending on 

the size and ratio of those two speeds, the various spirals – Archimedean, logarithmic, etc. – then 

emerge with their various formulae. Even in this definition, one can recognize a certain paradox 

of the spiral: it is, so to speak, the geometric symbol of two divergent, opposing movements, a 

type of frozen time-geometry, a capture of the temporal in the spatial. As we consider it further, 

the concept of “speed” separates into two components: something reaching outward, in a 

direction, a vector, and something that holds itself in, with a circular tendency. Or one can also 

say that in the point moving on the spiral, two elements constituting the spiral meet: an element 

of direction (angle) and an element of distance (from the central point), whereby temporal turns 

into spatial in both cases. With this, the more or less “dynamic” behavior of all spirals is 

understandable. It arises from those two divergent tendencies of the linear striving forward and 

the circumpolar circling, the expansive and attractive. 

 Characteristic for the harmonic developments, then, are the spirals that result from the 

thought processes just described, which can also be found in both halves of the “P” diagram. 

Think, also, of the very significant spirals of the cochlea in our inner ears! Furthermore, on the 

basis of harmonic developments, as we have seen and will see again in §36, there are 

characteristic tone-spirals (taking this term generally), and the same appears as in harmonic 

number analysis: all tone-values have a psychical evaluation, and allow for analyses of a certain 

type, especially through their octave reductions (a typical harmonic operation not known to 

mathematics or the mathematical sciences). (See “Tonspektren” and the atom model therein.) 

These analyses can only be arrived at with great difficulty, if at all, by means of the familiar 

mathematical spirals. 

 The ektypics of the spiral in nature can be seen in so many examples, from almost all 

domains of knowledge, that we will give only a few pointers here the spiral cloud as the 

prototype of galaxies, spiral movements and laws in physics, the spiral of the harmonic atom 

model (tone-spectra) as the “motor” of the optical emission of the spectra, spirals in the 

morphological construction of diatoms, plants, and animals (the curves of blossoms, snails, the 

construction of the helix, the spiral vascular structure of plants), the idea of “spiral” 



developments of historical-morphological isotopes, the idea of the spiral as a universal religious 

symbol (P. Sarasin: Helios und Keraunos, 1924, p. 67 ff.), and many others. 

 People have tried, if not very often, to figure out the universal morphological significance 

of the spiral. But apart from the various mathematical spirals, which have no advantage over 

each other in terms of their formulae, all these attempts have remained mired in the mathematical 

concept of quantity, similarly to those attempted by means of the golden section, etc. – and from 

this viewpoint, no one can see why the spiral in particular should have such universal 

significance. However, if I trace the tectonics of this form back to certain psychical values, as we 

can do in harmonics, and if we see this form not only physiologically (the cochlea) anchored in 

the “filter” of this psychical value, but also in one of its most important modifications, namely 

the tone-spiral and logarithmic spiral (see §18.3b) as a morphological expression of this 

psychical value, then we see something completely different and much more authoritative in 

every regard, and we now understand that such a pronounced value-form must also have its 

value-formal counterparts in all of nature, and that it ties in with our spiritual and religious 

image-concepts. 
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§35. THE COMPLETE PARTIAL-TONE DIAGRAM 

 

Up until now, we have constructed our familiar partial-tone diagram by simply placing under the 

overtone series 

 

1/1 c   2/1 c   3/1 g   4/1 c   5/1 e   ... 

 

further overtone series with initial ratios that are reciprocal to this series, i.e. following the 

simple aliquot series: 

 

Figure 298: 

 
 



If we interpolate upwards in the same way, then obviously, if we want to stay with the pattern of 

the overtone series developing towards the left, we get the following progression: 

 

Figure 299: 

 
 

If we continue the procedure to the left up to index 6, the result is Fig. 300. We call this the open 

or complete partial-tone plane (PE), in contrast with, or rather in completion of, the previously 

familiar partial-tone plane, which we can conveniently designate as 1/4 PE (the quarter partial-

tone plane). This is a regular continuation of the overtone series in all four directions in the flat 

coordinate plane. This open partial-tone diagram is especially interesting in various ways, but we 

will analyze it here only in terms of its main content. In regard to various important details 

(cadencing etc.) we will return to it later. 

 

Figure 300: 



 

The axis cross (Fig. 300) contains the reciprocal partial-tone series in its vertical and horizontal 

arms, intersecting at the generator-tone 1/1 c. This divides the coordinate field into four sectors, a 

b c d. Of these sectors, a and b are the same in their content, in the position of their vectors; but 

their location is reversed like a mirror image. In both cases, then, we have a model of the original 

1/4 partial-tone plane. The sectors c and d, however, are completely different in appearance. The 

ratios of the upper right sector c are quantitatively all greater than 1 (> 1) and climb very steeply 

upwards to the peak of the corner ratio 36/1 d; the ratios of the lower left sector d are 

quantitatively all smaller than 1 (< 1) and descend to the corner ratio 1/36 bˇ,,,,,, – therefore, 

between these outermost poles of this small index of 6, there are eleven octaves of tonal space. 

As the numeric expression of these two corner ratios shows, these two sectors c and d are 

reciprocal in terms of their numbers (quotients) and tone-values; thus, the number groups of 

these sectors follow the same law of reciprocity as the simple linear partial-tone series. 

Furthermore, we see two more diagonals, drawn as dotted and dashed lines. The first (from b to 

a) joins together only generator-tones n/n; we call this the “generator-tone diagonal.” The entire 

diagram is divided by these diagonals in two halves: an upper right half with only ratios greater 

than 1, and a lower left half with only ratios smaller than 1. These two halves are also in exact 

reciprocity in terms of both number and value. The second dashed diagonal from c to d joins the 

ratios of greatest upwards and downwards expansion; since there are only second powers of the 

whole number series and its reciprocals in numeric terms here, we call it the “diagonal of 2nd 



powers,” or of “directional powers.” The diagram is divided into two halves of identical ratios, 

and therefore of the same content, by the latter diagonal. These halves, however, are reversed 

like mirror images. These two diagonals embody geometrically the most extreme opposites 

contained in the diagram: the generator-tone diagonals, the static element of the self-contained 

generator-tones; the diagonal of 2nd powers, the dynamic element of exceptional vitality. Later, 

we will further discuss the laws and norms of this complete partial-tone diagram. Seen from 

outside, this complete, open “P” diagram (or however one wishes to describe it) has great 

similarity to a 4-fold combination of our beginning diagram. But it is not a “combination model”; 

instead it is a simple further development of the “P” according to the laws lying immanent within 

it. To investigate whether, and how far, this complete P-diagram can be varied, permuted, and 

combined, would require far more space than this textbook allows. This is left for the reader to 

work out on his own initiative. In the section on “tone-space” (§37), we will construct the 

complete “P” spatially; the reader who enjoys drawing will be able to exercise his skills there! 

 

§35a. Ektypics 

 

§35a.1. The law of falling bodies 

The physical law of “free fall” states that a body will fall one unit of length in one second, 22 = 4 

units in the 2nd second of falling, 32 = 9 units in the 3rd second, and so on. If one writes the 

numbers of the units and those of the corresponding times below them: 

 

Units: 1 4 9 16 25 36 ... 

Time: 1 2 3 4 5 6 ... 

 

then one sees instantly that the upper series is perspective, and the lower series is equidistant. 

The two dimensions within which this dialectic plays out are time (seconds) and space (units of 

distance). It is interesting that from the point of view of this physical law, there is an even closer 

relationship to our partial-tone coordinates than that of perspective and equidistance. If we 

observe the numeric terms in the haptic illustration of the “P” not arithmetically, i.e. not from the 

simple viewpoint of the number progression, but geometrically, i.e. from the viewpoint of true 

size, then calculating with vibration-numbers and string lengths yields the following two basal 

series: 

[Fig. 301 needs corrections inserted from HK’s errata] 

Figure 301: 

 
 

Here, with the purely geometric observation of the number sizes, within the conjugated overtone 

and undertone series, we see the perspective and equidistant elements appear together. The 



dialectic mentioned above, then, appears within the number sizes, whereby the observation of the 

tone-values shows that the perspective side reveals a minor impulse under temporal observation 

and a major impulse under spatial observation. For the equidistant side, it is reversed. Thus the 

situation is exactly the same as for the law of gravity: space and time are in a constant 

perspective-equidistant relationship. Only in the acoustic domain, this relationship is mutual 

(reciprocal) and can reverse itself depending on whether I calculate with vibration-numbers or 

string lengths. In the physical domain, on the other hand, it is one-sided, since the measure of 

time always remains equidistant and the measure of space always remains perspective. 

 One can now derive this law of falling bodies directly from our completed partial-tone 

diagram (Fig. 300, sector c), as shown in Fig. 302. 

 

Figure 302: 

 
 

As one can see, the temporal element of the seconds of falling is equal to the equidistance of the 

vibration-numbers 1/1 2/1 3/1 ... while the spatial element of the intervals of falling is congruent 

with the perspective of the vibration-numbers of the diagonal of 2nd powers. 

 However, regarding this example of free fall, we are interested in something fundamental 

that gives rise to a deeper observation. 

 It is known and acknowledged that this Galilean law of falling bodies is a preliminary 

step on the way to Newton’s law of gravity. In it lies the first quantitative-dynamic law, which 

precisely defines a process of movement, in contrast to or in completion of the first (alleged) 

quantitative-static law of the precise Pythagorean tracing of a perception (tone-ratio) to a 

quantitative numeric relationship. According to common opinion, Galileo obtained his law of 

falling bodies on the basis of experimental observations, and it is given in almost all textbooks as 

the paradigm of the so-called inductive method of modern science. In contrast to this, Hugo 

Dingler (Der Zusammenbruch der Wissenschaft und der Primat der Philosophie, 2nd ed., 1931, p. 

125 ff.) relates persuasively that without previous prototypical ideas, i.e. without the image-

concepts already existing a priori in his psyche, Galileo would not have been at all able to find 

his law of falling bodies – the evidence for this condition comes from a letter from Galileo’s 

student Toricelli (op. cit., p. 196) found by H. Wieleitner. To prove this psychic a priori quality 



of all great discoveries is now the main task of Dingler’s work, and likewise his resulting thesis 

that the decadence and “breakdown” of modern science is due to the loss of the creative image-

concept, to the one-sided relocation of all scientific knowledge to induction, and to the mere 

questioning of experiments – whose inevitable evil is the leveling and uniformity, the vapidity 

and worthlessness of the modern mode of scientific thought. Dingler explains this a priori 

existence of creative law concepts through an “happy arrangement of the empirical concepts,” 

thus with a certain minimum intellectual measure of energy, a looking inward, “driven by its 

unconscious rhythm.” 

 We can agree with all of this from our harmonic viewpoint, and go along with Dingler up 

to this point. But now the deciding question emerges: what is the “happy arrangement of the 

empirical concepts” and the driving of “unconscious rhythm” – how should we explain these 

very general and noncommittal terms? 

 Here, harmonics can offer further assistance. Let us consider that the idea of expansion 

and contraction held by Newton and J. Boehme (see §19b) is contained in nuce in the primary 

reciprocal partial-tone series; and further, consider the image-concepts of the most varied 

disciplines, the religious symbols, etc., that are given in our partial-tone diagram, with which the 

existence of Galileo’s law of falling bodies is associated in a sector of the open “P” diagram. 

Above all, let us remain aware that all of the harmonic tone-developments correspond to inner 

forms of our psyches, since they can be finally controlled by means of psychical criteria. Then 

we will grasp how it is at all possible that laws of nature lie within us as psychic image-concepts 

prior to their empirical discovery. The “happy arrangement of empirical concepts” can thus be 

traced to a psychical tectonics whose forms we are able to elicit in the harmonic prototypes 

(theorems and value-forms) in a scientifically exact and unobjectionable way. But since the law 

of harmonic tone-development also manifests itself in nature, outside of humans, in the overtone 

series, on which the harmonic partial-tone diagrams are built, an explanation is given vice versa 

for how the leap of the psychical into the natural is possible, and how one should imagine that 

psychical prototypes can once again be discovered in natural phenomena. Here the Kantian 

problem of synthetic apperception finds a hitherto unknown solution. 

 But yet another point appears to me of considerable significance in the harmonic analysis 

of the law of falling bodies: the element of perspective and equidistance, expressed in spatial 

length and in time. As initially remarked above, in quantitative-geometric observation, space and 

time are reciprocal to each other in two different forms: a uniform, equidistant form and a 

perspectively shortening form. One might well say that the “perspective” of the spatial lengths of 

the law of falling bodies does not shorten, but lengthens, and therefore is not “extroverted” but 

“introverted” (see §19a.2). But what is important here is the element of perspective in itself. 

Given the reciprocal correspondence of the harmonic concept of time-space against the 

background of a psychical major-minor world, which is again aligned perspectively and 

equidistantly, the meeting of time and space in the law of falling bodies can give rise to 

meaningful results under the same formal auspices of perspective and equidistance that occurred 

with those of harmonic space-time (see §7, §16.2). 

 To summarize: through the Galilean law of falling bodies, whose harmonics we have 

shown here, and through Kepler’s laws, the third of which has prototypical harmonic ideas and 

analyses to thank for its existence – as the most important preliminary steps for Newton’s law of 

gravitation, whose inner nature of expansion and contraction agrees anyway with fundamental 

harmonic concepts – we see the law of gravitation, which governs almost all exact sciences, 

appearing on an unequivocal harmonic background. This law has thereby found a psychical 



anchoring; it is no longer an abstraction that does not affect us inwardly, but instead the 

expression of a psychical structure of the universe.  

 

§35.2. Value-forms 

 

§35.2a 

In my Grundriß, pp. 101-102, the reciprocal and mirror-image relationships of the complete P 

diagram are summarized in the “theorem of metamorphoses,” and their further significance is 

discussed under the value-form of the “reference switch” (pp. 225-227). The concept of the 

“gesture” outlined here can also be examined from the dynamic side (Fig. 300). For this, we 

imagine ourselves as the moving agent, as an expression of the “will,” and thus perceive 

something like the following. Starting from 1/1 c, we move upwards in equal steps of the 

primary major perception (to 6/1 g), and grasp this fifth-value as autonomous, i.e. we decide to 

make a “reference switch” to the right. Thereupon, taking further steps which we perceive as the 

dominant (g major), we reach the highest peak and thus the utmost vitality of the step 36/1 d. 

We are already well aware of this vitality through the direct relation along the diagonal of the 2nd 

power to 1/1 c. However, this backward glance to 1/1 c leads to an inner reversion and a further 

reference switch. Turning right once more, we pursue the mirror-image descent in a type of 

“retracting” perception of the same sequence (g major) as far as 6/1 g. At this step, however, the 

“falling” tendency becomes autonomous; it now turns into a minor perception narrowing down 

to 6/6 c, and reinforces itself here through the reference switch to the left, crossing over once 

again into the major world, as far as the ratio 1/6 f,,,. But things do not stop here; our perception 

changes, continually narrowing (becoming overshadowed, concentrating of its own volition) in a 

minor world (f minor), and composes itself finally in the deepest agglomeration of the ratio 1/36 

bˇ,,,,,,. At this point, the diagonal of the 2nd power comes to our aid in a way; the reference 

switch upwards leads us, first up to 1/6 f,,, following the same perception backwards in 

equidistant steps, and from there turning around in f major up to 6/6 c, where a further turning 

through a “calm” minor impulse allows us to reach the ratio 6/1 g once again. 

 The reader who follows along with this analysis precisely, and above all sympathizes 

with its forms and values – whereby it is left up to him to interpret things differently – will agree 

with me on this: Regardless of where I begin my “journey” in this diagram, I will always have to 

go through a world of disturbances, which is in tune with the two most important basic forms of 

human and voluntary psychical capability, i.e. oscillating back and forth between these two: a 

perception of lightening, dispersing, extroverted gestures, directed upward, outward, toward the 

light, and an equally strong perception of narrowing, introverted gestures downwards, inwards, 

towards the darkness. Along the way, our perception constantly changes between strength and 

weakness, between the ambivalence of a major and minor world. The human, and every being-

value – a “cue-ball between Heaven and Hell” – is symbolized, if anywhere, by this harmonic 

diagram, if we include “good and evil” in the layman’s sense in the principle of polarity. Later 

(§53.4, §53.8, §54.7), we will see that we are not allowed to do that, and that with this 

“inclusion” of the ethical in the familiar dualism we make a huge, fatal mistake, and that 

harmonics, with its offering of the selection principle and the disruption factor arrives at 

fundamentally different solutions. Major and minor, with their characteristic equidistant and 

perspective forms – which can turn into one another with the shifting of frequencies (time) to 

string lengths (space) – are polarities like light and darkness, far and near, etc. (see §23), but not 

like “good and evil.” This “polarity,” if indeed it should be called that, arises from completely 



different backgrounds, and this confusion has led the layman’s philosophical treatment of ethical 

problems down a cul-de-sac. 

 

§35.2b 

The strange connection of advancing and retarding elements within the complete P-diagram, the 

peculiar “static dynamic” or “dynamic stasis” of its content, demands that we subject it to a 

formally symbolic examination. For this, we choose the axes of coordinates contained within it, 

which we attempt to analyze under the term of a “symbolism of the cross.” If we let this cross 

stand vertically and horizontally (Fig. 303), then “above” and “below” stand in the same major-

minor polarity as “left” and “right”: above and right in major, below and left in minor. The upper 

right sector c, bounded by the upper right arm of the cross, tends towards “light” and “height” 

and is reciprocal to the lower left sector d, which symbolizes depth and darkness. Both are 

centered by the dynamic of the diagonal of the 2nd powers. The upper left (b) and lower right (a) 

sectors are mirror images of one another, symbolizing the symmetry of the world, and are 

centered by the stasis of the generator-tone line. 

 

Figure 303: 

 
Figure 304: 



 
 

 We find a completely different physiognomy when we position the cross of the axes on a 

slant (Fig. 304). Here, the world of light is obviously contained in the upper sector and the two 

upper halves of the left and right sector (above the generator-tone diagonal, which is level here), 

the world of darkness in the lower sector and the two lower halves of the right and left sector, 

whereby the diagonal of the 2nd powers (perpendicular here) reaches the extreme peaks of light 

and darkness, height and depth, attained in index 6 of this diagram. “Right and left” here have 

their actual significance as mirror-image equal symmetries. The reader will have noticed that 

these two types of cross: 

 

Figure 305: 

 
 

are the Christian, Occidental and the Greek Orthodox cross, two different symbolic emblems 

whose fundamentally different inner contents we can clarify through harmonic symbolism. The 

first is “realistic” in a certain sense (the “bad thief” to the left, the “good” to the right); the other, 

the “Greek” cross, expresses in the localization of its psychic tendencies that which, like the first, 



it is supposed to symbolize, the “Christ,” in a simpler, more spiritual way: heavenly and earthly 

realms are also arranged in the sense of up and down, right and left stand in reconciled equality, 

through which the bad thief also motions towards reconciliation. The uppermost sector 

(“ascended into Heaven”) sounds out in pure, intersecting major chords, the lowermost sector 

(“descended into Hell”) in pure minor chords. 

 We will return later (§40) to the attempt at a harmonic symbolism of the cross, this time 

as a morphological model, on the occasion of the chordal analysis of the “P”. 

 

§35b. Bibliography 
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§36. LOGARITHMIC ARRANGEMENTS 

 

In §18, §19, and §20, we discussed the nature of harmonic logarithms extensively. In §18.3b we 

covered logarithmic tone-curves, and in §34.2 we forged ahead to logarithmic tone-spirals. The 

most important logarithmic arrangements now remain to be investigated. 

 

§36.1. The complete logarithmic “P” 

We can find the complete logarithmic “P” analogously to the way we found the familiar 

complete decimal “P” in previous chapters, since they both contain the 1/4 log. partial-tone plane 

(Fig. 306). What was said in §35 about the complete “P”, regarding the content of this diagram 

and the individual sectors and halves, also applies here. However, in contrast with the equidistant 

coordinate system used previously, we use a logarithmic system here, i.e. one that diminishes 

perspectively in its ratios from the middle outwards. We use a diagrammatic inventory of the 

tone-values, meaning that the tones, in a certain sense, look the way they sound (not the way we 

measure or count them). Therefore, the distances between the octaves are equal, as on the piano. 

The illustration shows the c-octaves: 

 

c6   c5   c4   c3   c2   c1   c   c1   c2   c3   c4   c5   c6 

 

in the dashed lines from the upper left to the lower right. Since these lines are all “equal-tone 

lines,” i.e. they join identical tones with each other, for example, the first octave down from the 

generator-tone diagonal: 

 

4/8 c,   3/6 c,   2/4 c,   1/2 c,   1/2 c,   2/4 c,   3/6 c,   4/8 c, 

 

we see that in this logarithmic “P” diagram, the equal-tone lines do not intersect at the point 0/0, 

as they do in the “decimal” diagram; here, 0/0 does not even exist. Instead, they intersect as 

parallels “at infinity.” The most important difference from the familiar “P” becomes apparent in 

this element of the parallel nature of the equal-tone lines and the “perspective” coordinate image. 

The reader might wish to note other differences, for example the changing expression of the 

parabolas, in his logarithmic diagram. This logarithmic “P” is produced in the following manner. 

On millimeter paper, one sets the octaves 1/1 c 2/1 c 4/1 c 8/1 c ... in sections of 10 cm = 100 

mm each. Then one draws the logarithms of the corresponding overtones between the individual 

octaves (which always have the logarithmic value = 000 to 1.000). For example, between 2/1 c 

and 4/1 c, one marks the location 58.5 (mm, measured from 2/1 c) for the tone 3/1 g; between 

4/1 c and 8/1 c one marks the locations 32.2, 58.5, and 80.7 (measured from 4/1 c) for the 

tones 5/1 e, 6/1 g, and 7/1 xb; and so on. 

 Thus one finds the geometric-logarithmically divided overtone series. To produce a 

quadrant of Fig. 306, and further, the entire “complete” logarithmic “P” grid, one need only 

rotate the lower right-hand corner and draw it on either side of the horizontal and vertical 

parallels. One then writes the remaining ratios in this grid. The “P” logarithms themselves can be 

found in the ratio table at the end of this book, and in the various “P” diagrams. 

 

Figure 306: 



 
 

§36.2. Variations, permutations, and combinations of the “P” logarithm 

As a “permutation” of the familiar 1/4 PE we defined (in §31.2) the possibility of various 

placements of the basal series and generator-tone lines within a “variation” (quadratic or 

triangular) of the “P” (§31), and as a “combination” we defined the various possibilities of 

combining two or more permutations within a variation model (§32). If we now want to see how 

extensively we can apply these 3 operations to the logarithmic “P”, then nothing appears to stand 

in the way. Rather than giving various examples, which the reader can produce for himself 

analogously to those given in §31 and §32, we will proceed straight to some ektypic tests that 

demonstrate a few such examples. 

 For ektypic analyses, these same logarithmic diagrams are exceptionally fruitful, 

especially regarding analogies to biological forms. This is easily explained by the fact that the 

logarithmic element is inherent to biological growth in itself, and thus the form-analytic 

significance of the logarithmic “P” finds corresponding resonances. 

 

§36a. Ektypics 

We begin with the familiar logarithmic “P”, i.e. 1/4 log. PE (sector a of Fig. 306). In the 

following Fig. 307, reproduced from Harmonia Plantarum, p. 86, 1/4 log. PE 10 is placed with 

the peak pointing toward the bottom right. Only one half of the system is drawn to the right and 

left of the generator-tone line, in accordance with the scheme of plants outlined in Harmonia 

Plantarum, in which the “overtone domain” and “undertone domain” diverge in the above-



ground and below-ground parts of the plants; therefore both must be filled out as mirror images. 

In a certain sense, then, Fig. 307 contains a “combination” of two halves of a system. The 

symmetries drawn should now show how, through pursuit of certain ratio series, one finds not 

only some typical leaf forms, but also a certain meaning of the bumps and indentations on the 

edges of leaves. The analysis can be read individually in Harmonia Plantarum, p. 86 ff.; there 

one can study further logarithmic P-diagrams (Table IV, Fig. 28), whose more detailed analyses 

(ibid., p. 88 ff.) attempt to give an interpretation of the various ribs on leaves and the leaf edges 

associated with them. 

 

Figure 307: 

 
 

§36a.2 

If one now sets two “monotype” logarithmic P-systems together so that the ratio domain above 

1/1 is on top, the domain beneath 1/1 is on the bottom, and they are both tangent at 1/1, then the 

result is the combination diagram, Fig. 308, also reproduced from Harmonia Plantarum. 

 

Figure 308: 



 
 

 The principle of limiting and indexation is very beautifully symbolized through the 

logarithmic-perspective “diminuendo” upwards and downwards, as is the tendency of the parallel 

equal-tone lines towards light and earth, i.e. the polarly aligned being-values living and acting in 

plants. “Rectifying” this diagram, as is shown in Harmonia Plantarum p. 40 and the 

corresponding Fig. 16 (table I), yields an even closer analog to the plant form. 

 

Figure 309: 



 
 

§36a.3 

If one combines 1/4 log. PE 8, i.e. the lower right sector a of Fig. 306, fourfold to a closed group, 

as we have already done in §32 with the equidistant 1/4 PE, the result is the fourfold combination 

of this sector. If one draws, for example, the ratios of the “partial-tone parabolas” in this diagram 

(§27) without the imaginary starting points, 0/0, 0/2, etc., the result is Fig. 309. Here the ratios of 

the original partial-tone parabolas 

[Fig. 310 needs corrections inserted from HKs errata] 

Figure 310: 

 
 

are joined by curves, and have a correspondingly different appearance due to their logarithmic 

transposition. 

 

§36a.4 

If we now simply leave the fourfold combination of the logarithmic P-coordinate grid as it is, 

and attempt to permute and combine within this geometric scheme, then a series of further 

possibilities appears. Here, admittedly, one must often do without an exact coordination of tone-

value with geometric distance; but the morphological fruitfulness of this procedure becomes 

evident precisely in this “emancipation of tone-value from tone-location” – an important theorem 

that arrives from the other side. If we permute the “P” system, for example, like this: 



 

Figure 311: 

 
 

and combine it doubly, then its logarithmic transformation, with the addition of the overtone and 

undertone series, produces Fig. 312. 

 

Figure 312: 

 
 

If we place this diagram in 3-(6) and 5-part arrangement (variation) and combination, we get 

prototypes of a great number of forms of blossoms. In noting certain value-connections (selective 

ratios, curves, equal-tone lines, etc.), a very rich multitude appears. This two-, three-(six-) and 

fivefold arrangement (Fig. 313) is indeed founded in the blossom-numbers, which, as is shown in 

Harmonia Plantarum, are based upon the predominant triadic values 

 

2 c 3 g 5 e 

 

Figure 313: 



 
 

 In these diagrams, two elements are of especial interest: firstly, the concentration of the 

lower indices on noticeable two-, three-, and five-forms, and secondly the transition of the higher 

indices in all arrangements to circle forms. 

 The following four diagrams will show that within the same logarithmic form, just 

through different arrangements, we can arrive at sketches of the vertical blossom (bud, calyx). 

The first of these diagrams (Fig. 314) is a logarithmic analog of the following “P” permutation 

and combination (314a). 

 

Figure 314: 

 
Figure 314a: 

  
 

Here, also, only the relevant index numbers are joined together, and the axes drawn in. 

Following this arrangement, we see the form of a tulip appearing, or some other calyciform 



flower. It is interesting to see the gradual transition of the central triangle into a peripheral square 

form; here we have something at least approaching an interpretation of the enigmatically 

frequent appearance of dyadic (2, 4, 8 ...) and ternary (3, 6 ...) organ forms within a blossom, as 

well as the juxtaposition of dyadic and ternary blossoms on one and the same plant, as being 

based on a single harmonic group. 

 The second diagram (Fig. 315) shows the logarithmic analog to permutation and 

combination (Fig. 315a). 

 

Figure 315: 

 
Figure 315a: 

 
 

The third (Fig. 316) shows the logarithmic analog to the permutation and combination (Fig. 

316a). 

 

Figure 316: 



 
Figure 316a: 

 
 

Here, also, only the index borders are drawn as contour lines, along with the axes. The axes are 

reciprocal, so that in the logarithmic diagrams the ratio structure of the axes changes, but the 

contour form does not. 

 These examples of logarithmic arrangements should only serve as an initial 

encouragement towards further efforts. Readers with geometric knowledge and a bit of 

imagination will already have come upon new ideas while drawing along with the above 

diagrams, and the author wishes nothing more than that readers should undertake independent 

further work on the wealth of harmonic thought, which this text only outlines in its elementary 

foundations. 

 Regarding value-formal analyses, one should study the models in §19a, ad 2, keeping in 

mind what has been worked through in this chapter. 

 

§36b. “Es geht auch ... Harmonik, nur ... der Mathematik 



[NOTE: In my facsimile of the book, bits of this section title are off the page, making it 

impossible for me to read. –AG] 

Following the above motto, the time has come to meet an objection upon which the harmonist 

continually stumbles, and indeed by which he will find himself exposed, if he is simply playing 

around with harmonic things and not taking the time to continually take account of what he is 

doing and working on. Truly, then, all harmonic diagrams and most harmonic theorems rest upon 

a numerical background, in accordance with the primal phenomenon of tone-number, which 

unifies number and value a priori. But one can just as well say that all of “harmonic 

mathematics” rests upon a psychical, tonal background. If we now eliminate the value element 

(the psychical side, the “tone”), then a number configuration always remains, which must in 

itself be “right,” and thus can also be handled with pure mathematics. Therefore, in most 

diagrams (for example, the last one) we have left out the tone-values and only written in the 

number ratios. 

 If we now consider how we came to our mathematic-harmonic forms, we will see that we 

took two paths. Firstly, purely harmonic investigations inevitably led us to partly old and partly 

new mathematical problems. Secondly, we illuminated mathematical problems “harmonically,” 

i.e. we examined the harmonics of forms that were arithmetical, algebraic, geometric, etc. Thus, 

one could easily say that we do not need harmonics at all, and that when harmonics actually 

discovers mathematics novelties, it is only an “encouragement,” the famous good bottle of wine 

by means of which Kepler is supposed to have discovered his Third Law, through simple 

“speculation and testing,” as is so often said (for example: A.F. Möbius: Astronomie, Sammlung 

Göschen No. 11, 1916, p. 100). Anyone to whom harmonics is just a “good bottle of wine” 

should drink as many such bottles as possible, and enjoy them. But those to whom harmonics is 

something more, those who have sufficient feeling for form, will see that this is not just a 

“formulation,” but an interpretation of form. Whoever feels and grasps above all that here, in 

harmonics, the human psyche is operating in perception and not simply in abstract-logical 

thought, will understand that mathematics undergoes not only a new illumination and an 

existential interpretation, but also, in a certain sense, an inner revolution, a fundamental 

transformation of its relationship to humans, through this psychical “addition factor.” That is the 

final concern of harmonics: to reach a new replenishment of the number with psychical energies, 

energies not only of the dynamic, “biological” type, but finally aligned with the normative and 

the divine. Just as it is certain that mathematics in and of itself has its rights a separate discipline, 

it is equally evident, in light of today’s apocalyptic events, that we must somehow find a way to 

“redeem” number, to give it back its human value, to illuminate it once again in the sense of a 

true humanity, and to determine its applications according to this humanity. 

 Even if the mathematical framework of harmonics offers nothing new for 

mathematicians, this psychic resonance represents a whole series of important mathematical 

forms, starting from the reciprocal whole-number series, its power, and its characteristic value in 

itself. On the other hand, however, there is a great number of mathematical problems and 

theorems that can only be solved through harmonic contemplations, as the reader may have 

already been persuaded, and may be further persuaded in the rest of this book. But in the end, the 

progress of humanity depends not on results and innovations, but on evaluations and probations 

of the results. Then it will be clear which is better to proceed with: the number or the tone-

number. 

 There is something else related to this, with regard to the relationship of harmonics and 

mathematics, that seems important to me. Modern purveyors of mathematics have adopted a 



certain “bored attitude” towards the primary, elementary mathematical principles. A. Speiser 

(Theorie der Gruppen von endlicher Ordnung, 2nd ed., 1927, p. 3) writes of the “pronounced 

inclination to boredom that adheres, probably unavoidably, to elementary mathematics.” He also 

states (ibid.) that “the creative mathematician will show a preference for interesting and beautiful 

problems.” Here, from our harmonic standpoint, we can say without exaggeration that harmonics 

is able to make many elementary things in arithmetic and geometry “interesting” once again, 

leading us to new experiences, allowing us to see old things in a new light, and even allowing us 

to “hear” them by means of akróasis, i.e. subjecting them to a central psychic appraisal. Think of 

the Pythagorean triangle and the chromatic scale emerging from the triad of its numeric 

proportions, and our primal idea of numbers 

 

1/∞ ... 1/n ... 1/3 1/2 1/1 2/1 3/1 ... n/1 ... ∞/1 

 

with their psychic major-minor background, their space-time ambivalence and their principles of 

the “limiting” and “unlimited” – and many more such things. One must admit that there can be 

no such thing as “boredom” here, but quite the opposite: here we predict, and indeed “hear,” 

deep connections; and furthermore, precisely because we “hear” these connections, we know 

most inwardly that they are in accord, because they speak to the voice of our psyche, and find a 

resonance there. This is something completely different from a simply logical or “purely formal” 

axiomatic certainty, which rests only upon “assumptions” and obligations which, because they 

are arbitrarily imposed, finally turn out to be non-obligatory, and offer no guarantee to our 

questing spiritual capabilities. The simplest mathematical facts, harmonically applied, thus 

become astonishing and wonderful primal phenomena! In my earlier works, I have referred many 

times to the possibility and necessity of a “mathematics of form.” This was demanded by 

Hermann Friedmann in his Welt der Formen (München, 2nd ed., 1930). Harmonics thus offers the 

method, due to the a priori relationship of number and value, while every chapter of this book in 

which arithmetical and geometrical matters are discussed can be seen as building blocks of a 

future “mathematics of form.” 

 

§36c. Bibliography 
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§37. THE TONE-SPACE 

 

§37.1. The tone-cube 

In this chapter I urge the reader, in the strongest possible terms, to draw along with the diagrams. 

Without working things out for oneself and drawing one’s own graphic representations, which 

incidentally can be accomplished very simply and with the most basic knowledge, a deeper 

insight into the spatial configurations of the “P” cannot be obtained. Only with this work will the 

structure of these many coordinate grids come to life, whereas if one only reads and observes, 

one will actually be deterred from this understanding. So: get a lead pencil, squared paper, and 

compass, and a bit of time and patience! 

  In §13 ff. we became acquainted with the reciprocal partial-tone series 

 



Figure 317: 

 
 

as the fundamental tone-number scheme. In §20 ff. we built these series up into the partial-tone 

coordinates (“P”) and then as quadrants (1/4 PE): 

 

Figure 318: 

 
 

and then (§35) as the “complete” partial-tone diagrams in the form of “open” partial-tone planes 

(PE): 

 

Figure 319: 

 
 

Now if we want to move from these flat coordinates to the spatial, i.e. from the partial-tone plane 

to the partial-tone space, we can only do that by placing the third (spatial) coordinate axis 

perpendicularly through 1/1 c in the partial-tone plane, and writing out its ratios analogous to the 

other axes. The three spatial coordinate axes of the tone-space thus have the appearance of Fig. 

320 in their limitation to index 3.  

 

Figure 320: 



 
Figure 321: 

 
Figure 321a: 



 
Figure 322: 

 
Figure 323: 

 
Figure 324: 

 
Figure 325: 



 
Figure 326: 

 
 

 And now we can build the partial-tone cube of index 3 (PK3) without difficulty. For this I 

suggest that the reader refer to Figures 320-326, on which the cube is drawn graphically in 

parallel perspective at the lower right. We begin to construct the further partial-tone planes 

upwards and downwards from the middle partial-tone plane (H I K L of the cube). The reader is 

urged to try this himself, at least with a secondary plane (1/2 or 2/1), and to find the ratios alone. 

We then obtain five perpendicular planes on top of each other, which are drawn in the first row 

of Fig. 321. With this, every ratio of (PK3) is basically found, and if our only goal were the 

elicitation of all ratios, we would be satisfied with this. 

 However, we will immediately see that the significance of the spatial arrangement of the 

“P” is by no means exhausted with ratios alone, and that the exploration of the tone-space in its 

various directions, i.e. the content of its various horizontal, vertical and diagonal planes, is of 

crucial significance. To find these various directions, we first draw the two further plane 

progressions of the cube (2nd and 3rd columns of Fig. 321), and then the six diagonal planes (4th 

and 5th columns of Fig. 321). As for these upper three columns, the 15 possible coordinate planes 

in the PK3, we will notice that they are always equal in their ratios, and therefore identical. 

Graphically, this is clarified by the five diagrams in the margin (Figure 322-326). 

 Also, under the six diagonal planes (the six fields of Fig. 321a) we will notice two 

identical pairs, which we illustrate for the sake of clarity in the following two figures, 327 and 

328. If we analyze the content of the individual planes, we will notice that the horizontal 

structure of the planes (top column of Fig. 321) contains six stories of the type of the “open” 

partial-tone coordinates that we know so well, with the primary one in the middle. The vertical 

structure (2nd column Fig. 321) contains exactly the same ratios in its 5 planes as the horizontal; 

the same goes for the depth-structure (3rd column Fig. 321). 

 

Figure 327: 



 
Figure 328: 

 
 

It is different for the diagonal planes (4th and 5th columns in Fig. 321a). The first impression 

these planes give is that of a precise symmetry in their ratio locations; this symmetry is present in 

all planes in the vertical, horizontal, and both diagonal directions. As for the tonal content, we 

are interested above all in the “diagonal planes of the equal-tone lines” (Fig. 327 and the 2nd and 

5th diagrams of the two lower columns of Fig. 321a), as well as the “scale material diagonal 

planes” (Fig. 328 and the 1st and 6th diagrams of the two lower columns of Fig. 321a), which 

appear in paired coordination. In the diagonal planes of the equal-tone lines, we find peculiarly 

plain horizontals with identical tone-values, therefore not octaves, but equal tones of the same 

pitch (step). In the scale diagonal plane, even at this small index of 3, we find all the material of 

the (true) Pythagorean scale: 

 

c d esˇ f g aˇ bˇ 

 



This is the so-called “Dorian” scale, if we use the generator-tone c as the primal tone 1/1, or our 

familiar diatonic scale, if we start with b as 1/1. We will discuss this scale further in §39. 

 The content of the PK3 is not yet exhausted with this brief analysis. It is clear that besides 

the 15 space-planes and the 6 diagonal planes, all possible lines, surfaces, and indeed bodies can 

be drawn through this cube and laid inside it. This is another completely new territory, in which 

interesting things are waiting to be discovered through tone-evaluation, especially with higher 

indexes, with regard to spatial symmetries, tone-forms, etc. Moreover, it is obvious that we can 

construct various tone-bodies analogously to the various arrangement possibilities (§31ff.) – a 

similarly unexplored territory that promises to hold another wealth of new discoveries. 

 

§37.2. The tone-sphere 

By “tone-sphere” I mean the three-dimensional construction of the partial-tones in angles and 

vectors. 

 

§37.2a. The space-tone spiral line 

Since the relationship of tone-space and tone-angle is essentially summarized in the geometric 

form of the spiral, we must first consider how we are going to transpose the familiar “decimal 

tone-spiral” (§33.3 and §34) into the spatial realm. So as to draw this space-tone spiral line with 

accurate perspective, we first require an auxiliary figure (Fig. 329). On the periphery of a circle 

10 cm in diameter, we draw a series of tones, as we learned to do in §33 and §34. The choice of 

these tones does not matter, since the circle actually represents the space of an octave; however, 

one chooses them so as to create as precise a representation of the ellipse as possible. To get this 

ellipse from the circle, one must first set the “minor axis” A B. It is best to set the angle C O B at 

about 30° and the length of A B at 6 cm. Then one draws parallels to C D through all tone-points 

on the circle periphery, and through the intersections points of these parallels with the horizontal 

circle diameter draws slanting parallels to the small ellipse axis A B. Now we draw A D and C B 

and draw the parallels to A D or C B through every tone-point on the circle periphery. The 

intersection points of these parallels with the other parallels to A B then yield the ellipse 

locations. This is the standard construction of the ellipse from a corresponding circle. 

 

Figure 329: 



 
Figure 330: 

 
 

 Now, to get the space-tone spiral line, we first draw a perpendicular c-c 10 cm long on 

tracing paper (Fig. 330), and mark on it the decimal locations of the tones of Fig. 329 from the 

bottom to the top. We either calculate the fractions (for example 3/2 g = 1.5; if c = 1 and c = 2, 

then 1.5 is the midpoint) or take the relevant numbers from the table of ratios at the back of this 

book, where they are already calculated. Then we place this transparent paper upon the ellipse in 



Fig. 329, in such a way that the lower c-point in Fig. 330 lies upon the 0-point in Fig. 329 and 

the lines c-c (Fig. 300) and C D (Fig. 329) point in exactly the same direction. Now we draw c 

(0)-B and mark 1,0 c at this point. Then we move the tracing paper over until the next tone-point 

d in Fig. 330 lies over the 0 in Fig. 329. Then mark d (Fig. 330) –d (ellipse-point of Fig. 329). 

We proceed in the same way to produce the space-spiral in Fig. 302 as an exact perspective 

projection of the tone-points in Fig. 329. 

 Thus, we have obtained the space-tone spiral line within an octave. In this form, it 

represents a curve wrapped around a cylinder. As one can see from the perpendicular surface c-

c/c-c in Fig. 330, there is not only a line for every tone in this polar configuration, but also a 

surface; here a new element appears, regarding the tone-cube as well as the planar configuration. 

 The remaining tone-spirals (logarithmic) and tone-curves can be constructed in a similar 

way. 

 

§37.2b. Polar tone-bodies  

Now one may wonder how, starting with the octave, we can construct a polar tone-body in 

multiple octaves. For this we must set the octaves in a meaningful relationship to one another, 

and choose the two following types from the possible elementary representations in §31: 

 

Figure 331: 



 
Figure 332: 

 



 

1. We sum the partial-tone series in their ratios from the middle 1/1 out to both sides: 

 

... 1/3 + 1/2 + 1/1 + 2/1 + 3/1 ... 

 

as axis, and the corresponding lengths across (Fig. 331). If one rotates this figure, a flask shape 

appears, with curves arching inwards from 1/1 upwards (1/n)  and outwards into the infinite from 

1/1 down (n/1). One must then imagine the space-tone spiral coiled within the space-octaves (1/4 

1/2 1/1 2/1 4/1 ...); its precise projection is difficult, and the construction of a spatial model is 

easier. 

 

2. We set out the partial-tone series from the point 0, measured in one direction, producing a 

cone in the spatial representation, with the limiting value 1/∞ = 0 at its peak, and the endless 

opening ∞/1 = ∞ at the bottom. Here one must also imagine the corresponding spatial spiral 

within the octaves divided in some kind of rotation. The height of this cone is always equal to the 

width of its base. 

 Fredrik Macody Lund, in ad Quadratum (Kristiania, 1919, text and plates), declared this 

characteristic triangle, as a two-dimensional figure (isosceles triangle inside a square, with the 

side of the square as the base of the triangle and the peak of the triangle at the midpoint of the 

opposite side of the square), to be the most essential geometric foundation for architectural 

analysis of various ancient and medieval buildings. Unfortunately, Lund was apparently unaware 

of the actual form-analytical significance of this triangle, in the sense of the divisions of distance 

it contains; otherwise he would have been able to simplify his analyses greatly. In the first 

volume of Harmonikale Studien (Zürich: Occident-Verlag, 1946) I have attempted to show the 

relationships of this triangle, on the basis of its harmonics, to a certain diagram in the 

architectural sketchbook of Villard de Honnecourt (13th century), and to the canon of the 

goldsmiths of Basel. The text volume of Lund’s work contains a wealth of remarks and designs 

that are important for us harmonists, although we cannot subscribe to all of them; anyone who 

can read Norwegian should not neglect to explore his work. 

 

§37.2c. The space-tone helix 

The space-tone helix is shown in Fig. 334. It is constructed analogously to Figures 329-330. Here 

the construction proceeds from the bottom to the top over 3 octaves, for which we need auxiliary 

circles of diameter 1/2, 1/1, and 2/1. We have omitted the ellipses and also the notation of pure-

tuned tone values, since we divide the octave into an arbitrary  number of octave-reduced tones, 

and thus for simplicity’s sake can divide the three auxiliary circles into twelve parts. In every 

case the curve remains the same. It is interesting to note the overlapping of the 3 octaves, 

indicated by perpendicular brackets in Fig. 334. The reader who constructs the space-tone helix 

for himself will notice that one must always retract the beginning of the following octave in the 

half of the previous one, if we want to obtain continuity in the helical curve, which one must of 

course imagine in 3-dimensional space. 

 

Figure 333: 



 
Figure 334: 

 
 

§37a. Ektypics 



 

§37a, ad 1. (Tone-space) Crystal geometry 

The advance into the tone-space that harmonics, on the basis of the further spatial developments 

of the partial-tone series, is a position to make for the first time in the history of acoustics, has 

results of a universal type, besides its significance in music theory (scales). We see before us, in 

fact, the possibility of a psychophysical configuration of the three-dimensional discontinuum. 

 The modern study of the fine structure of matter (leptonics) is founded upon ideas of the 

discontinuum of atoms and molecules, and reaches its zenith in the study of the laws of crystal 

structure. The idea of this discontinuum, however, is of the pure mathematical or geometric type, 

i.e. the relevant laws of form are understood only in the sense of an exact form-quantity, but not 

yet in the sense of an exact form-quality. In harmonics, through the coincidence of number and 

tone, it is possible to illuminate the discontinuum in the sense of an exact form-quantity and 

form-quality. Thereby the spatial discontinuum, in contrast with the uniform concept of number, 

receives a non-uniform, psychically saturated tectonics. 

 The question then arises of whether this signifies an advantage, an expansion. Since the 

study of crystal forms today is one of the “most conclusive” and best established domains of the 

exact natural sciences, the question must be answered in the negative, if one is satisfied simply 

with the purely logical-mathematic standpoint. But is this standpoint the only one of importance 

to us? No one will want to claim this in earnest, least of all the scientist himself. P. Niggli, in his 

wonderful booklet Von der Symmetrie und von den Baugesetzen der Kristalle (in the series “Die 

Gestalt,” Vol. 4, Leipzig 1941, p. 7), writes: “Today’s science is only the precursor of 

tomorrow’s science. In its  development it is schematic in principle, and open to revision.” One 

must be allowed, and indeed in many cases urged, to observe the relevant phenomena from 

another side, which is likewise important and fundamental, but (as in the case of crystallography) 

also shows other completely different aspects besides those only graspable through mathematics. 

 

Figure 335: 



 



 

 



 
(From P. Niggli, Von der Symmetrie und von den Baugesetzen der Kristalle) 

 

In my various works (especially in the “Tagebuch vom Binntal” in Abhandlungen), I have 

attempted to show what new aspects crystallography reveals when viewed harmonically. The 

goal here is to replace the idea of the pure mathematical “homogenous discontinuum” and to see 

whether relationships to the geometry of the ideal crystal space appear, or can be found, from the 

tone-space. Of course, only encouragements and suggestions can be offered here; an 

investigation of the “spatial harmonics of crystals” demands a separate study in itself, which 

would have to be preceded by a clarification and investigation of the tone-space itself, 

concerning which we are still at a basic stage. In Fig. 335 (reproduced from the work of P. Niggli 

mentioned above) I give a few examples of  crystal geometry, which the reader can compare 

with the tone-cubic forms in Figures 320-328. In both crystal geometry and spatial harmonics, 

the cube is typified in terms of directions and surfaces. In the one case, the ideal forms of the 

regular crystal forms appear; in the other, we obtain certain tonal configurations. The former can 

be expressed and explained with pure mathematics, and can thus flow into the logical sphere of 

our understanding. The latter, besides their numerical development, contain psychic values; for 

we can hear the tonal content of the vectors, surfaces, etc. A harmonic crystal geometry would 

thus combine a psychical, inner “emotional” consciousness with the logical consciousness, 

relating the crystal, in a certain sense, to much deeper domains of our psychical capability than 

mathematical-logical analysis can do. Regarding the relationhip of crystal to tone-space, the 

latter must not only be investigated in higher indices, but presumably in the harmonic “selection 

space,” i.e. in tonal spatial configurations founded upon a selective ratio (octave-, fifth-, third-

space, etc.). Tone-spaces with triangular arrangement must also be used as a basis, corresponding 



to the hexahedric crystal system. Moreover, the diagonal planes of the “equal-tone series” of the 

tone-cube must at some point be investigated regarding their analogy to the polarization of light, 

X-rays, etc. I believe that this would yield most interesting connections and conclusions. 

 

§37a, ad 2. Tone-sphere, tone-spheroid, geomagnetism 

In geophysics there is a phenomenon that has been precisely investigated regarding its 

localization, effects, origins, and formulation, but whose formal connection with the body of the 

earth is still completely puzzling: geomagnetism. It is generally known that Earth’s geomagnetic 

poles are not aligned with the North and South Poles of the globe: “The Earth has only two 

magnetic poles, one in each hemisphere. In 1830, according to (Gaussian) calculation, the north 

magnetic pole lay at 73° 35 north latitude and 264° 21 longitude east of Greenwich, and the 

south magnetic pole at 72° 35 south and 152° 30 east. Thus the two of them did not lie on a 

diameter of the Earth. Instead, the Earth is magnetized along an axis parallel to a diameter that 

intersects its surface at 77° 55 north, 296° 29 east and 77° 50 south and 116° 29 east” (A. 

Nippoldt: Erdmagnetismus, Erdstrom und Polarlicht, 2nd ed., Leipzig 1912. p. 40). 

 Thus the magnetic poles are not the end-points of a diameter of the Earth; instead the line 

that joins them runs parallel to the Earth’s axis – a very odd and puzzling phenomenon! [NOTE: 

Actually, the line that joins the magnetic poles is not parallel to the earth’s axis (the line joining 

north and south poles), but to the diameter defined by Nippolt, above. –Tr.] 

 If we now examine our tone-cycloid (§34.3a) and imagine it spatially as a tone-spheroid, 

then we have a sufficient theoretical idea of how the “line of the octave” stands parallel to the 

corresponding diameter of the Earth, which is admittedly not identical with the diameter of 

Earth’s poles – however, we can ignore this element for the time being, on account of the 

“wandering” of both the geomagnetic and the terrestrial pole. If we identify the line of the 

octave, the actual morphological generating element of the tone-cycloid and spheroid, with the 

geomagnetic axis, then we would have, as said before, an explanation for the “dislocation” of 

Earth’s magnetic axis vis-à-vis the various possible diameters of Earth, hence a purely 

morphological interpretation drawn from the way the terrestrial body itself arose. The subsequent 

displacement of the geomagnetic axis from the line of Earth’s poles – the parallelism of both 

axes that no longer exists today – could be traced back to this primordial starting point. This hint, 

too, should be seen as no more than an encouragement for further research. 

 

§37b. The ear (physiological) 

 The cochlea is one of the most important organs of the ear, and the semicircular canals are some 

of the apparently least important. The transformation of sound into acoustic perception occurs in 

the cochlea. However, what the semicircular canals, oriented in three different spatial directions, 

have to do with hearing is not made any clearer by the fact that they are an organ of equilibrium, 

in which one’s abilities of spatial orientation are centered. 

 

Figure 336: 



 
 

 As for the cochlea (Fig. 336), I have earlier made reference to the fact (especially in 

Grundriß pp. 245-246 and table 15) that harmonics allows us to prove, with the aid of the “tone-

spiral,” for the first time in the history of physiology, that this important part of the ear is a 

morphological imitation of the tone-law itself. This proof will now be expanded and 

strengthened through the spatial representation of the space-tone helix, as illustrated in Fig. 334. 

No more discussion is needed to confirm that with this harmonic helical curve, we have also 

obtained the prototype for all other helical forms. The congruence of the cochlea and the 

harmonic space-helix apparently goes so far that we have an exact analog to the membrane fibers 

(see Fig. 336) in the individual tone-rays (vectors), of which there can be an infinite number 

within an octave. Some day one should count the individual membrane fibers within a revolution 

of the cochlea, and compare them with the sensitivity of our capability of tone differentiation, i.e. 

the number of tones that we can tell apart from one another within an octave. Perhaps the 

congruence will then become stronger still! As for the semicircular canals, it is known that if this 

organ is damaged or removed, the individual loses his sense of spatial orientation (“equilibrium”) 

– not always completely, and sometimes the loss is compensated for by the correlation of other 

organs, but this is a proof that these canals, oriented in three spatial directions, are in some way 

essential for the perception of space (cf. Fig. 337 from Üxküll). If we now substitute our spatial 

partial-tone coordinates (tone-cube as three-dimensional tone-development), at least it gives a 

hint of how to understand the very strange existence of such an organ in the ear. Thus the canals 

become not only the physiological prototype for our three-dimensional idea of space, but also 



their location in the ear is acoustically legitimized on the grounds of the spatial partial-tone 

coordinates. 

 E. von Cyon’s Das Ohrlabyrinth als Organ der mathematischen Sinne für Raum und Zeit 

(Berlin, Springer, 1908) is a very important work for the physiological foundations of harmonics. 

As the title suggests, this work attributes the “subjective forms” that are fundamental to our 

perception of space and time to the ear, namely to the semicircular canals as the physiological 

basis for our perceptions of space and the cochlea as the basis for our perceptions of time. “The 

makeup of our ideas of three-dimensional spaces rests solely upon the perceptions of the three 

directions of our semicircular canal apparatus, without any intervention of numbers” (op. cit., p. 

414). Moreover: “This ability of the cochlea to perform such minute calculations with such 

precision (such as the apperception of tone intervals) leads to the conclusion that it is a true 

arithmetical sense organ, to which we directly owe the knowledge of the elementary rules of 

arithmetic. Since our perception of time, with the exception of the direct perception of temporal 

progression, rests upon this knowledge of numbers, we are entitled to conclude that the sense of 

time stands in a close functional relationship to the arithmetical sense organ” (op. cit., 416). 

Cyon especially supports the relationships of spatial perceptions to the semicircular canals with a 

great number of experiments, and as a convinced positivist, he discounts the Kantian standpoint 

of the a priori origin of space and time (op. cit., p. X). Leaving the last question open, Cyon’s 

investigations have established the close connection between space (semicircular canals) and 

time (cochlea), a fact of exceptional value to harmonics, considering the enormous significance 

of space and time in epistemological terms. 
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§37c. Bibliography 

H. Kayser: Hörende Mensch, 78-81. In Abhandlungen, the relevant places in “Tonspektren.” On 

crystal harmonics, cf. H. Kayser: “Tagebuch vom Binntal” (in Abhandlungen). On 

crystallography, P. Niggli’s work cited in the text, and the usual crystallography textbooks, 

whose index-terminology we must retranslate, however, into V. Goldschmidt’s, so as to be able 

to make use of them harmonically. – Regarding “geomagnetism” and the ear (hearing) see the 

relevant articles in the Handwörterbuch der Naturwissenschaft, which can be found in the 

reference room of any large library, as well as Cyon’s work mentioned in §37b. 

 

  



§38. SOUND-IMAGES 

 

From §21 on, we have moved into a domain of the acoustic view, the “audition visuelle,” which 

merits a special treatment at the conclusion of this section C II of this textbook, since it is of 

great importance for many ektypic analyses, and above all for the purely spiritual domain of 

harmonic symbolism: the domain of “sound-images.” We will once again consider what this 

sound-image is, and how it becomes such. Then, with the example of the human sound-image,  

we will ektypically show the two fundamentally different ways that harmonics offers for the 

harmonic analysis of any form that comes to us visually from the outside.  

 

* 

 

The concept of “sound-image,” to which we are already accustomed from radio broadcasts – 

although there it is only realized in the acoustic sense of “hearing,” completely neglecting the 

optical “image” – should be understood in harmonics precisely with the meaning of its two 

constituent parts: harmonic diagrams, images, and symbols can be seen and heard. Seeing and 

hearing, however, are not only connected in the harmonic sound-image in an outward manner, 

such as in the way that we represent the acoustic process in the note-images of musical notation. 

One can imagine any kind of music expressed in the most varied systems of notation, just as the 

sounds of speech can be expressed in the most varied systems of writing; but there the 

transposition of the acoustic into the optical is only the product of an arbitrary conformity. It is 

completely different for the harmonic sound-image. As a result of the numeric background of 

frequencies and string lengths, there exists the direct possibility of a transposition of the auditory 

into the visual, namely through the interpolation of geometric diagrams, which record the tonal 

content of a given harmonic phenomenon according to the immanence of this self-contained 

regularity. Of course, we could use signs other than the Arabic numerals and the tone-signatures 

c d e f ... but the geometric harmonics would not change, and this is the actual core of harmonic 

sound-images; in this, a direct pictorialization of tone-number proportions takes place. 

 But one should not think that we proceed only haptically in this process, taking a ruler, 

simply measuring the tone-numbers, and then converting them into lines and figures. The reader 

will have learned in the previous chapters (§20 onwards, especially §31) that there is a definite 

graduation from the most precise haptics to the comparatively very “abstract” translations. The 

goal is always as “correct” as possible an optical representation of the arrangements contained in 

the acoustic structure, not an arbitrary transposition. 

 If we take this transposition of the auditory to the visual to be universal, then every 

harmonic diagram would be a “sound-image,” and so in principle it is. Thus it would be 

advisable for us to use the term “sound-image” in connection with some holistic meaning – for 

example, the sound-image of humans, plants, etc. – and to use the term “harmonic diagram” for 

all others. The reader is also urged not to become rigid and one-sided in the definitions. We must 

leave the relevant researchers to decide whether to use the term “spatial harmonics of crystals,” 

or “sound-images of crystals,” or other possible designations, for the future “crystal harmonics” 

of the ideal crystal space. 

 Meditating upon the nature of the sound-image, and attempting to grasp its actual 

meaning in words, we see that seen externally, it has a great “amplitude.” The three most 

important senses: touch (numbers, beats), sight (viewing the diagrams), and hearing (the tone-

values), come together here, and are equitably connected by the act of thought. It is clear that 



such a fundamental basis for perception promises much more copious and radical possibilities of 

interpretation for our spiritual capabilities than only touching (physics, haptics in general), only 

seeing (optics, visual arts), only hearing (music), or only thinking (logic and modern philosophy 

as a “science”). Speech, in poetry and in the great philosophical systems, is indeed able to create 

cross connections; but there the ear becomes an autonomous factor of cognition, and akróasis is 

neglected, whereas it is the inclusion of this that gives the “sound-image” its actual meaning and 

value. 

 We will now attempt to identify harmonic proportions externally by means of a harmonic 

analysis of the human form, so as to construct the human sound-image from the inside. 

 

§38a. Ektypics – harmonic proportions of the human form 

 

§38a.1. The external human sound-image 

The search for a rational understanding of the construction of the human form is ancient. Archaic 

imagery is so strictly uniform that, even if we did not know of a “canon,” we could assume that 

one or many very probably existed for this early epoch in art. Certain expressive types are 

nothing other than the external expression of a psychic proportioning of the human form in a 

definite gesture, an inward psychical bearing of earlier epochs projected in the haptic-optic by 

means of a definite human model. For example, the ancient Egyptian figures, striding with their 

hands by their sides or sitting with their hands on their thighs, retained their strict proportion 

types for millennia. The ancient sculptors sought to elucidate the factual relationships of these 

models, which they continuously created anew in thousandfold modifications; this is shown in 

proportion grids for reliefs found in Egyptian tombs (see the relevant drawing and the 

accompanying account by Lepsius in my Grundriß, p. 282 ff.), but above all in the legacy of the 

famous “Canon of Polyclitus,” of which we admittedly know nothing more, but which must have 

been authoritative to the highest degree for the Greek sculptors. Almost all significant artists in 

the Italian and German Renaissance studied proportions very earnestly, especially those of the 

human form; here I refer the reader also to the “being-proportion” in my Grundriß (p. 280 ff.) 

However, our goal here is not to cover the history of proportions, but to analyze the human form 

harmonically. 

 

§38a.1a 

K. Wyneken, in Der Aufbau der Form (Freiburg i. B., 1903) – a very significant work for 

harmonists, due to his numeric material – made various interesting attempts at the harmonic 

construction of the human form. To summarize briefly, he used the triadic ratios 2, 3, and 5 as a 

basis for his “grids.” We will immediately see that the most important division points can 

effectively be shown en face. First, however, I encourage the reader to become familiar with a 

discovery made by Wyneken that appears to me to be very instructive in the harmonic sense. 

 

Figure 338: 
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Wyneken (see Vol. II, p. 272 and table 5 of his work) first takes the male form with an 

outstretched arm as a unit and places the female form in comparison, using the somewhat 

abbreviated measure given in Pfeiffer’s Handbuch der angewandten Anatomie, i.e. 170 cm 

(man) : 163 (woman). Wyneken rightly remarks here that this ratio of 170 : 163 (1.0429) is so 

close to 25 : 24 (the so-called “small chroma” [= 1.0416]) that we can easily use the latter 

instead. In Fig. 338, I show the two figures (woman and man) from Wyneken’s table 5, however 

for clarification I include the tonal ratios of the monochord and give Wyneken’s numbers in the 

harmonic conversion and simplification that is understandable to us. As one can see, Wyneken 

uses the same measuring unit for man and woman, but divides the space of the man (string-

lengths) into third-ratios, and those of the woman into fifth-ratios. Thus the top of the man’s head 

is 5/6 of the unit, that of the woman 4/5 of the unit. As for the individual triadic and pentadic 

division lines, we will now discuss them in terms of our own harmonic division canon. The most 

interesting thing in this regard appears to me to be the aspect of the tone-evaluation of the male-

female ratio 5/6 : 4/5 –not given by Wyneken. This (by string-length) is the ratio of the minor 

third 5/6 to the major third 4/5 e. In my Harmonia Plantarum (pp. 201-206) I attempted to show 

that the third, whether major or minor, is in itself not only the “sex-tone” in the musical sense, 

since it defines the major and minor triads, but also has the capability of interpreting the problem 

of sexuality in a completely new way, as the “pentadic” (fifth-) ratio in the morphological-

metaphysical sense. Man and woman, therefore, have on average in their pure size-ratios the 



ratio of two third intervals, i.e. their pure external measurements hint at the inner sexual ratio of 

both sexes. But this ratio becomes even more remarkable if we calculate the mutual size-ratio of 

man : woman and vice versa, and affix the tone-values to the quotients that thus arise. This 

yields: 

 

Woman Man   Man Woman 

4/5 : 5/6   5/6 : 4/5 

= 24/25 ces (Plog 930)   = 25/24 cis (Plog 059) 

 

By frequency, that is; by string-length, the tones must be exchanged. If we now set the unit, i.e. 

the entire string-length or frequency, equal to c, then these findings tell us that the ratio of man : 

woman and woman : man is expressed harmonically in two chromatic steps on either side of the 

generator-tone: 

 

ces (c) cis 

 

where the generating c signifies the anonymous unit of the two ratios. Translated into spiritual 

terms, this would mean that the two body types, male and female, suggest a primordial psychical 

androgynous (= male-female) unit, which splits into two chromatic c-steps in its “incarnation.” 

The significance of this insight for a whole series of mythological, traditional, and religious 

(angelic!) theorems is obvious. Through harmonic analysis of the human body we have attained 

a direct, exact psychophysical approach to a very controversial phenomenon, that up to now has 

actually been more categorized and dogmatized. At least we can now form an image-concept of 

how this androgyny, in its various forms, became visually or mentally fixed: it is another 

expression of the early human, hearkening to the sound of its psyche in unspoiled and pure 

unconsciousness! 

 

§38a.1b 

Now we turn to harmonic analysis by means of our partial-tone indicator. We will restrict 

ourselves here to the female form; the reader will be able to make a parallel analysis of the male 

form, for which the male figure in Fig. 338 will be helpful. By “partial-tone indicator” I mean the 

rational segment division by means of our partial-tone coordinates, as described in §24.3. In this 

segment division, we can use the upper half (< 1), i.e. the ratios lying above the generator-tone 

line of a familiar quadratic “P” scheme. Now refer to Fig. 339. The analysis of the female figure 

placed in the monochord is performed by finding the nearest tone-values in the coordinate grid 

for all important locations – eye, nose, mouth, chin, shoulder, etc. – and then marking the 

division-points by means of the equal-tone lines. Of course, by increasing the size of the grid and 

also considering the internal organs, skeleton, and musculature, one can find a whole further 

series of partial  points, and also, for example, senary variants of the point 5/7 (lower thighs), 

which lie very near to the values 18/25 fis and 32/45 fis. But precisely this restriction to the most 

conspicuous proportional segments of the en face aspect imparts to us, via tone-evaluation, an 

interesting insight. Namely, if we arrange the tone material of the division-points in octave-

reduction, then we get the tones: 

 

c des d e f ges g a h c 

 



i.e. an explicit c-major scale with the intermediate chromatic steps des and ges. These last two 

(foot bones 15/16 des and lower thighs 5/7 ges) can be eliminated, since their morphological 

significance is less in comparison with the other partial points, and thus for the most important 

body proportions, we are left with the material for a closed diatonic scale! 

 

§38a.1c 

We can also use the system of rational segment division for the analysis of the human form from 

another equally harmonic viewpoint: by means of the successive harmonic division, discussed in 

§24a.1, which one can also use for monochord division. This segment division, as shown in my 

work Ein harmonikaler Teilungskanon (interpretation of a geometric figure in Villard de 

Honnecourt’s architectural sketchbook) (Harmonikale Studien, vol. 1, Occident-Verlag, Zürich 

1946), is presumably a legacy of Pythagoras, which was inherited by the masonic guilds of the 

Middle Ages and later, and by Villard (13th century), in the form of Fig. 340. 

 

Figure 340: 

 
 

 Villard drew his “model man” freehand in this figure. 

 This geometric figure, characteristic in its type, is nothing other than the “prelude” to our 

familiar harmonic division canon by means of successive harmonic proportions, as was surely 

known to the Pythagoreans. If one were to draw the human form as Villard did (without giving 

any further explanation of his geometric scheme), then as his drawing shows, one would find 

only a superficial concordance. However, the figure would be considerably more productive if 

we were to include the head in this harmonic division canon. Fig. 341 shows this clearly. The 

restoration of this canon in Fig. 341 is described in detail in my study of Villard mentioned 

above. If one now draws the normal image of a man in this canon (see the transparent sheet of 

paper stuck to Fig. 341) then one sees a whole series of close analogies instantly emerge; this 

shows, incidentally, that Villard knew the division canon only in its most external form (Fig. 340 

above) as an architectural scheme, and knew nothing more of the inner developments of the 

canon or of the manner by which this canon should be used de facto for analysis of the human 

form. 

 

Figure 341: 



 



 

If we now observe the canon of our table, we will see its advantage over the two previous 

harmonic divisions, in that it contains not only vertical but also horizontal divisions (symbolized 

by the two monochords, at the top and to the right). Thereby the lateral symmetries can be 

analyzed harmonically at the same time. If we examine the significance of the division-points 

from below to above, we have schematically: 

 

1/12 nostrils 

1/11  

1/10 mouth 

1/9 mouth 

1/8 chin 

1/7 base of the neck 

1/6 upper shoulder width 

1/5 lower shoulder width 

1/4 nipples 

1/3 bottom of ribcage 

1/2 penis, wrist 

1/1 feet (base point) 

 

The center of the forehead is at the intersection of the two 1/12 rays, the centers of the eyes in the 

intersection of the 1/9 with the 1/7 rays, etc. The reader can easily find a series of other matches. 

For further precise analysis (the lower parts, the inclusion of the skeleton, the internal organs, 

etc.) the canon must be expanded into the lower half. It is simpler for the reader to draw the 

canon as in Fig. 341, on a special piece of paper about 60 cm in length and 15 cm wide, thus with 

the ratio 4 : 1, up to index 16, and then to draw the accompanying human form on transparent 

paper. One can then overlay the canon, for example, from the 1/2 point (penis) downwards, or 

from the base point upwards; or one can overlay the human form, and thus continue the analysis 

up to whatever level of precision and differentiation is desired. Here we must end this discussion, 

since a comprehensive analysis of the en face human form would far exceed the space of this 

section.  

 

§38a.2. The inner human sound-image 

Having shown the various harmonic “ektypic” analyses in §38a.1, we will now harmonically 

construct the human form “prototypically” from the inside out. We put this “prototype” in the 

ektypics section (§38a) simply because the subject of this chapter (sound-image) should be 

thoroughly modified “ektypically” through the analysis of the human form. Fundamentally, there 

is a prototype in every harmonic ektype, i.e. in every example of application there is a harmonic 

norm that renders the example perceptible to the senses. The paths of both possibilities are 

indeed fundamentally different. Thus, in the three examples above, we first sought the most 

important parts in the human form, and then applied the harmonic configurations as a measure; 

this is the path from outside inwards. Now we will develop a certain harmonic combination 

model from the unity point 1/1 c outwards, then stop at a certain index and see what emerges. 

This is the path from the inside out, the actual harmonic-prototypical path, as is predominantly 

used, for example, in my Harmonia Plantarum. 



 I will now take this “sound-image of the primordial human” (which we can also call the 

archetype of the biological-animal form) from the first edition of my series of lectures Vom 

Klang der Welt (p. 118 ff.). Although it will be discussed in its final stage (index 12) in a 

possible second edition, it is so important as a fundamental example for the successive 

development of a harmonic sound-image that it belongs in this book, as one example of many 

that the reader can work out himself. 

 From the possible arrangements, we choose model I, and from the variations of this 

model, Ia and Id. We place these together in a combination (Fig. 342), bringing the generator-

tone axes together at the 1/1 point. 

 

Figure 342: 

 
 

 Now we want to construct this sound-image right from the beginning, traversing its 

indices, and we begin with index 1 (Fig. 343, 1). This index is still completely undifferentiated. 

It shows only the unity, the generator-tone, the primordial cell of the forthcoming system. 

 At index 2 (Fig. 343, 2) the two upper and lower octaves (c and c,) appear, the 

perpendicular generator-tone axes pointing upwards and downwards, as well as the beginning 

basal series. Tonally, we are not yet out of the triad of c-values (c, – c – c). 

 Index 3 (Fig. 343, 3) produces the upper and lower fifths g and f, the “dominants,” which 

join the primal tones (c, – c – c) in these two octaves. 

 Index 4 (Fig. 343, 4) does not show any new tone-values; instead it shows the previous 

ones in further octaves. Otherwise, a new pair of axes becomes visible, in consequence of the 

arrangement, namely the two lower legs. I call these the “static” axes, since they arise only from 

c-values (c, and c), to differentiate them from the “dynamic,” upward-facing basal axes of the 

undertone and overtone series. 

 

Figure 343: 



 
 

Figure 344: 

 
 

 At index 5 (Fig. 344, 1), the thirds appear for the first time, thus making a chord possible. 

If we write out the chords of the line slanting upward and to the right up to 1/5, beginning at the 



outer left corner, then we get As-, C-, and F-major chords. Conversely, the series from 5/1 to the 

right yield the minor chords a, f, and c. 

 Index 6 (Fig. 344, 2), because its number is 2 × 3, like all direct indices produces no new 

tone-values but only new octaves; I have hatched it so as to clarify the senary tone-development 

that has been closed until now. I would like, however, to give the outline melody of this index, 

which shows a very widely reaching tone-progression: 

 

Figure 345: 

 
 

This outline melody of index 6 begins at the lowest tone c and circumnavigates the entire figure 

clockwise. Obviously, the tone-progression could also begin at some other place. A comparison 

to the outline tone-progressions of the remaining indices, which is easy to make after this 

example, will show that every index has its own melody. 

 Index 7 is omitted, because the sound-image is senarily limited. Index 8 (Fig. 346, 1) 

shows, precisely through this senary limitation, a definite structure in the spatial arrangement for 

the first time. Since the series of index 7 are missing, the tone-points are not adjacent to one 

another as before; they show openings. The “generator” (= the closed senary kernel; incidentally, 

every closed ratio progression can be substituted as a “generator”) begins to manifest itself. 

Index 8 also produces no new tone-values, only new octaves. Observe, however, the new 

characteristics of the outline melody! 

 

Figure 346: 



 
 

 At index 9 (Fig. 346, 2) something completely new appears: the tones d and b, the second 

(whole-tone) intervals missing in the previous octaves, fifths (fourths), and thirds, are “born.” 

Thus arises the possibility of inscribing the scale-circles in this diagram, i.e. the circles possible 

for the index in question alone, whose periphery is tangent to a series of tone-points whose sum 

is a closed scale. 

 An analysis of the tone material of this scale-circle is very interesting: 

 

Figure 347: 



\  

 

When listening to these themes, one can hear a definite counterpoint, a type of question and 

answer. Here the much used and misused word “counterpoint” should be taken in its most 

precise meaning; because the corresponding tone-points lie upon the semicircles divided by the 

generator-tone perpendiculars. 

 To this peculiar counterpoint – beginning with index 9 in our sound-image – within the 

harmonic construction of a biological form, there is added an equally peculiar, more and more 

differentiating chordal system. If we write, according to the method already given at index 5, the 

chords of index 9 (reduced by octaves), the result is 8 adjacent octaves whose psychical form, 

when heard, has an almost questioning character: 

 

Figure 348: 

 
 

Also, the contour line of this index produces another new tone-progression, which is very 

differentiated, as one can easily see from writing out the tone-values. 

 Index 10 (Fig. 349) gives nothing new tonally, but formally yields two important new 

elements: a) the so-called “incomplete” scale-circle (the 3 small dotted circles at the top right and 

left), whose correspondence together comprises for the first time a sensible whole (“sensible”: 

two eyes and ears!) – and b) the small “enharmonic” ellipses appearing at the very top and 

bottom of the diagram, i.e. the places in the sound-image where tones split for the first time: dˇ – 

dˇ and b – b. 



 

Figure 349: 

 
 



 We have now arrived at index 12 (Fig. 350), where we will stop with the index 

development, since the step that has been reached allows for a more precise psychoanalysis of 

our sound-image. 

 Let us now examine Figure 350. 

 

Figure 350: 



 



 

 The graphic elements of this diagram are: 1. the tone-numbers, 2. the main axes, and 3. 

the scale-circles and scale-ellipses. Nothing has been tampered with in the diagram; it contains 

only the notation of the legitimate and important harmonic data that reside within it. 

 One should first direct one’s attention to the axes. First, we have the perpendicular 

middle axis. This is the generator-tone axis, and divides the diagram into left and right, > 1 and < 

1 halves. 

 Right and left, in this sound-image, have the sense of widening and narrowing, high and 

low, dark and light, etc. The symmetry, or the problem of mirror images, is integrated through 

harmonic observation, i.e. psychically, in the very same measure that illustrates a higher level of 

integration for major and minor than the differences of their simple vibration-numbers. Further, 

one sees at the top and bottom two diagonal pairs of axes. The upper pair is dotted and indicates 

the basal series of the tone-development, i.e. the first overtone and undertone series. Observed 

tonally, these are the two series of the outermost dynamic, within which the entire tone-

development of the diagram unfolds. 

 The lower thick pair of diagonal axes has a completely different tonal structure. These are 

the axes of the first overtone and undertone octave from the generator-tone; they have clear 

identical tone-values, and thus embody the static element. 

 Thus, when we observe the two upper and lower pairs of axes as indicators of the 

differentiation between hand and foot, we have before us an equally remarkable and adequate 

interpretation of their fundamental difference. It is well known that there are a great number of 

anthropologists who view the existence of the hand as the fundamental morphological 

development factor of humans compared with lower animals. Hands have a completely different 

task from that of feet. A hand grips, holds fast, works, and creates; it signifies, just like the basal 

series of tone-development, the most vital morphological part of the body. Admittedly, we need 

feet to walk, but mainly they just serve the body for its static equilibrium, signifying exactly 

what the octave-series in our diagram signify: examples of static connections. Through the 

analysis of tone-values of these axes, and not tone-numbers, we first come upon the fundamental 

difference between their functions. Purely geometrically, or just in numerical terms, we would 

expect an equality much sooner than a difference. Almost all organic forms, just like all sound-

images, show a pronounced symmetry, or at least an axis of symmetry such as here on our 

diagram. I now direct the reader’s attention to the small dotted overlapping circles in the upper 

part of the figure. There are three dotted circles to the right and left, and I can describe the 

composite tone-values approximately so that they complete one another. This means that each 

left and right pair of circles belongs together, if a closed scale, standing in equilibrium, is to 

sound. As a biological parallel we can draw upon the duplication of important sense organs, such 

as the eye and ear. The inner reason behind their mostly dual occurrence receives its full 

validation through harmonic analysis. 

 Next, the shaded, dark field of the diagram. We have previously seen it described as the 

triadic unity, appearing right at the beginning. It is the starting point of the entire development, 

and the rays of the tone-values, if we were to draw them all, would meet here – or conversely: 

from here all value-relationships radiate, like solar rays. Here, the parallel automatically points 

towards the so-called “solar plexus,” the mysterious meshwork in the human body. This is 

known to be a meshwork of nerve cells behind the stomach – but this is a completely external 

definition that does not explain the high sensitivity of this sensorium. Harmonically, we would 

completely understand this as a starting point for the morphological development, and 



incidentally we would agree well with the development theory that begins with the “gastrula,” 

i.e. the inside-out primordial stomach in embryonic development. The connection of this organ 

with the solar plexus directs us to a peculiar connection, not yet well investigated. However, if 

we were to ascend further to a somewhat higher sphere, then we would examine above all an 

inner counterpoint of our diagram. Every tone-value in one half has not only its equivalence in 

the other, but also, since two diagrams are indeed coupled, in its congruence. Within the 

complete diagram, then, tone-point literally stands against tone-point, and it has this inner 

counterpoint to thank, in the most factual sense, for its form. If we apply this knowledge to life, 

which is value-emphasized through and through, then the becoming of the organic form unveils 

itself in this counterpoint of tone-value. The organic form would thus be merely the material-

visible expression of a sounding, contrapuntal melody. 

 And now, yet another parallel case. At the top, under the first small circle, we see a small 

dotted ellipse, standing perpendicular. The same ellipse can be found at the lower end of the 

diagram. Pursuing the analogy to biological forms further, we are well justified in attributing 

these two ellipses to the head- and sexual spheres; at least, they are in the areas that are 

considered morphologically to be those of the head and sexual parts. In view of this, a few 

observations and problems in the most recent biological and physiological research are 

interesting. 

 It is known that the peculiar wandering of the gonads, both in the phylogeny and during 

embryonic development of mammals, has long posed an obscure problem for biology. 

 The physiologist Armin Müller speaks to this problem as follows: “In contrast to the 

open, non-centralized bodies of plants, we find in animal bodies the centralized, unity-creating 

tendency, predominantly of the central nervous system. In polar opposition to the latter, as the 

adversary of the tendency towards individuation, is the gonadal system, which represents the 

tendency towards reproduction, disintegration, or destruction. This inner polar tension between 

the fundamental forces of every individual grows as individuality and self-containment increases. 

The increase of this tension finds its spatial expression on the one hand in the wandering of the 

highest nervous centers towards the head, on the other hand in the wandering of the gonads 

downwards, towards the abdomen, in mammals.” 

 Let us now observe our diagram and the two small dotted ellipses once again, in this 

context. Their polar dislocation in the brain- and sex spheres of the diagram is obvious, but 

receives their true harmonic significance only through the observation of the tone-values that the 

two ellipses pass through and surround. 

 Both ellipses, in fact, are at the places in the diagram where tone-development splits 

enharmonically for the first time. Both above and below, 2 different b- and d-tones appear; the 

central tones are identical in terms of value, but have different locations: the upper ellipse is 

arranged around 9/9 c, the lower around 8/8 c. 

 Harmonically speaking, these locations of the first enharmonic differentiation are always 

privileged in terms of significance. Their polar morphological correspondence in the knowledge- 

and sexual spheres of our diagram imparts a deep mystery of nature to harmonic analysis. Not 

only does the inner, biological and psychological connection of the two spheres become 

understandable, but also their enharmonic structure refers us to a deep necessity for the dialectic 

movement of the individual spheres in themselves and between themselves. The puzzling 

connection of generation and knowledge (speech), the sexual “knowledge” in the Bible, thus 

appears to be a predetermined typical harmonic psychical formation. If their enharmonic division 

is unconsciously shown in the religious mythologies through various accounts of the Fall, or if, 



as we saw (Hörende Mensch, p. 191 ff., Abhandlungen, p. 132 ff.), the location of the asteroids, 

doubtless a shattered planet in our solar system, stood upon precisely the same enharmonics – 

then here exactly the same connections are highlighted, small parts of a large circle periphery 

whose true circumference and center will probably always remain hidden to the human thirst for 

knowledge. 

 

A closing word on these sound-images. It would be completely false, and would spring from a 

complete misjudgment of the nature of sound-images, if for example someone were to approach 

the diagram discussed above with a ruler, measure it exactly, and then seek to find a biological 

form somewhere in nature corresponding exactly to the ratios in the diagram. Sound-images 

reflect inner form-tendencies, which are developed from the triadic unity of a material, psychical, 

and intellectual sphere, namely the phenomenon of tone-number. To be specific, the above 

example attempts to seek out the meaning of the inner difference between hand and foot, and not 

to find whether the two pairs of axes stand in exactly the same place in some condition of animal 

or human development, or are of exactly the same length as in our diagram. Moreover, it 

attempts to make understandable the inner psychical reciprocity of the important sense organs, 

which mostly appear in pairs, and not in any way to measure whether the relevant circles in our 

diagram are exactly in the same places as eyes and ears, etc. Certainly, in the vast domain of 

appearances there are occasionally rare exceptions, for example passion-flowers, in which the 

harmonic form-tendencies are completely obvious. But these are exceptions, and as a rule, all 

harmonic prototypical investigations must be directed towards laws lying behind appearances, 

fundamental and formative norms, and their elucidation. 
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§39. SCALES 

 

In the scale, the progression of the temporal manifests itself in succession; in chords, the Being 

of the spatial manifests simultaneously. Before we consider on the basis of what laws a scale 

comes into being, however, we must discover from what elements the scale is built, i.e. we must 

inquire as to the origin of the “elementary harmonic quantum,” the whole-tone. 

 

§39.1. The whole-tone 



In the familiar music theory textbooks, one will search vainly for a solution to the question, and 

yet it is a question of utmost importance: why, and on what basis, do we use the whole-tone 

interval as a measure of linear music? We might just as well use a larger or smaller unit interval; 

the octave, after all, has room for an infinite number of tones and intervals! 

 I have already given one explanation (see the Bibliography). Almost all scales of the 

“diatonic” form, which are developed from the system of partial-tone coordinates, are B-major 

scales [Remember that B in the German notation used throughout this book signifies “B-flat” - 

Tr.] , with a generator-tone c. In this tension between c as the generator-tone and b as the base 

tone of the familiar diatonic scale, I see one of the reasons for the psychophysical anchoring of 

the whole-tone. This explanation assumes a diatonic scale of the form: 

 

Figure 351: 
    whole-tone   whole-tone                          whole-tone    whole-tone    whole-tone 

c                    d                    e                    f                    g                    a                    h                    c 

                                                semitone                                                                         semitone 

 

i.e. 2 whole-tones, 1 semitone, 3 whole-tones, 1 semitone, together making a seven-step scale; or 

5 whole-tones and 2 semitones; or 12 semitones. This last form, the 12-step scale, is known as 

the chromatic scale. More about that later. 

 The other explanation for the whole-tone lies in the beginning of the “P”-development. 

There we have: 

 

Figure 352: 

 
 

as a first tone-differentiation after the generator-tone c and its octaves, the upper and lower fifths 

g and f, which, if we place them together in one octave, yield the measure of  a whole-tone, 

namely with the logarithms g 585 and f 415. This means that the whole-tone interval as such is 

the difference 585 – 415 = 170 logarithmic units. As a tone-expression for the Plog. 170, 

however, we find the ratio 9/8 d 170, which, calculated starting from 1/1 c 000, we designate as 

the major whole-tone. 

 The B-major scale mentioned above, which we mostly find with tone-analyses 

(generator-tone c), has as a basis 8/9 bˇ with the log. 830. If we subtract this logarithm from 1000 

(c), we get the logarithmic measure 170 once again, i.e. the same “major whole-tone” as above 

between f and g. But further on, we will see that many scales, both diatonic and chromatic, make 

especial use of the major (9/8) and minor (10/9) whole-tone, as well as the major (16/15) 

semitone and two smaller semitones, namely the so-called Pythagorean leimma 256/243 with 

075 logarithmic units and the so-called small chroma 25/24 with 059 logarithmic units (this last 

can be found in Table 398, but only under scales no. 7 and 15). Naturally, the size of the 

semitones is always contingent, in a way, on the whole-tones, and among the whole-tones those 

of 9/8 and 8/9 units have the first place. If we notate these four steps thus: 



 

9/8 = 405/360 major whole-tone log. 170 

10/9 = 400/360 minor whole-tone log. 152 

16/15 = 384/360 major semitone log. 093 

25/24 = 375/360 minor semitone log. 059 

 

then in the second column there appears as denominator the number 360: the number of twelve 

lunar months, or the ancient senary number of the circle-division. The semitone 256/243 (075 

logarithmic units) does not fit into this scheme, however. 

 

§39.2. The diatonic scale 

 

§39.2a. The scale of Pythagoras 

Generally, the emergence of these Pythagorean scales is represented thus: 

 According to Boethius (de Musica Book I, Ch. 20), relying on Nicomachus, the earliest 

tuning of the lyre up to Orpheus’s time was the “tetrachord” 

 

c f g c 

 

i.e. the two fifths of our “P”-development transposed to a single octave, or the first three tone-

values of the tone-development. Theoretically, it was imagined that one used as a basis the two 

intervals that “merge” best, namely the octave (1 : 2 or 1 : 1/2) and the fifth (1 : 3/2 or 1 : 2/3), 

tested them on the monochord, and brought them within one octave: 

 

1 4/3 3/2 2 

c g f c (string-lengths) 

c f g c, (frequencies) 

 

A melody could not be built from these 4 strings of the lyre (tetrachord = four-stringed), but as 

Helmholtz remarks in his Lehre von den Tonempfindungen (6th ed., 1913, p. 422), “these tones 

do however contain the main steps for the cadences of everyday speech, so that such a lyre could 

possibly have been used for accompanying declamation.” 

 To escape the restriction of this tetrachord, the Greeks must have expanded its only 

viable interval, the fifth (for the summation of the octave produces no new tone-values, only 

more octaves, i.e. repetitions of the same value at a higher or lower level) upwards and 

downwards, i.e. adding further fifths to the fifths g and f. In the following examples we will use 

only the frequency numbers and tones, since most of our tables include them: 

 

 
 

If we now bring the flanking tones 9/4 d and 8/9 bˇ, with octave potentiation and reduction, into 

the octave between 1/1 c and 2/1 c, the result is the scale: 



 

1/1 c 9/8 d 4/3 f 3/2 g 8/9 bˇ 2/1 c 

 

As Helmholtz remarks (ibid., p. 426), “among the cultivated peoples, the Chinese and the Gaels 

of Scotland and Ireland are the ones who have until now adhered to the five-step scale without 

semitones, even though both have since become acquainted with the seven-step scale.” 

Helmholtz then adds a few very interesting examples of Chinese and Gaelic songs containing 

this five-step scale and its variants. It is our firm conviction that, since it is extremely improbable 

that these ancient songs were first written on the basis of a “theoretical” elicitation of the five-

step scale, the form of this tone-progression built from the first 4 fifth intervals must have been 

present a priori in the human psyche - whether Greek, Chinese, or Gaelic! The significance of 

later theoretical analysis is not in any way depreciated in this observation; on the contrary, 

through this analysis we are able to grasp and understand the scale in its own inner nature. 

 Up to this point, we can approve of the development of the scale. Now, however, (e.g. in 

F. Scheminsky’s Die Welt des Schalles, 1935, p. 141 ff.) it is claimed that Terpander and 

Pythagoras (!) converted the tetrachord to the seven-step scale by expanding the upper fifth 3/2 g 

by four more fifth intervals upwards: 

 

Figure 353: 

 
 

After octave-transposition and insertion of the tones with their logarithms, we get the scale: 

 

Figure 354: 

 
 

This would be the “seven-step Pythagorean scale.” However, with regard to the legitimate 

genesis of this scale, we harmonists are better instructed by the Harmonikale Symbolik of A. v. 

Thimus, whose far-reaching investigations of the Pythagoreans’ scale problems have been 

inexplicably ignored by musicologists up until now. Thimus (ibid., I. 157; II. 216) interprets the 

famous – not to mention infamous – “Timaeus scale” (in the eponymous work of Plato’s old age) 

in the following manner: 

 

Figure 355: 

 
 



Here also, fifth intervals are used as building material. But they are arranged symmetrically from 

1/1 upwards; moreover, the mathematic formulation shows, by means of powers, that here the 

powers of 2 and 3 with their basic numbers are sufficient to arrive at this true scale of 

Pythagoras. The conversion within the 1/1 (2°/3° = 3°/2°) is particularly significant in the sense 

of the ancient Chinese emblem: 

 

Figure 356: 

 
 

The Pythagorean scale (after arranging the above values within one octave) has the following 

appearance: 

 

Figure 357: 

 
 

With a generator-tone of 1/1 c, we see and hear a definite B-major scale, with the major “whole-

tone” of 170 logarithmic units as the basic measure, and the semitone of 75 logarithmic units, 

yielding a minor whole-tone of 75 + 75 = 150 logarithmic units as the secondary measure. In 

comparing the various scales, we return once again to the various possible pure-tonal whole-

tones. This “B-major scale” with a generator-tone c, however, is nothing other than the so-called 

“Dorian” scale, i.e. a diatonic scale that progresses like B-major, but actually begins with c, i.e. 

the generator-tone, the 2nd tone of the B-major scale. Or if we use the C-major scale (in our 

modern sense) as a basis, with the 2nd tone as the actual generator-tone, it begins with d. This 

scale d e f g a h c (d) is still designated as the first (Dorian) scale in occidental church music 

today, and in this example we see that these Gregorian scales, often denounced as old, 

superfluous relics, have a legitimate ancient psychophysical genesis, and that they correspond to 

a prototype of our psyche. We have simply lost our sensitivity and inner receptiveness to it since 

the emergence of polyphony, and especially tempered tuning. 

 If we now transpose our true Pythagorean scale (V) of B-major to C-major – which can 

easily be done by multiplying all quotients by 9/8 – so as to obtain a comparison with the above 

(III) “seven-stepped Pythagorean scale,” then we get the following tones, logarithms, and their 

differences: 

 

Figure 358: 



 
 

As one can see, this is in effect the same as the “seven-stepped Pythagorean scale” presented to 

us by musicology, but endowed with a substantially deeper foundation through its logical 

foundation by means of the symmetrical ternary potentiation, and above all through the harmonic 

proof that not c but d is the actual “generator-tone” – a foundation that I have not yet found in the 

textbooks on music theory and relevant works on music history known to me up to this point. 

 

§39.2b. The scale-circle of the “P” 

Let us now see how and whether the diatonic scale can be developed out of the partial-tone 

coordinates. Two transparent sheets of paper are glued to Table I of Hörende Mensch, upon 

which a few “scale-circles” possible in PE16 are drawn, i.e. circles that contain at least the 

material for one closed diatonic scale. All these circles have their center upon, or between, the 

tone-points on the generator-tone diagonal. At the time of writing, I have investigated not only 

these, but several more such circles in PE16 and the 4-fold combination model, and can assert (cf. 

Hörende Mensch, p. 322, Notes) that the tone-material of a great many of these circles, including 

of course the 7th, 11th, and 13th ratios, strives towards a B-major scale with a generator-tone c, 

and that the accessory enharmonic steps and chromatic variants group themselves around the 

fundamental tones of this B-major (Dorian) scale. Naturally, there are also scales of a different 

character: chromatic and a type of whole-tone scale, since, as anyone can easily find by means of 

a compass, a great number of “scale-circles” are possible upon the generator-tone line. The 

characteristic feature of this circle after reduction of the periphery-tones to a single octave is, in 

contrast to the Pythagorean scale, a larger or smaller multitude of various whole-tone and 

semitone steps; on the other hand, the logarithms always add up to 1.000, which is related to the 

symmetry of the two halves of the circle – we will discuss this in the “review” (§39.9).  

 Here, as an example, we will discuss only three such circles; the reader can easily 

perform further analyses by means of our “P” tables. As the three circles within PE16, we choose 

1. the circle with the center 6/6 and the radius 6/6 – 6/1; 2. the circle with the center 5/5 – 6/6 

(halfway between 5/5 and 6/6) and the radius 5/5 + 6/6 – 5/2; and 3. the circle with the center 7/7 

and the radius 7/7 – 6/5 (see Fig. 359). 

 

Figure 359: 



 
 

Each of these circles intersects with a definite number of tone-points. We will first note these 

tone-points, while retaining their quotients, as they stand upon the symmetric semicircles, then 

arrange them scalewise within one octave and record their logarithms. 

 

Figure 360: 

 
 

Figure 361: 

 
 

Figure 362: 



 
 

 With VII, omitting the “ekmelic” ratios 11/6 and 6/11, we have a B-major scale (in our 

modern sense) with the enharmonic variants bˇb and dˇd. With the inclusion of the ekmelic 

ratios, a chromatic tendency appears. With VIII, our modern musical hearing perceives a definite 

ascending f-minor scale. With IX we hear the B-major scale once again, with the chromatic 

variants e and as. 

 We shall show, with an example from VII, that the logarithms of all these scales add up 

to one octave: 

 

     848 b 

     126 °des, 

     263 es,, 

     830 bˇ,,, 

     415 f,, 

     415 f, 

     000 c 

     585 g 

     585 g 

     170 d 

     737 a 

     874 °h 

     152 dˇ 

  _________ 

Sum  6.000 

– 5 octaves 5.000 

  _________ 

  1.000 

 

(The fact that we must subtract 5 octaves here can be seen in the octave signatures – 3 commas 

downwards and 2 commas upwards.) 

 The abovementioned multitude of steps in this scale, in contrast with the Pythagorean 

scale, is also apparent from the differences of the logarithms. If we have only the major whole-

tone of 170 logarithmic units and the minor semitone of 75 (V and VI), then from VII to IX the 

minor whole-tone 152 (identical with 10/9 dˇ 152) appears beside the major whole-tone 170, and 

the major semitone 93 (identical with 16/15 des 93) beside the minor semitone 75, along with (in 

IX) an even smaller semitone 59 – apart from the ekmelic steps b – °h and °des – dˇ (VII), which 

have only 26 logarithmic units, and are very near to the enharmonic steps bˇ – b and dˇ – d(VII) 

of 18 logarithmic units. 



 The reader is urged not to take these things in any way as mere number-games – the 

subsequent monochord testing will show how important such investigations are for a further 

differentiation of our sense of hearing! 

 

§39.2c. The scale-octave 

Already in my first investigations of “combination models” I ran across a derivation of the scale 

that is interesting because it gives the diatonic scale on the circle periphery in its correct 

sequential progression (see Fig. 363). 

 

Figure 363: 

 
 

Figure 363a: 



 
 

Figure 364: 

 
 

 The theory of these combination models was given in §32, and we became acquainted 

with their fruitfulness in §38 [HK: §39 - Tr.] during the building of the “sound-image of the 

primordial human.” We will now have the same experience in a completely different domain. 

We connect the two following variation models (Fig. 363a; see the identical models Ig and Ii in 

Hörende Mensch, p. 83) to a combination model so that in each case two sides (basal series) are 

covered, and then proceed in this manner until we have a closed 8-part combination progression 

around 1/1 c (Fig. 363). Thus in this system there are four identical circles in which the tones are 

contained in their correct scale-progression (counterclockwise). The c-point that is missing on 

the periphery must be taken in from the generator-tone line. Now 8 such generator-tone rays pass 

through each circle. The one ray of these 8 that we need, which intersects the periphery of our 



circle between 9/8 d and 8/9 bˇ, is preferred because it passes through the center of the circle, 

4/4. The scale found on these four circles in its correct series-progression means, I believe, that 

for the first time in the history of music theory, the diatonic scale in its correct sequence has been 

discovered as the consequence of a group-theoretical  harmonic interpolation of the overtone 

series. Here I would like to note emphatically that I came upon this discovery purely empirically, 

from investigation of this eightfold combination model in relation to scale-circles. The difficulty 

is admittedly in the c-values missing from the grid-points of the circle periphery, which we could 

“work in,” though not without justification, by means of the generator-tone line. Perhaps yet 

another observation will help here. If we take one of these circles, with its main sectors 

(generator-tone lines and basal series) and isolate it (Fig. 364), we can imagine that the center of 

the rays 1/1 c lies in the depths spatially, and presents us with a view of a spatial pencil of rays. 

Our circle would then only be tangent to the one generator-tone ray, precisely at the c-point 

between 9/8 d and 8/9 bˇ – this would be the encouragement to legitimize the missing c-point 

between 9/8 d and 8/9 bˇ. For the mathematical and theoretical handling of this train of thought, 

a precise familiarity with the problems of projective and illustrative geometry would be 

necessary; perhaps there will be a reader familiar with these things who will take the time for 

such an investigation. Apart from this, however, the harmonic-theoretic foundation of the scale-

octagon lies in the logic of the figure itself; every reader will be persuaded of this if he draws the 

octagon with all ratios himself! 

 As for the scales of the octagon itself, they have the following appearance: 

 

Figure 365: 

             8/9 bˇ   (10/10 c)   9/8 d       3/5 es      2/3 f       3/2 g       5/3 a       (8/9 bˇ) 

Log.:     830         000         170         263         415         585         737         (830) 

Diff.:          170           170          93          152         170         152          93 

 

The sum of the logarithms and differences is equal to 1.000, so the tone-steps fill the octave 

exactly. The major (170) and minor (152) whole-tones appear, as well as the major semitone 

(93). If we compare these scales (X) with no. IX (here omitting e and as), we find the same 

whole-tone and semitone step progression. If, on the other hand, we compare them with the 

Pythagorean nos. V and VI, we find in those only one whole-tone of 170 and a semitone of 75 

logarithmic units, whereas the octagon-scale and no. IX show two different whole-tones and 

another semitone. The following monochord experiment will show us that this is not just an 

empty concept. 

 

§39.2d. The familiar diatonic scale 

 

The familiar diatonic scale has the form: 

 

Figure 366: 

             1/1 c       9/8 d       5/4 e       4/3 f        3/2 g      5/3 a       15/8 h      2/1 c 

Log.:     000         170         322         415         585         737         907         (1,000) 

Diff.:          170           152          93          170         152         170          93 

 

In my Hörende Mensch (pp. 323 and 73, no. XVII), I objected that these scales were “false” 

because the sum of their logarithms = 3.136, thus not yielding any equilibrium within the octave. 



 How were these scales arrived at? F. Scheminsky (Die Welt des Schalls, p. 143) gives as 

a reason that people “modified” the third (81/64 e^), sixth (27/16 a^), and seventh (243/126 h) of 

the Pythagorean scales in favor of “simpler” ratios, to the values 5/4 e, 5/3 a, and 15/8 h, because 

“experimentation showed that tones sound better together the smaller their ratio-numbers are.” 

The argument with the “small numbers” is correct, if we observe the isolated intervals, but 

absolutely not in the progression of a scale itself, as we will see (and hear) with the usefulness of 

various “pure-tonal” thirds, etc. 

 The explanation appears better by means of the three important function chords: c (tonic) 

= T, g (upper dominant) = D, and f (subdominant) = S: 

 

Figure 367: 
D: . . . . . . . . g . . . d . . g . h 

T: . . . . c . . . g . . c . e . . . . 

S: f . . . c . . f . a . . . . . . . . 

   f       c     f g a   c d e   g   h 

 

Put in order and omitting the duplicates: 

 

c d e g g a h c 

000 170 322 415 585 737 907 1,000 

 

Here, with regard to the logarithms, it is naturally assumed that we choose, from the system of 

the tones, i.e. the different e-, d-, etc. values, those with the smallest ratio-numbers (XI), on the 

grounds given above. But this foundation of the scales from the main cadence functions DTS 

would first have to presume the latter as such – something that is vainly sought in music, a 

foundation that is made possibly only by the “open” “P”-diagram (see §42). 

 For tone-intervals, this scale (XI), as one can see from the differences of the logarithms, 

contains the same whole- and semitone steps as no. X, only with the various whole-tones 

arranged in a different order. At best this scale, as noted, can be derived from the cadences of our 

open partial-tone diagram. In this diagram, cadencing is founded for the first time upon the tone-

law itself, whereby it reveals that the three cadence types D-T-S of the great European musical 

epochs represent only a first evolution of further cadence steps – we discuss this further in §42, 

where the objection to these scales given in Hörende Mensch will also receive its correction and 

rectification. In Table 398, nos. 9, 10, and 11, I present this scale in c, and also transposed to bˇ 

and b. 

 

§39.2e. The diatonic scale of the fifth diagram 

The “fifth diagram” belongs to the so-called “interval power series,” to which §45 will be 

devoted. All interval power series are constructed according to the scheme of our “P”: 

 

Figure 368: 

1/1  2/1  3/1  4/1 

1/2  2/2  3/2  4/2 

1/3  2/3  3/3  4/3 

1/4  2/4  3/4  4/4 

 

Figure 369: 



 

Interval power scheme: 

 

x0/y0  x1/y0  x2/y0  x3/y0 

x0/y1  x1/y1  x2/y1  x3/y1 

x0/y2  x1/y2  x2/y2  x3/y2 

x0/y3  x1/y3  x2/y3  x3/y3 

 

and thus represent a selection (choice) of certain interval developments from the fundamental 

diagram of the “P”. The following fifth diagram (Fig. 370), which is constructed according to the 

laws of our complete “P” (§35), contains a series of noteworthy arrangements. First, the scales of 

the four sectors of the axes, inscribed at the edge, which can be constructed from the material of 

the fifths in question. Naturally, the intersection of the axes can only be moved on the generator-

tone line up and to the right or down and to the left, if one wishes to obtain more scales; also the 

“major” turns into “minor” with a corresponding arrangement of the fifths. We note expressly 

that the description of the tone-values of all these interval power diagrams lacks a “fine 

structure” (for example, the fourth ratio at the top left would have to have the correct description, 

a^, etc.), since this would become too complicated with the geometric progression of the 

numbers, and is compensated for by the distinctness of the logarithms. Further, we find whole-

tone scales (§39.5) upon all diagonals from the bottom left to the upper right, in a correct scale-

progression, with which these scales obtain their first legitimate foundation. And finally, the 

opposing diagonals from the bottom right to the top left exhibit clear identical tone-values. 

 

Figure 370: 



 
 

If we restrict ourselves to index 3: 

 

Figure 371: 



 
 

and arrange the tones scalewise, with elimination of the duplicates, then we obtain the scale: 

[Fig. 372 needs corrections inserted from HK’s errata] 

 

Figure 372: 

 
 

Thus, as one sees in comparison with nos. V and VI, the image of the Pythagorean scale, here 

with the new variants e^ and asˇ. 

 

§39.2f. The diatonic scale of the tone-cube of index 3 

In the tone-cube of index 3 (PK 3) two planes are identical in their content (see §31.1, Fig. 321a, 

the 1st diagonal plane tilted and the 6th diagonal perpendicular, as well as Fig. 328): 

 

Figure 373: 

 



 

If we arrange the tones contained therein, removing the duplicates and adding the logarithms in 

the space and octave, we get: 

 

Figure 374: 

 
 

and so, as one can see in comparison with nos. V, VI, and XII, we obtain the image of the 

Pythagorean scale once again. 

 

§39.2g. The 10-step decas scale of the Thimusian series 

In his Harmonikale Symbolik, A. v. Thimus operates very extensively with conjugated partial-

tone series, whose technicalities we have described in §22.3 and will elucidate further in the 

following section, since they are especially important for the logic of chord construction. Here, 

without further explanation, we will note only one of these series combinations, in which Thimus 

(ibid., I, 282 ff.) believed he had rediscovered the harmonic expression of the ancients’ “sacred” 

decas (= number 10). Thimus writes these numbers as shown in Fig. 375.  

 

Figure 375: 

 
 

 The lower series must be thought of as inserted into the middle of the upper one. Both 

series, put in order, yield the steps: 

 

Figure 376: 

 
 



in the middle of which the decas appears. “The ancient Greeks also described the harmonies of 

the decas scale as Dorian on account of their outstanding  grandeur and contrasted them with 

those two other forms of tetrachord and scale construction, named after Asiatic peoples, as being 

an intrinsically Greek tradition, and as the particular national art-form of the most significant of 

Greek tribes” (Thimus, ibid., p. 303). 

 

 Now, however, in the lower row of the second series (Fig. 375), we find a pronounced C-

major scale in our modern sense, i.e. a Dorian scale that has c as its generator-tone, but “begins” 

with d. The logarithmic analysis of this C-major scale reveals the steps: 

 

Figure 377: 

 
 

which is exactly the step-progression of our scale-octagon (no. X). 

 Of course, there are other ways to obtain diatonic scales from the widely ramified 

harmonic configurations. But we will content ourselves with the above sampling, which will 

encourage the reader to seek further. We shall now direct our attention to the chromatic scales. 

 

§39.3. Chromatic scales 

By “chromatic scales,” we mean in general scales that, unlike the diatonic, do not emerge from a 

definite progression of whole-tone and semitone steps (see scale no. I, Fig. 351), but from a 

continuous progression of semitones. Since the diatonic scale has 5 whole-tones and 2 semitones 

(= 7 steps), the chromatic scale must correspondingly have 12 steps, which is expressed most 

clearly by the 12 keys in an octave on the keyboard. Regarding tone-orthography, we understand 

“chromatic” to mean the raising or lowering of a tone by one semitone, which is noted with sharp 

signs (# = [German suffix] is) or flat signs (b = es). For example: 

 

Figure 378: 

 
 

That is, of course, an explanation based upon the modern tempered tone-system (see §39.4), and 

we must note here that just as there are various whole-tones, there are also various semitones in 

pure tone-development, through which the semitone steps are quite often close on the one hand 

to the small whole-tone steps, and on the other hand to the enharmonic steps (see §39.4 and §48). 

We have a precise criterion for this is in the logarithmic differences and in monochord testing, 

but are nonetheless interested in the possibility of arriving at the chromatic scale by means of 

laws. We will discuss two of these possibilities. 

 

§39.3a. The chromatic scale of the Pythagorean triangle 



Since we have already developed the chromatic scale (in §28a) from the numbers and squares of 

the sides of the Pythagorean triangle 3 : 4 : 5, and from the mutual ratios between the 

corresponding tone-numbers: 

 

3 f 4 c 5 as 

9 bˇ 16 c 25 fes (string-lengths) 

 

we need only note the result here, including the logarithms and their differences (see Fig. 379). 

[Fig. 379 needs corrections inserted from HK’s errata] 

 

Figure 379: 

 
 

 A closer analysis of the steps shows that in this scale, two semitones of different sizes (59 

and 93) appear, which we already know from diatonic scale no. IX; and also, three enharmonic 

steps of 18, 34, and 52 logarithmic units. If we retain only one of these last, then we can, 

depending on our choice of enharmonic steps, establish two pure chromatic scales: 

 

Figure 380: 

 
 

Figure 381: 

 
 

Here, the three different semitone steps appear only in different ordering (59, 93, and 111), and 

we begin to see that scale analyses of this type differentiate into an ever more ramified, 

extremely subtle network of tones and steps, which reaches its climax in the so-called 

“enharmonics.” Here we are on relatively solid ground; in any case, we gave ourselves a 

“morphological” stop through the proportioning of the Pythagorean triangle. A belittlement of 

this discovery, with the argument that chromatic scales also emerge from other triangles with 



conformable sides, completely overlooks the favored morphological position of the Pythagorean 

triangle. The important thing is not that other triangles produce chromatic scales, but that the 

exceptional form of the Pythagorean triangle produces a chromatic scale. 

 

§39.3b. The chromatic scales of the fifth diagram 

If we write out each complete horizontal or vertical series from the fifth diagram (Figs. 383 and 

384), we obtain, e.g. for the uppermost three horizontal series, the scales: 

 

Figure 382: 

 
 

so, always a pure chromatic scale with enharmonic duplication of only one step, which is at a 

different place for every series. Of course, further down, more and more flattenings appear, but 

the clear-cut character of the 12-step chromatic scale, which in fact strives towards a tempered 

bridging of both enharmonic steps for its “closure,” remains intact. The enharmonic “gap” adds 

up to 20 logarithmic units in each case. 

 We can now avoid this enharmonic hiatus by eliminating the generator-tone (!) and 

proceeding through the fifth diagram in the following way: go from the bottom left (deses) up to 

the middle (ges), from there horizontally across the middle c to the edge fis, and from there again 

upwards (Fig. 383): 

 

Figure 383: 



 
 

 Thus, one can construct, right and left of the generator-tone c, from the tone-material of both 

angles (leaving out 1/3° c 3°/1!), the two following chromatic scales: 

 

Figure 384: 

 
 

[Fig. 385 needs corrections inserted from HK’s errata] 

 

Figure 385: 

 
 

These two scales are not only remarkable because of the regular rhythm of their intervals 

(alternations of the two semitone steps 95 and 75 with a single exception!), which must naturally 

be noticeable in the sense of an acoustic equilibrium for our ear. They are especially interesting 

due to their omission of the generator-tone c; because it is in fact replaced by the two extreme 

ratios his and deses. 



 If we now examine the reciprocals to the above pair of angles, we know from our 

complete partial-tone diagram (§35) that, as is also apparent here, only the middle perpendiculars 

yield new ratios, which are repeated in the horizontal angle legs (Fig. 386): 

 

Figure 386: 

 
 

Put in order, we have the progression: 

[Fig. 387 needs corrections inserted from HK’s errata] 

 

Figure 387: 

 
 

so, once again, a pure chromatic scale with the same intervals, only in a different rhythmic 

progression, but here including the generator-tone. 

 If one places the two double angles on top of one another, one obtains an attractive Slavic 

or old Semitic “swastika,” albeit “leftward-turning.” 

 

§39.4. The enharmonic scale 

By “enharmonic” we mean, speaking purely musically in the sense of our tempered tone-system, 

the same tone with different notation, for example: 

 



Figure 388: 

 
 

On the piano, ais and b are the same key, and therefore the same tone. In the pure-tonal harmonic 

system, on the other hand, the enharmonic steps are either those that, as above, belong to the 

raising (#) or lowering (b) of neighboring tones (for example, h-ces; cis-des; e-fes; gis-as; etc.) or 

else steps of the same tonal character, which “split” at a certain place in the harmonic tone-

system, for example the 8/9 bˇ 830, 9/10 b 848, and 9/8 d 170, 10/9 dˇ 152, appearing in the 

ninth series (1/9 ... 9/1 ...). These latter we can call “primary,” the former “secondary” 

enharmonic steps. The step differences (intervals) of the enharmonic steps are normally smaller 

than those of the semitones. 

 But we will get to know more examples of substantially greater enharmonic intervals, 

even cases in which a tone-value “wanders” throughout the entire scale (octave) (see §48), a 

phenomenon that can only be observed in the purely spiritual sense and not in the audible-

acoustic sense, and which belongs to the harmonia aphanès (hidden harmony). In the subsequent 

critique, we will discuss whether we can still speak of enharmonic scales as “scales” at all, i.e. a 

series of tones that we can assimilate psychically in a meaningful way. Here, to clarify the 

concept of enharmonics itself, we will just give two examples to demonstrate the phenomenon of 

the legitimate progression of enharmonic steps arising from a given harmonic configuration – on 

which the reader can elaborate at his discretion. Enharmonic steps can naturally only be found in 

greater numbers if we analyze a correspondingly greater index of a harmonic system, i.e. an 

index filled out with many different tone-values.  

 

§39.4a. The tone-material of the first upper and lower octaves of PE16 

For this, the first upper and lower octaves of PE16 offer the simplest opportunity. We choose, for 

example, all ratios that lie within the sector 1/1 c – 16/8 c – 16/16 c – 8/16 c, – 1/1 c. We then 

arrange them scalewise and write them as follows in five rows (see the “Tonspektren” of PE16 in 

Abhandlungen, p. 140, where all tones of PE16 are given, with their 5-digit decimals and 

fractions): 

[Fig. 389 needs corrections inserted from HK’s errata] 

 

Figure 389: 



 
 

Here, with the exception of the first (e-des 93) and the last (h-c 93) chromatic semitone intervals, 

we are dealing with exclusively enharmonic steps, of both the primary (e.g. the various d- and b-

values) and secondary (e.g. des-xcis) type. It is interesting to note the overlapping of certain 

values that belong together in the domain of other “families.” Observe, for example, the °h 874 

between the two b-values °b 863 and øb 885, the °e 289 between the es 263 and øes 300, and 

others. Furthermore, precise intervallic symmetry rules, forwards and backwards from interval 

30 of the steps xges 485 – xfis 515; this is naturally connected with the two reciprocal sectors of 
PE16, from which the tones are chosen. Also important is the significance of the only repeating 

interval-steps, but we cannot go into that here. From this example, the reader can obtain only an 

impressive image of the richness of tone-differentiation (6 different d- and b-values!), merely in 

the first upper and lower octaves of PE16! 

 

§39.4b. The tone-material of the combined series 9/1 – 1/9 of ¼ PE16 

We will now investigate a series-combination of the “P”, which belongs to the “Thimusian 

series”; Thimus uses this type, and other related types, of series construction predominantly to 

elicit the ancient Greek diatonic-chromatic-enharmonic sound genera. 

 We choose the reciprocal ninth series from 1/4 PE16: 

 

Figure 390: 



 
 

and once again arrange the tones, omitting the duplicates, and write them as we are used to 

doing: 

 

Figure 391: 

 
 

Here, as before, strict symmetry rules in the intervals from the middle. We notice six pairs of 

enharmonic steps (bracketed): two small (18), two large (55), and two relatively very large (74); 

these last are close to semitone intervals (e.g. d = es 93) of the senary type, indeed even exceed 

them (e.g. es-°e 26 or xe – f 52), at which point there is a meeting of ekmelic with emmelic steps. 

The reader should not neglect to analyze all non-repeating series-pairs (1/1-1/16, 1/1-16/1, 1/3-

16/3, 3/1-3/16, etc.) in the same way, so as to obtain as thorough an insight as possible into the 

differentiation of intervals and steps. 

 

§39.5. The whole-tone scale 

If we observe the “fifth diagram” reproduced in Fig. 370, specifically the series running aslant 

from the bottom left to the top right, then we will make the astonishing observation that all these 

series contain whole-tone scales, in fact with all tones in the same, scalewise correct progression! 

However, this series is not closed within the octave; the lower left c-value (see the middle series) 

is substituted with deses 1/313 980, and the upper right c-value with his 3/112 020, i.e. with 

enharmonic steps, which however are very close to c 000 – only 20 logarithmic units away from 

it. Fundamentally, these are two enharmonic variants of the same whole-tone scale, which is 

clearly expressed when we notate them separately from the middle upwards and downwards: 



 

Figure 392: 

 
 

In both cases, they are whole-tone scales of exceptionally regular step-construction (always 

intervals of 170 logarithmic units, i.e. the interval of the major whole-tone 9/1 d 170). 

 If we join both enharmonically equal whole-tone scales in a single sequence, then we get: 

 

Figure 393: 

 
 

in which the enharmonic steps also show a great regularity, whereas here the whole-tone steps 

are based on 150 logarithmic units, an interval that is almost identical with the minor whole-tone 

10/9ˇ 152. 

 

§39.6. The tempered scale 

 

§39.6a. The tempered scale in modern music 

It is well known that the tempered scale that we use today in music arose from past musicians’ 

inability, or lack of need, to find a usable “pure intonation.” They stood the egg of Columbus on 

its end, destroying it in the process, and simply divided the octave into 12 tones of exactly the 

same size (interval). Every piano shows this compromise with its 5 black and 7 white keys on the 

keyboard, so we need only write the tone-progression with its logarithms: 

 

Figure 394: 

 
 



Here, then, we have semitone steps that are all simply of 83-84 logarithmic units, and thus 

whole-tone steps of 166-167. 

 

§39.6b. A tempered scale of future music 

It is clear that practical music requires some kind of tempering. Apart from the fact that a whole 

number of finely differentiated scales exist that satisfy our need for pure-tonal scales (as we 

learned from the above investigations, and will see further in subsequent critiques and 

monochord tests), satisfactory musical expression in today’s sense is impossible with one of 

these scales. The dilemma lies in modulation because, for example, a pure-tonal e in the C-major 

scale can no longer be the same e in E-major or H-major; one would then have to return, in the 

sense of the ancient Greeks, to a music for one voice only. 

 The cancer of modern tempering lies in its artificiality. Without any grounding,  

appealing only to pragmatic necessity and convenience, the octave is schematically divided into 

12 parts. As is easy to observe in Table 398, 1 and in monochord experiments, the third is 

especially the “sorrowful” interval. But the other tones are also more or less violated by the 

tempered strait-jacketing. The question is whether we can arrive at a tempering, i.e. some 

equable division of the octave, from some harmonic configuration, in a legitimate and non-

arbitrary manner. The requirement for this is to find more than 12 steps, so as to be able to 

realize the more finely differentiated intervals (major and minor whole-tones, pure thirds, etc.), 

but on the other hand not too many steps, since that would detract from practical playability. 

 In the “interval power series” more closely examined by G. Fueter (see his article, “Zum 

Problem einer Drittelstonleiter,” in the Schweizerische Musikzeitung, April 1, 1945), one minor 

third is found (5/6, 6/5) that satisfies this requirement. 

 This series, divided into two sections, has the following appearance: 

 

Figure 395: 

 
 

Here we have 19 different steps with intervals of great regularity (52 and 55 logarithmic units). 

The average whole-tone interval (167 in the tempered scale) is divided into ca. 3 parts here, 

which leads to the great advantage that with these “third-tones” we come much closer to the 

“pure” intervals than with the tempered semitones. Let us take, for example, the interval of a 

pure third 5/4 with 322 logarithmic units. The tempered third, which sounds too sharp to finely 

tuned ears, has 333, and is thus 11 units too high; our third of the 19-step “tempered” scale has 



315, and is thus only 7 units too low, besides being regularly “senarily” determined and 

grounded. In particular, our 19-step scale is able to realize the enharmonic steps de facto, 

whereas in the 12-step tempered scale of modern music, they exist only on paper. Every singer 

and string player knows that there is a difference between singing or playing ais or b, dis or es, 

assuming that he has a finely tuned ear and has not been completely corrupted by the 12-step 

tempered scale. For this, the 19-step 6/5-5/6 interval power series with its “tempered” scale is 

especially well suited. But we must backtrack here and give the interested reader the image of a 

possible keyboard for this scale, as designed by G. Fueter (Fig. 396). 

 

Figure 396: 

 
 

 A presupposition for the practical introduction of such a keyboard, which requires a change in 

instrument technology, reading, notation, etc., is naturally the need to realize the more finely 

differentiated steps and intervals: a necessity that will appear more than desirable to the reader 

after working through this chapter and performing the relevant monochord experiments. But for 

this, the conservatories must first retrain hearing on harmonic foundations, and once this training 

has become universal, then a development in this direction will also begin of itself in practice. 

What we know as “music” is, seen historically, of a very recent date, and it would be absurd to 

accept that our modern perception of music will simply remain at its current level.jg to here 

 

§39.7. Appendix: The diatonic scales of the complete partial-tone diagram of index 9 

These scales are shown in Fig. 397. One should analyze each of the horizontal series, omitting 

the duplicate series. In the perpendicular direction one finds exactly the same series. Chordally, 

every series from the middle out to the right consists of major ninth chords, and to the left, 

reciprocal minor ninth chords. The summation of each pair of these chords yields the material of 

a scale, namely – in our modern musical sense – peculiarly clear “melodic” minor scales 

(ascending). As one can see, this characteristic minor scale, which is not explainable by the 

familiar study of harmonics, is predetermined in the system of harmonic tone-development. 

 

Figure 397: 



 
 

§39.8. Summary: monochord testing and critique 

After simply reading through this chapter, the reader may ask: why this jumble of scales, this 

minute work, this hair-splitting with steps, intervals, and so forth? The reader who has 

considered and verified the origin of the individual scales in more depth, however, will be both 

astonished and impressed with the wealth of possibilities and differentiations behind this 

supposedly “simple” scale problem. It is precisely this element that I consider in this section, 

especially in didactic and pedagogical terms: here, the learner should perform, in a certain sense, 

a kind of “in-process inspection.” If he has understood and worked through everything in this 

chapter, performing his own tests here and there (investigation of further tone-circles, 

configurations within the diagrams on scalar forms, etc.), then he can look confidently to the 

future parts of this text. He has then passed his apprentice examination in harmonics. 

 But we are not quite finished with this section, and now come to the critique and 

psychical testing of the first purely theoretical tone-series discussed in §39.1-39.7. A monochord 

1200 mm in length, and if possible with 13 strings, is indispensable here – the monochord is as 

important for the harmonist as an instrument for a musician or a tool for a worker. Those for 

whom musical hearing has failed, who cannot judge the purity and characteristics of the 

intervals, and for whom things like the difference between major and minor have no inner 

meaning, are entreated to allow the formal mathematic-geometric arrangements that we have 

presented theoretically in sections 1-7 to impress themselves upon their inner understanding. The 

great advantage of all harmonic deductions is that they can also be grasped without tonal 

realization, in pure geometric and arithmetical terms. This naturally requires an inner ability to 

understand the forms of these lines, circles, curves, and numbers – otherwise everything simply 



remains stuck in the intellect, and all of harmonics is nothing but a more or less interesting 

intellectual tightrope act. 

 So as to make it easier to perform a critique and test of the diverse scales and tone-series, 

we first write out the most important scales among the ones discussed in sections 1-7 on a special 

piece of paper (Table 398). As a measuring unit, we use the octave, divided into 1000 
Plogarithms. Each scale has a line on which are noted the frequency (not string-length) fraction, 

the tone-value, and the logarithm of the corresponding step, as well as its place on the line. On 

the right is the relevant scale with its Roman numeral (e.g. XX), where it can be found in the 

above sections, §39.1-39.7. To the left the series are notated from the top to the bottom; in the 

following, we will use this numeration. Between the individual tone-values, according to their 

logarithms, are also their differences, the individual intervals marked from step to step, except 

for 19, where these differences have no significance for the purpose of this section. These 

differences make it easier to evaluate the individual scales among themselves. We see, for 

example, that scales 9, 10, and 11 have the same steps, the same inner structure, despite having 

different tones. As the reader has learned, there are two ways to produce these tone-series on the 

monochord. The first way is to take the reciprocal fraction of the relevant tone (e.g. instead of 

3/2 g take 2/3, or instead of 3/5 take 5/3 → 3/6) and place the bridge at the division points two 

thirds or five sixths of the way along the string. In this case, one always plucks or strikes the 

longer segment of string, since we want to test all scales within the space 1/1 (fundamental tone, 

open string) up to 1/2 (the octave). The second way is to go from the logarithm directly to the 

place on the string. For this, conversions are necessary, and these are carefully calculated and 

given for the reader’s convenience in Table 481, at the end of this book. For the often 

complicated fractions, especially of the interval power series and others, it is easier to be able to 

get the location on the string straight from the logarithm, with the aid of such a table. We have 

the often repeating simple ratios f, g, etc. in our heads anyway, and can easily calculate the string 

segment. However, if we want to produce on the monochord something like the tone fis 3° from 

series 16 with the logarithm 510, we simply refer to Table 481 for the frequency logarithm 510, 

find to the right of it, along the same line, the (reciprocal) string-length log. 490, and further to 

the right the string measurement 842.5 on our 1200-mm monochord. We then place the bridge at 

the location 842.5 mm, pluck the longer string segment, and hear the tone fis. For most scales 

and series (1, 2, and 19) the fractions are consequently omitted. 1 (tempered scale) has the octave 

divided into 12 tones of equal size; the interval of the chromatic semitone of equal temperament 

of the same level is 12√2. The fractions of scales 2 and 19 can be found above in XXVII and 

XXI, where they are treated theoretically. 

 

Table 398: 



 
 



§39.8.1. Analysis of a few scales in Table 398. The 12-step scale of modern music (see above 

§39.6a and Table 398 no. 1) 

We find the relevant monochord lengths on Table 481, according to the instructions above, and 

place bridges under the tone-locations. Beforehand, as with all monochord experiments, the 13 

strings should be tuned to exactly the same note, preferably for our purposes the tone 

 

Figure 399: 

 
 

The reader would also do well to draw the tone-locations (tone-value, tone-number, logarithm, 

and monochord location) as fine lines, or points on lines, on a 60 cm long piece of millimeter 

paper whose width is the same as that of the monochord. These strips can easily be fixed under 

the strings of the monochord with tacks, so that one permanently has all the tone-locations of the 

various scales, which is very important for comparative listening. 

 This scale, since we can hear it on the piano, offers nothing interesting besides the 

attractive regular curves that the 12 bridges form. The reader can test by means the competence 

of his piano tuner. All semitones “should” be of equal size (not optically, but acoustically, to our 

tone-perception). In hearing all these chromatic or enharmonic scales, one should always pluck 

or strike a diatonic scale first, in this case c d e f g a h (c), and impress oneself precisely with the 

acoustic form of this scale. Then one will be able to test individual steps and intervals. 

 

§39.8.2. The 19-step harmonically tempered scale (see §39.6b and table 398, no. 2) 

Since we now have 13 strings at our disposal, we position the first 13 steps of this scale and in 

the case of the variants (des 104-107, d 156-159) take the median value We start from the open 

string c and try to elicit the diatonic C-major scale purely by ear. We find that for this, we must 

strike the first, fourth, seventh, ninth, and twelfth strings, so as to sound the tones c (1) d (4) e (7) 

f (9) g (12) in a way that is pleasing to the ear. Thus the three whole-tone intervals c-d, d-e, and 

f-g are divided in three parts, and the semitone interval in two parts. Now we attempt to hear a 

proper D-major from d (the 4th string). As our ear tells us, we must strike the 4th, 7th, and 10th 

strings to hear the tones d-e-fis, thus once again the three whole-tone intervals d (4) e (7) fis (10), 

between which there are two intermediate steps. And now we try to hear Cis-major analogously. 

The steps for this are: cis (2) dis (5) eis (8) fis (10) gis (13), again with the corresponding whole-

tones divided into three and semitone divided in two. Finally, we try to realize the beginning of 

the Des-major scale. Here, our ear demands the steps: des (3) es (6) f (9) ges (11). We place 

these four scales next to each other with their beginnings lined up, so that their steps fall under 

the corresponding 19-step tempered tones: 

 

Figure 400: 



 
 

Here, we plainly see and hear the fruitfulness of this harmonic tempering in comparison to the 

“musical” type. The first result is the possibility of realizing the chromatic steps ces-des, dis-es, 

eis-f, and fis-ges, On the piano, i.e. within the artificial twelve-step tempering, these steps are 

identical and cannot be differentiated, whereas they can be realized in the nineteen-step, 

legitimate-harmonic and thus “natural” tempering as different steps that can be told apart. Even 

this system is not “ideal” (the fifths and major thirds are a bit too low, let alone problems of 

orthography, the agreement of the tones, and the realization of the system on the piano); but it 

has the advantage of breaking away from the artificial 12-step scheme and getting nearer (with 

the exception of g and f) to the normal pure-tonal tone-values, plus the realization of chromatics 

attainable with the minimum means (only 7 steps more). In this last I see the most important 

requisite for any expansion of our tone-system. 

 

§39.8.3 and 4. The Pythagorean scale (see §39.1a and Table 398 nos. 3 and 4) 

We choose the C-major form (4), draw a third line on our monochord strip, and note upon it: 

[Fig. 401 needs corrections inserted from HK’s errata] 

 

Figure 401: 

 
 

We place the bridge at the location on the string and play the scale. As nos. 4 and (3) in Table 

398 show, the scale is characterized by whole-tones of 170 logarithmic units and semitones of 

75. As a result, we have very large major thirds (e^ 340!) and small semitones (e^-f; h^-c), which 

gives the scale an expansive psychic impression. I can imagine that a unison singing and playing 

in these large whole-tone and small semitone intervals would have a strongly expressive and 

inwardly tense character. 

 

§39.8.5. Scale-circle ... (see above ... VII and Table 398 no. 5) 

We position this scale on the monochord so that each tone-value has its own string, so as to be 

able to investigate the variants °des, dˇd; bˇ b °h. Although to our modern perception this is 

obviously a B-major scale, we start playing it at the lowest tone c: 

 

 
 



As one can hear, the variants °des dˇd and bˇ b °h are so close together that we must choose only 

one tone for the diatonic scale. From the start, °des and °h disappear to our perception, and the 

reader has an audible proof here for the “omission,” i.e. the difficulty of unifying ekmelic and 

emmelic ratios. Which b and which d should we choose? If one listens carefully and lets 

perception speak purely for itself, I believe that only these two variants are possible: 

 

a) c d es f g a bˇ c 

 000 170 263 415 585 737 830 1000 

Diff.:       170       93      152       170     152       93       170 

 

or b) c dˇ es f g a b c 

 000 152 263 415 585 737 848 1000 

Diff.:      152      111       152     170      152      111       152 

 

Of these I prefer a), because for b) the semitones dˇ-es and a-b appear to me, at 111 logarithmic 

units, to be somewhat too large. In both cases, then, if we begin with c as we do here, we have 

the familiar “Dorian” scale, but here in a doubled differentiation: for a) with two different whole-

tones (170 and 152) and a semitone (93); for b) likewise with two whole-tones (170 and 152), 

but in a different series-progression, with a different semitone (111). 

 

§39.8.6. Scale-circle (5/5 + 6/6 – 5/2) (see VIII above and Table 398 no. 6) 

We position the scale on the monochord and hear: 

 

 
 

Apparently a scale from two divergent elements, a major (c-g) and minor (f-c impulse. If we 

begin, however, with f: 

 

f g as b c dˇ e (f) 

 

then this scale emerges to our modern perception as a so-called “melodic” minor scale (f-minor, 

ascending) and we see the interesting fact that this minor scale, which is somehow anchored in 

our perception (otherwise the Classical composers would not have used it so much!) yet 

dismissed by common “harmony teaching” as an unexplainable condition, is predetermined in 

the tone-system. We will also find this scale as a model for all scales of the tone-material of the 

vertical and horizontal series in the complete “P”-diagram of index 9 (Appendix, §39.7), through 

which its “objective” legitimacy is further solidified. 

 As whole-tone intervals of this scale, Table 398 no. 6 shows us the different ones 170 and 

152; as semitone interval, 93; thus the same building blocks as above in §39.5a. The harmonic 

genesis of this scale, however, reveals something entirely new to us, namely its symmetry, which 

is expressed in the mirror-image interval-steps to the left and right of the middle (Plog 500): 

 

         (000)             500          (1000) 

 c d e f ↓ g as b c 



Diff.:      152      170     93         ← 170 →      93      170     152 

 

Presumably, as in all circle-scales, its innermost nature lies herein, and its difference then lies 

only in the various sizes of whole-tone and semitone steps and their symmetrical progression. In 

Table 398, these symmetries can easily be read off. 

 

§39.8.7. Scale-circle 7/7-6/5 (see above IX and Table 398 no. 7) 

With this scale-circle, we hear: 

 

c d es e f g as a bˇ c 

 

For this scale (compare the differences on Table 398, no. 7), it is interesting to note the different-

sized semitone steps d-es (93), es-e (59), e-f (93), g-as (93), as-s (59), and a-bˇ (93). Even though 

some are almost twice the size of others, the progression c - d - es - e - f or g - as - a - bˇ when 

plucked gives one the feeling of rightness, i.e. that d - es - e, es - e - f or g - as - a, as - a - bˇ are 

semitones, although the middle semitone es-e or as-a is almost half as small again (59) as the 

ones surrounding it (93). The reader should play this scale as often as possible, beginning with 

the various steps upwards and downwards, and impress himself deeply with the psychic content. 

He will have more and more of an impression of what I call the “sensitizing” of the step-

perception and the step-construction of melody. Regarding the whole-tone intervals, here again 

we have the two whole-tones of 170 and 152 logarithmic units (59 + 93 = 152). 

 

§39.8.8 and 14. The octagon-scale and the decas-scale (see above X, XIV and Table 398 nos. 8 

and 14) 

Since these two scales are exactly the same in their step-construction, we will discuss them 

together. For this we must transpose one upon the other, and we choose the C-major form of the 

decas-scale as a measuring unit. Therefore we must multiply the octagon-scale (8) in its B-major 

form: 

 

1/1 c 9/8 d 3/5 es 2/3 f 3/2 g 5/2 a 8/9 bˇ 

 

by 9/8, yielding: 

 

1/1 c     9/8 d     81/64 e^     27/20 f^     3/4 g     27/16 a^     15/8 h 

 

which is the same step-progression as the decas scale (14). This scale is characterized by the 

raised fourth fˇ. As whole-tone intervals, 170 and 152 logarithmic units appear; as a single 

semitone interval, 93. To the ear, this scale makes a very pleasing impression, with the possible 

exception of the slightly too tense fourth f^. But if we take this fourth as autonomous, i.e. a 

characterizing element of this scale, then we will not only become accustomed to it, but we will 

see and hear in it exactly what makes this scale different from the other scales. It is also 

interesting to compare this scale with the Pythagorean scale (4). If we place their steps (intervals) 

next to each other, we have: 

 

Pythagorean scale:  170 170 75 170 170 170 57 

Octagon- and decas-scale: 170 170 93 152 170 152 93 



 

so in contrast to the comparatively simple, almost primitive, lapidary construction of the 

Pythagorean scale, the octagon- and decas-scale reveals a more extensive refinement of step-

construction. One should listen to these two scales one after the other, and will find the different 

impressions to be psychically corroborated. 

 

§39.8.9, 10, 11. The scale of musicology (see above XI and Table 398, nos. 9-11) 

From Table 398, we choose form no. 9 and set it up on the monochord. The progression of the 

intervals is: 

 

c d e f g a h c 

170     152       93       170      152      170        93 

 

which is, with regard to the whole- and semitone material, the same as in the octagon-scale and 

decas-scale, only in a different series-progression. It is indubitable that this scale, built from the 

triads T D and S, will make a very well-balanced auditory impression; here I must take back the 

invectives I made against this scale in my Hörende Mensch, but not those against its foundation. 

This can be inferred harmonically in a factual, not only aesthetic way, as a result of its anchoring 

in the cadency of the complete partial-tone diagram (see §42). 

 

§39.8.12. The middle scale of the open PE 9 (see above §39.7 and Table 398, no. 12) 

We first set up this scale on the monochord with its ekmelic steps xd 193 and xb 807: 

 

c d xd e f g as xb bˇ c 

 

and in listening, we find that the ekmelic seventh-ratios xd and xb sound impure and restrict us to 

the steps: 

 

c d e f g as bˇ c 

170     152       93       170        93       152      170 

 

In this scale, as above in §39.8.6, we actually recognize a “melodic” f-minor scale: 

 

f g as bˇ c d e f 

 

but here with a different division of the whole-tones (above c-dˇ = 152, here c-d = 170 

logarithmic units), which with precise listening and integrated perception gives a different inner 

nuance to the two minor scales. 

 

§39.8.13. The scale of the fifth diagram of index 3 (see above XII and XIII and Table 398 no. 

13) 

We position: 

 

c d esˇ e^ f g asˇ a^ bˇ c 

170        75         95       75       170       75        95         75       170 

←|→ 



 

This is the familiar B-major scale (with a generator-tone c 1/1), so once again the Dorian scale 

with the chromatic variants e^ and asˇ. Through the appearance of these ratios and the 

reciprocals a^ (755) and esˇ (245) this scale, which we have seen before (V, VI, and XIII), 

obtains its special psychic form that distinguishes it from the others. This form is determined by 

the appearance of only one whole-tone interval (170) and two semitone intervals (75, 95). 

 

§39.9. The problem of the summation of logarithms 

In my Hörende Mensch (p. 170 ff.), I placed great importance on the “adding up” of the sums of 

the logarithms of the individual tones in the scales as a criterion for a “true” scale. Schümann and 

Opelt are to thank for this.  The criterion always seems to be accurate when we use the 

logarithmic differences between the individual tones; because it is clear that then their sums must 

always add up to an octave (1000), otherwise the measure of the octave would be too low or too 

high, which naturally demolishes the space that is at the scale’s command. Of course, this says 

nothing about the “rightness” of the steps for our perception; because it is just as clear that all 

ratios that are “impure” to our perception satisfy this requirement, as long as they do not disrupt 

the octave-space. As for the logarithms of the individual tone-values themselves, a few of their 

sums come out even, the rest do not. Thus, for example, the three transpositions of the “scale of 

musicology” (Table 398, 9, 10, and 11) have the sums 3.136, 2.946, and 3.072, whereas the 

octagon scale above these (Table 398, 8) adds up to 3.000, thus coming out even. An observation 

of the scales in Table 398 shows us that for all series that are constructed symmetrically from the 

middle (log. 500) out to the left and right, therefore having reciprocal ratios, the logarithmic 

sums of the tone-values come out even; this is not the case for asymmetrical series, including the 

scale of musicology. 

 But what is the true criterion of a real diatonic scale? The reader will be able to judge for 

himself, according to the above monochord tests. Careful observation and precise hearing show 

us – as the logarithmic differences in Table 398 indicate – that our perception always has the 

impression of “rightness” when two whole-tone steps of 170 and 152 logarithmic units, and two 

semitone steps of 93 and 75, are used as construction material. These steps in themselves realize 

the tones: 

 

Frequencies:  9/8 d  10/9 dˇ 16/15 des (1/3)5 desˇ 

   170  152  93  75 

String-lengths:  8/9 bˇ  9/10 b  15/16 h (3/1)5 hˇ 

 

so, two senary whole-tone and semitone intervals, surrounding the generator-tone 1/1 c. This, of 

course, only applies for primary pure intonation. Our harmonic 19-step tempered and pure-tonal 

scale has semitones of 104 and 107 and whole-tones of 156 and 159 logarithmic units, aside 

from the further interval differences of the chromatics and enharmonics. 

 

§39.10. Conclusion 

The above monochord tests in §39.8 give only a selection from Table 398. The reader can 

experiment on his monochord with the chromatic and enharmonic scales in a similar way. As 

mentioned before, this chapter has been allotted such a large space so as to enable the reader to 

perform his own tests, to gain as great a command of the technique of harmonic analysis as he 

wishes. Anyone who feels at home with this technique – to compare with the pianists’ study of 



scales – will be also able to master the further construction of the harmonic conditions creatively, 

in an independent manner. Naturally, this basically applies more or less for all chapters of this 

book. But precisely the harmonic “scale lessons” are, in my experience, the best training for 

reaching this independence. It is not necessary to understand and “hear” all the ramifications of 

this §39 from the very start. But one can refer to it again and again, and not cease until one is 

really adept. 

 Helmholtz himself can bear witness to the fact that this, even in the narrower “musical” 

sense, is not scurrilous hair-splitting. In his Lehre von den Tonempfindungen (6th ed., 1913, pp. 

436-7), he writes: “Modern interpreters of the Greek music theory have mostly been of the 

opinion that the mention of differences in tuning – which the Greeks called tone-colors (chroai) 

– are only for theoretical speculations and would never be applied. They believed that the 

differences were so small that a completely unbelievable refinement of the sense of hearing 

would be necessary to grasp their aesthetic effect. On the contrary, I must claim that modern 

theoreticians can only have advanced this idea because no one among them has tried to 

reproduce these various types of tone practically and compare them by ear ... And further, as for 

the freedom of the observation of the senses in artistic matters, we modern people may well look 

to the Greeks as uncontested masters. In the present case, however, they had a special incentive 

and opportunity to educate their ears further than we do ours. From our youth, we have become 

used to the inexactitude of the modern equal-vibration tuning, and all the earlier diversity of the 

types of tone (scales) with their varied expressions has been reduced to the fairly easily audible 

difference of major and minor. The Greeks and other peoples who had only homophonic music 

must have sought to attain the various levels of expression, which we achieve through harmony 

and modulation, through a finer and more manifold gradation of the tone-types. It is thus no 

wonder that their ears were much better trained to hear this type of difference than ours are.” 

 

§39a. Ektypics 

The meaning, nature, and ektypics of the melodic aspects will be discussed in §41 in connection 

with those of the chordal aspects. 
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§40. CHORDS 

 

In the scale, the progression of the temporal manifests itself successively; in the chord, the Being 

of the spatial manifests simultaneously. The building blocks of chords are the intervals (cf. the 

Index and §17). 

 

§40.1. The polar geometry of the chord 

 

a) Circumference = string = 1/1 c. 

 

We are looking for the overtone chord c c g c e. For this, we must divide 1/2, 1/3, 1/4, and 

1/5 of the string (circumference) (Fig. 402). 

 

Figure 402: 

 
 

Geometrically, this diagram does not tell us much, since it simply represents the geometric 

division of a line bent into a circle according to the measure of the first partial-tone ratios. 

 

b) Circumference = octave 1 c = 0° to 2 c = 360°. 

 

For this, we must divide the octave (the circumference) according to the angles of either the 

frequencies or the string-lengths, which we have already learned in §33, and for which we use 

Table 481. 

 

Table 403: 

String-lengths Frequencies 

log. 

angle 

Plog. tone-

angle 

tone-

number 

tone-

number 

tone-

angle 

Plog. log. 

angle 

360° 1000 360° 1/1 c 2/1 c 360° 1000 360° 

326.5° 907 315° 15/8 des 15/8 h 315° 907 326.5° 

265.5° 737 240° 5/3 es 5/3 a 240° 737 265.5° 

210.5° 585 180° 3/2 f 3/2 g 180° 585 210.5° 



149.5° 415 120° 2/3 g 2/3 f 120° 415 149.5° 

116° 322 90° 5/4 as 5/4 e 90° 322 116° 

61° 170 45° 9/8 bˇ 9/8 d 45° 170 61° 

0° 000 0° 2/1 c 1/1 c 0° 000 0° 

 

Figures 404 and 405: 

 
Figures 406-407: 

 
Figure 408: 



 
Figures 409-410: 

 
Figure 411-412: 

 
 

Next, we draw up a table (Table 403) and choose the familiar C-major scale for the 

“frequencies.” On the left, in the “string-lengths” category, we set the reciprocal tone-values and 



observe that in this case, all numbers remain the same – through which we obtain the interesting 

additional result that the reciprocity of frequencies and string-lengths, with regard to the diatonic 

scale, exists in a polarity of C-major to f-minor (As-major) – a typical key-change for Classical 

and Romantic music! 

 In drawing all these polar diagrams, one must naturally stick to a definite order. In 

general, we set the tone-values as measuring units for this order – always clockwise, starting 

from the topmost c-point on the circumference. Because of this, the angle arrangement by 

frequencies and string-lengths inevitably goes counterclockwise. We can obviously also use the 

numbers or angles as measuring units, as in the table. Then the geometry of Fig. 404 would be in 

agreement with Figures 405, 406, and 407; however, the direction of the tones on the 

circumference would be reversed. 

 Now, if we search for a geometric chord-arrangement in Figures 404-407, we find, 

regarding Fig. 405 (likewise Fig. 404, but here with different tone-values), the image of Fig. 408. 

The main chords C-major (tonic = T), G-major (dominant = D), and F-major (subdominant = S) 

lie upon isosceles triangles whose bases mark off different arcs of the circumference: for the first 

(tonic), one half (1/2 = π/2); for the second (dominant), a quarter (1/4 = π/4); and for the third 

(subdominant), a third (1/3 = π/3) (circumference = π for diameter = 1). A further investigation 

of the circle geometry of the chords possible within the C-major scale: 

 

c e g d a f e g h f a c g h d a c e h d f 

 

shows that besides the three main functions T, D, and S, the chord e g h is also embodied in an 

equilateral triangle, and for g h d there is a π/4 triangle. The other chords form irregular triangles. 

 Now it is interesting to investigate how this peculiar regular circle-geometry of the three 

most important major chords appears in frequency-based, tempered, and tempered-logarithmic 

modifications (the angles can be found in the ratio table 481 at the back of this book). 

 We will first discuss Figures 409, 410, and 411. Just from looking at them, one can see 

that the geometry of these chords only produces regular triangles in the familiar frequency 

arrangement (and also, of course, in the string-length arrangement that is polar to it), whereas 

these triangles immediately become irregular in the tempered arrangement, and appear downright 

disorganized in the associated logarithmic modification, albeit in terms of the schematic division 

of the circle in 12 (c = 0°, cis-des = 30°, d = 60°, etc.) in three identical, but irregular triangles. 

 How about the logarithmic arrangement of the familiar frequencies and string-lengths? 

For this, see Figures 406 and 407, and Fig. 412, which is built from 407. Here, as in the previous 

diagram, there are irregular triangles in various positions which, however, are all identical to 

each other. 

 There could be no more vivid example as these triangles of how important such 

harmonic-geometric analyses are for the understanding of various aspects of a single 

phenomenon (here, the major chord), and for a deeper insight into the nature of the phenomenon 

in question. As is well known, the familiar tone-number diagrams (frequencies or string-lengths) 

show us the phenomenon more in terms of its real origin (Being), whereas all logarithmic 

modifications show it as we hear it (value). Compare in this context Figures 409 and 412. The 

three chords in Fig. 409 have characteristic, various forms = π/2, π/3, and π/4 = triangles. Here, 

what is documented is not the sameness of all three chords as major chords, but their difference 

as C-, G-, and F-major chords. The three chords in Fig. 412, on the other hand, are all 

geometrically the same, and only different through their positions in the circle (octave). Here, 



then, what is documented is not so much their difference as C-, G-, and F-major chords, but their 

sameness as major chords. Whereas with the “haptic” aspect (Fig. 409) the emphasis is on the 

special and the individual, the psychically sounding aspect (Fig. 412) puts more emphasis on the 

categorical and typical. This emphasis on the special and individual (Fig. 409) is closely 

connected with beautiful haptic-visual tectonics (individual triangles), whereas this individuality 

of the chord (Fig. 412) transubstantiates, in a certain sense, from the just-so into a pure 

relationship of position, by which the triangles lose their characteristic differences and take on an 

irrational collective form. 

 The reader is encouraged to search and research further here, independently. Above all, 

he should draw more circle diagrams of the same type, but not fill them out with ratios 

haphazardly, but proceed according to certain principles: for example, on the basis of the 

collective ratios of PE16, for which one must naturally draw the circles correspondingly large; or 

on the basis of the partial-tone cube index 5 (PK 3), the “complete” partial-tone planes of index 6 

or 9, or some other typical selection. The numeric material can be found in ratio table 481. He 

should seek, above all, geometric orderings within the intervals and chords, and compare these in 

their various modifications (string-lengths, logarithmic string-lengths, frequencies, logarithmic 

frequencies, and tempering, log. P.). 

 

§40.2. The major chord of the overtone series and the minor chord 

The overtone series manifests both objectively, without human assistance, as a “law of nature,” 

and subjectively in our psyche, thus in sum psychophysically. The fact that it creates a pure 

major chord in its first 6 ratios can be attributed to a primal phenomenon before which our spirits 

must bow in astonished awe and wonder. Objective realization requires frequencies, and 

therefore vibration-numbers of some tone-producing medium, according to the measure of the 

numbers 1 2 3 4 5 6. Subjective realization requires the division of the monochord, therefore the 

string-length according to the measure of the numbers 1 1/2 1/3 1/4 1/5 1/6. In both cases, we 

hear the major chord c c g c e g. Objectively speaking, it is time (frequency), subjectively 

speaking it is space (string-length), that plays this chord, if we consider the two reciprocal 

number-series as modes of realization. However, the tone-value of the individual ratios, and with 

it the chord as a whole, stands upon a spatial-temporal basis; in the case of the major chord, such 

that the frequency proceeds in whole numbers and the string-length in their reciprocals. For the 

minor chord, the reciprocal relationship is reversed, but is no longer “given by nature.” 

 The fact that this natural law of the overtone series has its effect on our psychic 

perception precisely in a major chord, and not in a minor chord can be seen as a hint that the 

major chord is the “nature-given” basis for all chords. In his interesting article, “Eigentöne 

geschlossener und offener Räume, der Straßen und Plätze” (in Forschungen und Fortschritte, yr. 

12, no. 10, April 1, 1936, Berlin), Gustav Jäger (Vienna University) relates on the basis of his 

own observations that the individual tones of streets, squares, spaces, etc. “are mostly in 

harmonic relationships,” i.e. the frequencies obey 1n 2n 3n ... 7n, and thus realize the major 

chord of the overtone series. Furthermore, Hermann Hiltbrunner has published a wonderful 

article, “Eismusik,” in the Neue Zürcher Zeitung (no. 196, Feb. 2, 1945), in which he describes 

the strange “sea-roaring” with grandiose poetic empathy, and notes the following: “At home I 

opened the window so as to be able to take this music of the world into my dreams. Because the 

short distance to the sea was mainly pervaded by two tones, I grabbed my tuning fork and 

established, with astonishment, that this symphony of nature was composed in C-major, and 

from my viewpoint sounded essentially in only two voices: along with c there was also g, the 



fifth transposed an octave downwards, whereby the dyadic interval formed a perfect fourth. Thus 

the ice-breaking symphony remained completely in Albert Heim’s “water-tonality,” established 

from the lesser flows of stream and river, in which c’ appears as the main tone; yet the fixed 

condition of the elements seemed to have been raised the f, otherwise common to all water 

harmonies, by a major second to g. ... That was my last insight on this tone-filled night.” The 

minor chord, which nature does not spontaneously realize (but see §22.1 on this subject!), and 

which we can only realize of ourselves, “artificially,” is the exact mirror-image of the major 

chord: 

[This figure, unnumbered, needs corrections inserted from HK’s errata] 

 
 

This fact can be an indicator for us that the form of the “minor” corresponds to a psychic 

consciousness of polarity in us, a type of psychical addendum that we inwardly need, and 

through which the “major” becomes in a sense legitimized in our psyche. Spiritually, this 

connection is expressed anyway in the system of the “P”; but it is important to point out the 

“naturalness” of the major and the psychic correspondence of the minor, presumably dictated by 

it, as a phenomenon in itself. The deep connection of minor melodies and chords, in the practical 

music of all times and peoples, to emotions of love and wistfulness, of sorrow and inner 

commotion – this characteristic ability of the minor to open up a whole world of the psychical 

and to coordinate it with the natural major, indeed to make possible an entire new epoch in music 

through this coordination – appears to me to be the actual challenge of Nature (and it goes far 

beyond just music!) which she has posed to us humans, and continues to pose, with the major 

chord: a demand that is fulfilled in the depths of our spiritual lives by the phenomenon of the 

minor chord. 

 

§40.3. The genesis of chords 

 

§40.3a. The chords of the 1/4 PE 

For the sake of simplicity, we will indicate all major chords in the following with capital letters 

(C = C major) and all minor chords with lower case letters (f = f minor). According to the 

genesis of the minor chord, we must designate the f-minor chord, for example, with c at the 

“bottom,” as Riemann correctly does in his study of harmony. However, we hear the minor 

chord, as well as the major chord, from the bottom to the top. A gravitational element must 

surely be at work there, among other causes, which I have already discussed in my Harmonia 

Plantarum, p. 51 ff. 

 

Figure 413: 



 
 

 If we first investigate the horizontal and vertical series of our familiar “P” (Fig. 413), we 

find within the (closed) senarius, as we already know, nothing but pure major and minor chords 

of the same type and inner construction. Beyond the senarius the ratios narrow, leading to chords 

of 4, 5, 6, and more voices. 

 

Monochord test. We first want to hear the chords C and f: 

 

 
 

on the monochord, so we seek out the corresponding string lengths on ratio table 481, and 

position the bridges. It is best always to start from the deepest possible primal tone, so we choose 

the segments 

 

    c         e          g                      f          as         c 

1200 960 800  900 750 600 

       millimeters                              millimeters 

 

One can then play these chords and let them impress themselves upon one’s perception. It is 

indubitable that we are hearing the two fundamental types of major and minor chord. They make 

an impression on our psyche of an absolute repose, a complete euphony. To become better 



acquainted with the difference between major and minor, we will transpose the f-minor chord to 

c (c es g), for which we use the 6/5 es (log. 263) of the 6/1 6/2 ... series. Since all major and 

minor chords of the “P” have the same inner construction in their beginning ratios, this is 

allowed. 

 We therefore choose: 

 

    c         es        g 

1200 1000 800 (mm) 

 

and position these notes, and strike this c-minor and the C-major, one after the other. Here the 

“darkening,” the withdrawal of the minor, in contrast with the more outward turning “radiating” 

major, is especially clear to the perception. In Table 398, one can now easily draw on the 

tempered ratios for comparison and check the differences by ear. Since the (pure) fifths remain 

virtually equal, the differences occur in the thirds: the tempered third of the major chord is higher 

than the corresponding pure-tonal thirds, and that of the minor chord is lower: 

 

C-major pure-tonal: 

  tone:   c e g 

  freq. log.  000 322 585 

  place on string: 1200 960 800 

C-major tempered: 

  tone:   c e g 

  freq. log.  000 333 583 

  place on string: 1200 952.2 801 

______________________________________________________ 

 

c-minor pure-tonal: 

  tone:   c es g 

  freq. log.  000 263 585 

  place on string: 1200 1000 800 

c-minor tempered: 

  tone:   c es g 

  freq. log.  000 250 583 

  place on string: 1200 1009 801 

 

Anyone whose ear is trained from the previous chapters will be able to ascertain without 

difficulty the “impurity” of the tempered chords in contrast with the pure ones. 

 We will now test whether our claim is true that for all partial-tone series, the beginning 

ratios always have the same two chord types. For this we deliberately choose the ekmelic, i.e. 

hypersenary chords of the seventh series: 

 

   xd xfis xa and xes xges xb 

freq. log.  193 515 778  222 485 807 

place on string: 1050 840 700  1029 857.5 686 

 



If we position these chords on the monochord, we hear each in itself as a pure major or minor 

chord of a known construction: primal tone – major third (322) – minor third (263) and fifth 

(585), as the differences of the above logarithms confirm; because 778 – 193 = 585 (fifth); 515 – 

193 = 322 (third); etc. With these two “reciprocal” seventh chords, it is interesting that we no 

longer have the feeling of a polar completion when hearing them one after the other (as above 

with C and f), but instead the perception of an oppositional strangeness, despite the primal tones 

that lie close together, xes and xd (theoretically a semitone!). Although all ekmelic ratios also 

produce pure chords in their first senary series impulse, just like all others, which cannot be 

otherwise in accordance with their emergence and ratios, their ekmelic element, i.e. the element 

that no longer belongs to our tone-system, is expressed in the reciprocity of the beginning 

chords. And we have already heard and learned, in the tone analysis in §39, that the individual 

ekmelic ratios can hardly be unified with the remaining senary ratios. This whole problem of the 

relationship of ekmelic to emmelic ratios, and the positioning of the former in the tone-system, 

requires a chapter in itself, and is exceptionally important in ektypic and symbolic terms, 

especially regarding the ratio 7. The reader has the opportunity here to procure the precise factual 

knowledge for this problem through further analyses. He should investigate further chords of the 

7th, 11th, and 13th series, and test them together with the nearby ones of the senary series. 

 

Figure 414: 

 
Figure 415: 



 
 

§40.3b. The logic of the interval and chord construction of the “P” 

The best insight into this logic is imparted by the Thimusian series (see §22.3). Thimus 

(Harmonikale Symbolik, I, 211, etc.) applies two models, which are illustrated in Figures 414 and 

415 as models I and II. Of these models, model II (Fig. 415) is especially suited to our purpose, 

since it goes to work step by step according to the measure of the indices, in contrast with model 

I (Fig. 414), which expands too quickly. We will always reproduce and investigate the individual 

series in their two halves (< 1/1 and > 1/1), i.e. the corresponding double series as sectors above 

and below the generator-tone line. Since 1/1 does not yet yield a series, and the series  

 

1/1 → 2/1 c   and 1/1 c 

 ↓   ↓ 

 2/2 c   1/2 c, → 2/2 c 

 

yield no new intervals or tone-values besides the triad c, c c, i.e. the octaves above and below, 

we begin with 3 as the ratio builder. I write the two double series as we find them in the “P” 

diagram: 

 

Figure 416: 



 
 

and now give them in the Thimusian modification, which we will retain for all series from now 

on, since they illustrate the logic of the interval and chord construction much better (Fig. 417): 

 

Figure 417: 

 
 

As one can see, these series intersect in each case in radical quantities whose number always 

signifies the index of the corresponding double series; they are either irrational, or, when the root 

is obtainable (e.g. √9 = 3), rational. Their coordination (√n and √1/n) vindicates itself from the 

polarity of the “P” system. Therefore, we will indicate the individual series pairs most simply 

with their radical quantities. 

 To recapitulate: the germ cell of interval formation is, as for everything else in 

harmonics, the “origo” of the unity 1/1. After this first step there follows, in our development 

scheme, √2 / √1/2 with the upper and lower octaves of 1/1 c. Index 2 thus produces the most 

important framing interval: the octave. 

 Index 3 (see Fig. 417) produces the duodecimal (= octave + fifth) upwards (c – g) in the 

line above √3, and from √1/2 the same interval downwards (c – f,,), whereas in the lower line, 

fourth and fifth intervals emerge. Fifths and their inversion, the fourths, are thus the next most 

important intervals after the octave. Tonal embodiments for 1/1 c are the tones g and f. 

 Index 4 produces, as the reader can easily test for himself, no new tone-values besides 

new octaves, but gives the fifths in a different arrangement. 

 

Index 5: 

 



Figure 418: 

 
 

produces, in the upper lines, the upper and lower major thirds e and as, two octaves away from 

the generator-tone octaves. In the lower lines, we find the a-minor chord for √5 on the left, and 

the C-major chord on the right; for √1/5, the f-minor chord on the left, and the As-major chord 

on the right. 

 A future harmonic “study of harmony” might give the student the task of composing 

small pieces from these intervals, chords, and tones. 

 

Index 6: 

 

Figure 419: 

 
 

produces, above, the expanded octaves of the upper and lower fifths together with the two Z-

octaves. At the bottom, for √6, we find the c-minor chord on the left, C-major on the right; for 

√1/6, the f-minor chord on the left and F-major on the right. Here, as for all following indices, a 

future student of the harmonic study of harmony will be able to perform his exercises – exercises 

that are not arbitrarily chosen, but are directed strictly according to the evolution of the tone-

system! 

 

Index 7: 

 

Figure 420: 



 
 

produces a mix of emmelic (C-major with so-called “pure” sevenths: c e g xb and f-minor with 

“pure” lower sevenths: xd f as c) and ekmelic seventh chords, with “senary” sevenths c: 

 
xd xfis xa c and c xes xges xb 

 

We will now test this on the monochord. 

 First, there is an opportunity here to investigate the famous (and infamous) interval of the 

“pure” seventh, i.e. the 7th overtone 1/1 c – 7/1 xb; likewise the interval reciprocal to it, 1/1 c – 

1/7 xd. We position on the monochord: 

 

Tones:   c xb  c xd 

Logarithms:  000 807 and 000 193 

String lengths:  1200 686  600 1050 

 

For my ear, xb is somewhat too low here, and xd somewhat too high. If one positions the senary 

9/10 b and 10/9 dˇ for comparison, as soon as one strikes them one will get the feeling of “in-

tuneness” compared with the “out-of-tuneness” of the two seventh ratios. The xb goes better with 

the pure C-major chord, whose 7th overtone it in fact is. We position on the monochord: 

 

   c e g xb 

   000 322 585 807 

String-lengths:  1200 960 800 686 

 

and again the xb sounds too low to our perception, but in the context of the whole chord, it is 

milder than in the plain interval c–xb. The same goes for the chord xd f as c. 

 If we now position on the monochord the two ekmelic, but in themselves pure, seventh 

chords: 

 
   xd xfis xa c  c xes xges xb 

   193 515 778 000 and 000 222 485 807 

String-lengths:  1050 840 700 600  1200 1029 857.5 686 

 

with their upper and lower sevenths, then our ear judges the same thing as before: the chords of 

the seventh-ratios are pure in themselves, but they do not “fit” with the two c-values. 



 We also make the discovery here that the emmelic ratios, lying within a limited senarius, 

agree hardly, if at all, with the ekmelic ratios lying outside the senarius. 

 Since I am leaving out the ekmelic ratios in the following, the reader is encouraged to 

perform further monochord tests with these (11th and 13th ratios, etc.). The more sharply the ear 

is trained, the surer the judgment will be. 

 Index 8 produces nothing new, although, restricting itself to the chords C and F, it retains 

its own significance for a harmonic study of harmony as a prototypical task. 

 

Index 9: 

 

Figure 421: 

 
 

The characteristic of this index is the emphasis on the whole-tones d dˇ and b bˇ, as well as the 

appearance of the chords: 

 

Figure 422: 

 
 

This is the case reduced by octaves. According to their construction, these are ninth chords: 

 

 
 

Thus, we see that this chord, studied relatively late in harmony courses but much used in 

practice, appears quite early in the harmonic development. 

 

Index 10: 

 

Figure 423: 



 
 

produces major thirds and sixths above (e as and a es), and in inversion, minor thirds and sixths. 

The lower series, for √10, show the chord of a on the left with an “insert” of dˇ, and C on the 

right with an insert of d; for √1/10, the chord f on the left with an insert of bˇ, on the right As 

with an insert of b. 

 We now want to test these chords, because it is here that the enharmonic steps dˇ d and b 

bˇ emerge. For monochord testing we choose only √10; the reader can perform √1/10 for 

himself. We arrange the bridges in the following manner: 

 

   c dˇ e a  c d e g 

   000 152 322 737 and 000 170 322 585 

String lengths:  1200 1080 960 720  1200 1066.5 960 800 

 

These are the same chords as index 9: a minor chord with the fourth added, and a major chord 

with the second added: 

 

Figure 424: 

 
 

If we strike the tones one after the other, we have the impression of a wonderful, contented 

melody, as well as a chord dispersing into wistfulness – so simple are the four tones in 

themselves. A discerning ear will especially notice the difference between d and dˇ. 

 If we choose the chords whose tones are grouped directly around the radical quantities 

√10 and √1/10, we have: 

 

Figure 425: 

 
 

The first chord, known as the “chord of the added sixth” was a long-time favorite theme for 

musical investigations in the writings of Rameau and his contemporaries, as Thimus tells us (I, 

215). 



 We will not follow the Thimusian series further, since the reader can now easily analyze 

them himself, up to the indices 12, 15, and 16. If he also presupposes the tone-space (§37), and 

uses only 1/1 = 3/1 or 1/3, i.e. series built on generator-tones of g and f, he will obtain an 

exceptionally richly differentiated system of chords and melodies, which, as remarked above, 

can be the foundation for a future harmonic study of harmony. 

 Of course, there is obviously the objection that we do not need the Thimusian series at all 

for knowledge of the pure interval and chord development, since we can simply read off and 

notate the major and minor chords from the P-diagram. This, however, gives only an external 

configuration, which is indeed sufficient for other theorems, e.g. cadencing (see §42). Here, 

however, with the Thimusian series, through the coupling of each pair of series that belong 

together from the > 1 and < 1 domains of the “P,” as well as through their special arrangement in 

two columns, we have the possibility of handling each index, so to speak, in an individual, 

secluded manner, yielding the advantage of further regularly appearing chords (four- and five-

note chords, inversions, etc.) as well as the logical connection of these with the linear melody of 

the individual tone-values from which they are built. We will test further specific chord 

connections in §48 (enharmonics) and §45 (interval powers). 

 

§40a. Ekyptics 

Regarding ektypics, see §41. 

 

§40b. Bibliography 

Besides the literature for the previous chapter, see A. v. Thimus’s series developments, 

especially in Part I of his Harmonikale Symbolik, and the introduction to Part II. Further: H. 

Kayser: Hörende Mensch, 314 ff., 318; Klang, 54, 121; Abhandlungen, 261, 268; Grundriß, 124-

125, 172, 176. – A discussion of chords in the sense of the musical “study of harmony,” lies 

outside the consideration of this chapter, although it points towards the foundations of a later 

harmonic study of harmony, or better: a standard harmonic study of music. One will then see that 

the various chords, both with regard to their evolution and their meaning and naming, mostly 

depart from the previous musical definition. 

 

 

 

 

§41. EKTYPICS FOR MELODIES AND CHORDS 

 

§41.1. Nature of melodies and chords 

“Melody” and “harmony”: thus one can designate the familiar concepts of these two important 

value-forms of the “horizontal step” and the “vertical step” (Grundriß 175 ff. and 171 ff.), whose 

theorems are the melodic and chordal in themselves. 

 “Theorem” here means, as overall in harmonics, the concentration of certain phenomena 

upon a prototype. Phenomena, i.e. psychophysically perceptible and provable appearances, are 

scales and chords in this case, background for the melodic and chordal. These are prototypes for 

the value-forms of the horizontal and vertical step. 

 In pure phenomenological terms, the chord has a dynamic-expansive character. This is 

shown not only by chords in music (cadence steps, modulations, etc. – here the cadence is meant 

not as closure, but in its reinterpretation as a chain of chords), where it represents the actual 



advancing element within the musical event, but also the position of the beginning chords 

themselves in the “P” system, which can be illustrated as parabolas, as we learned in §27 

(partial-tone parabolas). Parabolas, however, are the geometric expression for the curve of 

projection, i.e. for a typical dynamic law – and it is an invalid objection that this is merely a 

material aspect. Like all physical laws, it has a spiritual background, whose metaphysics cannot 

be annulled by materialistic realization and containment in a formula. 

 The melody and its phenomenological starting point, the scale, observed in terms of their 

origin, have a balancing character, striving toward the statics of a closed melody construction. 

This is shown not only by the “scale-circles,” but also by the knowledge that all scales, just like 

all melodies, must be at equilibrium inwardly, or must circle around an imaginary center, unless 

they dispense with this and, in spite of everything, restore the equilibrium of the whole in the 

progress of the melodic development.  

 From the phenomenological and musical-ektypic viewpoints, we would then have the 

equations: 

 Chordal-expansive, dynamic, and melodic-contractive, static. 

 But one can also say that in the chordal, we see the prototype for the spatial-static, 

whereas in the melodic we see the prototype for the temporal-dynamic. Each chord “rests” in 

itself as a whole, each melody “strides forward” as a whole. 

 With this introversion, a new element appears that was initially missing from the purely 

phenomenological findings: wholeness. 

 

§41.2. The element of wholeness (form) 

Most simply, this concept of wholeness, which plays such an exceptional role in the most varied 

domains, can be demonstrated with chords. If I play the chord c e g 

 

Figure 426: 

 
 

I can deal with it in two fundamentally different ways. Either I proceed analytically, hearing the 

individual tones in the harmony, which is not difficult for anyone who is slightly musical; or else 

I proceed synthetically, hearing the chord as a whole. Here, the three individual tones disappear, 

and I no longer hear them; they abdicate in favor of a “higher” unity: the major chord c e g as an 

overall impression. I hear this C-major chord as whole, something completely new and different 

from the individual tones, although its character is naturally determined by its individual 

components. If these tones are different, such as c es g or f a c, then the chord has a different 

character (c-minor, F-major), but it is always a chord, in this case a triad, and therefore a unity, a 

psychical form of a definite type. 

 This concept of wholeness can also be shown for melody. Imagine a known melody. 

Here, the individual components of the various tones are much easier to analyze, since they 

follow each other successively. These tones, analyzed individually in themselves and among 

themselves (intervals, rhythm, etc.), each have their characteristic value, but observed and heard 

analytically, they tell us absolutely nothing about the melody as such. Only when I hear this as a 

whole, taking this overall impression into my psyche, will the synthesis appear, and indeed I still 



hear the progression of tones and rhythms, but no longer individually, but as a whole, as a form 

of some melody, theme, or whatever one wishes to call it. 

 It was briefly suggested (Donald Brinkmann: “Das Wesen des musikalischen 

Gegenstandes,” in the Schweizerische Musikzeitung, 1.1.1945) that with “musical hearing” we 

never hear tones as such, but “a perceptive unity that lies behind, or beyond, all tonal 

appearances.” This viewpoint is designated as a “paradox,” and the perception of unity as 

“surreal”; the “theme” serves as a prototype. Anyone who is familiar with Kant will find 

something here neither paradoxical nor surreal, but simply the Kantian theory of synthetic 

apperception, grasped fairly late in music psychology. Of course we do not hear actual “tones,” 

any more than we “see,” or “feel” other “real” conditions of any other type. In our apperception, 

whole forms must exist; they make every “perceptive unity” possible. This has been a platitude 

since Plato and Aristotle. It is just as much of a platitude, however, that we come to musical 

perceptions “upon” the tones, by means of them and not by means of pebbles, and therefore that 

the “paradox” that we never hear tones is simply wordplay. It would be far more useful, in my 

opinion, for a future aesthetics of music, to examine more precisely the laws that lie within the 

tone-phenomenon in itself, as they have been elicited by harmonics for the first time in the 

history of musicology. Thereby one would notice that many “perceptive unities” (not only the 

“theme”) are already present in the law of tones, and that these whole forms have not a surreal 

character but a psychophysical one; and therefore, that the elements of wholeness and form of 

acoustic apperception are of completely “real” origin – inasmuch as we humans may speak of 

“realities” at all. 

 The concept of wholeness, which can thus be harmonically demonstrated most audibly 

and visibly on the basis of the melodic and chordal theorems, has become greatly important in 

recent speculation, because it is hoped that with it, through analytical differentiation, an eternally 

expanding haptics may emerge. How far this has succeeded under the banner of “Gestalt theory” 

and the endeavors tied in with it need not be discussed here. As far as I can see, it is not very 

useful to pursue Gestalt theory within purely haptic notions and simply to integrate the 

differentials analyzed therein. Wholeness, form, is something different from a mere integral. It 

makes demands on our psychical capabilities at another, deeper level, and in my opinion, it is 

relevant to establish the forms of these deeper psychical levels, so as to give the concept of form 

a foothold adequate for its “whole” significance. The harmonic theorems and value-forms are 

one way to do this. See what was said about the concept of “wholeness” in §17b. 

 A short essay dictated by one of the first new Gestalt theorists, Chr. v. Ehrenfels, a few 

weeks before his death (published in Philosophia, vol. II, 1937, pp. 139-141), begins: “The 

starting point of the study of Gestalt qualities was the attempt to answer a question: what is 

melody? ... the decisive step for the foundation of the theory of Gestalt quality was the claim on 

my part that if the images of successive tones in memory are present as a simultaneous complex 

of consciousness, then the idea of a new category can emerge in the consciousness: a uniform 

idea that is connected in a specific way with the ideas of the relevant tone-complex. The idea of 

this whole belongs in a new category, for which the name “established content” has become 

general ... The Gestalt qualities can be divided into concepts of procedures and momentary 

conditions. I have differentiated these groups as temporal and timeless form-qualities. Examples 

of procedures are melody and movement; examples of momentary conditions are harmony and 

that which one designates in everyday life as space-form. But there are not only tone-melodies; 

there are also, for example, color-melodies, and likewise color-harmonies. Indeed, analogies of 

melody and harmony must be found in the domain of all sense qualities.” Ehrenfels says, further: 



“The belief in Gestalt qualities is at the basis of my Kosmogonie (Jena, 1916).” Thus, it is 

beyond all doubt that the modern Gestalt theory owes its birth to the two harmonic theorems of 

the melodic and chordal (“harmony” here meaning the same as “chordal”), and that Ehrenfels 

already wanted to investigate and identify inorganic nature (cosmogony) as interwoven with 

“Gestalt qualities,” i.e. with psychic forms. 

 

§41.3. Melodic-linear-temporal; chordal-[illegible word on my copy – Tr.]-spatial 

If for the moment we ignore the inversion of dynamic and static, and vice versa, in our two 

theorems, then it is certain that we can connect to them the concepts of the spatial and temporal. 

All melodic things happen in some temporal chain of events, all chordal things are as if in three-

dimensional space. Within the two value-forms of the horizontal and vertical step (Grundriß A 6 

and 7) these connections broaden into a series of ektypic observations, which one can read about 

there. In particular, the diagrammatic and graphic can be assigned to the melodic, and the colored 

and pictorial to the chordal, through which a whole series of interesting correspondences is 

obtained, which, having little or nothing to do with one another in themselves, make a unity in 

the context of these harmonic value-forms. 

 

§41.4. An ektypic example for the theorem of the chordal (value-form: vertical step), taken 

from architecture 

If we did not know, from Vitruvius and others, that the ancient Greek temples and buildings were 

consciously built according to harmonic proportions (intervals and chords), we would still have 

no difficulty today in imagining building as a three-dimensional proportioning, within which the 

various lengths and sizes are in a “correct” relationship to one another. Our psyche can only 

detect a “right relationship” spontaneously through the ear, however, and the numbers this yields 

are nothing other than the building blocks for intervals and chords. In §29, we discussed the 

problem of harmonics and architecture in many aspects. 

 On the occasion of the harmonic analysis of a certain diagram from Villard de 

Honnecourt’s architectural sketchbook (13th century), in which Villard (see my related paper in 

volume I of Harmonikale Studien) draws his prototypical human, and which we discussed further 

in §38a.1, I was able to establish that this diagram signifies nothing other than a “prelude” to a 

harmonic division canon by means of successive harmonic proportions (see §24). 

 If one places this harmonic division canon in its first senary evolution, in its realization as 

major or minor chord (frequencies or string-lengths) in a threefold ratio, so that the three levels 

have the ratio of 1/2 : 1/1 : 2/1 on a consistent basis (1), then one finds three important styles 

realized in these three diagrams: Egyptian, Romanesque, and Gothic (Fig. 427). 

 This harmonic analysis not only gives us an idea of how the ancient architects, who were 

doubtless familiar with this “rational segment division,” may have proceeded in their designs. It 

also gives us something far more important: an inner characterization for these three styles in 

relation to each other. The lengthening of the monochord – the increasing of the octave space – 

can be observed psychically as an enlargement of the psychical configuration space. Whereas in 

the Egyptian aspect, the tone-lines still adhere to the “earthly” and allow only the pyramid as a 

prototypical form, Romanesque gives birth to the “tower” and thereby allows the symmetry of 

the basilica. In the Gothic aspect, this tower wins commanding importance, and pulls all other 

forms upwards along with it, reaching the maximal expansion, the greatest possible upsurge of 

architectonic measure as a symbol for the relationship of the earthly and the human to the deity. 



 Naturally, for these three types of building in Fig. 427, one can only measure after the 

fact whether the pyramid’s angles are exactly in tune, whether the ratio of church and roof in the 

Gothic aspect is exactly “right,” and so forth. As for all “sound-images,” it is not immediately 

essential to give special individual measurement analyses, but instead the evolution of the model 

– here of three architectural styles – from a consistent idea. In the present case it is clear that 

anyone with minimal knowledge of architectural styles, if shown Fig. 427 and asked which of 

the three models is Egyptian, which Romanesque, and which Gothic, would be able to give the 

correct answers. As for a possible measurement analysis of some particular example of 

architecture, the “harmonic division canon” is so elastic (through the variability of the height and 

width, as well as through the choice of other lines, division points, etc.) that it can suffice for the 

analysis of any case. In the Schweizerische Bauzeitung (Sep. 20th, 1947), Martin Strübin applied 

the Gothic aspect of this canon, as an example, to the cathedral of Bern, and showed an 

astonishing concordance. 

 

Figure 427: 



 
 

Emergence of three types of architecture from the same harmonic division canon through octave 

potentiation, thus through broadening of the psychical space. 

 

§41.5. An ektypic example for the theorem of the melodic (value-form: horizontal step) taken 

from astronomy 



In my Hörende Mensch, p. 191 ff., I gave a harmonic analysis from specific viewpoints of the 

distances between the planets, which when reduced by octaves produce a closed scale of major-

minor character. There one can read about the important results, arising from the enharmonics of 

two steps of this scale, for the speculative knowledge of a “disruption factor” connected a priori 

with the birth of the planetary system. 

 As mentioned often in this book, the modern numerical formulation of exact scientific 

laws and relationships is free of prejudice in itself, but in the majority of cases it obscures the 

morphological background of these laws more than it illuminates them. Especially typical of this 

are the numbers of modern astronomy. 

 The large-scale work of the astronomer Wilhelm Kaiser makes an attempt to regain a 

morphological, formal grasp of the astronomical cosmos, as was already mentioned in §24a.2. In 

this work, especially in the second book of his Geometrische Vorstellungen in der Astronomie 

(Selbstverlag des Verfassers, Subingen, Canton Solothurn, Switzerland, 1933), we harmonists 

find a wealth of previously unknown proportional relationships that merit deeper harmonic 

analysis. 

 One of the most significant discoveries made by W. Kaiser appears to me to be what he 

called the “inversion spheres of the planets” (ibid., 143 ff.). If we take the average distance of the 

Earth from the Sun as 1 [astronomical] unit, then Jupiter’s distance from the Sun at aphelion (the 

point in its orbit at which it is farthest from the Sun) is 5.45 = 60/11 times that of the Earth. W. 

Kaiser now produces the following table (ibid., 162) using Earth’s average distance from the Sun 

as a unit 1: 

 

Upper limiting sphere with the radius 5.45 = J = 60/11 of Jupiter’s domain of movement 

 

Asteroids P = 3  6/11 | 11/6 109/11 = T Saturn 

Mars  M = 180/121 3/11 | 11/3 20 = U Uranus 

Earth  E = 1  11/60 | 60/11 119/4 = N Neptune 

Venus  V = 3/4 11/80 | 80/11 119/3 = W Pluto 

Mercury K = 50/131 5/66 | 66/5 72 = X Gaea 

 

Radial ratios and radii of the planets’ orbits (from W. Kaiser) 

 

Kaiser writes: “In the middle columns are the inversion relationships, which, multiplied by the 

value J = 60/11, always yield the radius of the corresponding planetary orbit. For Saturn, for the 

sake of the summary, the fraction 11/6 is written instead of the more precise ratio 109/60; 

through this one finds that all these ratios have something to do with the number 11, including 

the bottommost 66/5, because 6 × 11 = 66. This summary also contains 11 spheres, 11 special 

domains in the ether, so that the number eleven is in fact a realistic symbol for the conditions 

present here.” 

 As one can see, the reciprocal symmetry of this table hints towards the inclusion of a 

hitherto undiscovered trans-Neptunian planet (Gaea); its further justification, as well as the inner 

meaning of this peculiar mirror-image quality of the inner and outer planets, can be studied 

further in W. Kaiser’s work. 

 Such pronounced reciprocities are always a sure sign for us harmonists that yet more 

harmonic relationships must be present – considering that the “P” system itself is reciprocal 

through its < 1 and > 1 sectors. If one now examines the average distances of the planets from 



the Sun (where the Earth–Sun distance = 1) by means of octave potentiation and reduction – a 

typical harmonic operation that Kepler used often in his Harmonice Mundi – one obtains the 

following values:[check that in column 3 of this table the arrows appear between the numbers. 

My Word program shows only periods. JG]  

 

Figure 428: 

Planets 
av. dist. 

from Sun 

Octave operations 

(reduction to the octave 1,000–2,000) 
nearby tone-values 

tem-

pered 

Mercury 0.39 0.39 → 0.78 → 1.56 1.58 as  128/8 log. 678 
as 

gis 

Venus 0.72 0.72 → 1.44 1.44 ges 36/25 log. 526 
ges 

fis 

Earth 1 1 1 c      1/1   log. 000 c 

Mars 1.52 1.52 1.52 xg  32/21 log. 608 g 

Asteroids 3.04 3.04 → 1.52 1.52 xg  32/21 log. 608 g 

Jupiter 5.2 5.2 → 2.6 → 1.3 1.3 øf   13/10 log. 378 f 

Saturn 9.54 
9.54 → 4.77 → 2.385 → 

1.192 
1.2 es   6/5   log. 263 es 

Uranus 19.19 
19.19 → 9.585 → 4.7975 → 

2.39875 → 1.19937 
1.2 es   6/5   log. 263 es 

Neptune 30.11 
30.11 → 15.055 → 7.5275 → 

3.76375 → 1.881875 
1.875 h  15/8  log. 907 h 

Pluto 39.6 
39.6 → 19.8 → 9.9 → 4.95 → 

2.475 → 1.2375 
1.25 e   5/4   log. 322 e 

Gaea 

(Kaiser) 

hypothetical 
72 

72 → 36 → 18 → 9 → 4.5 → 

2.25 → 1.125 
1.125 d  9/8   log. 170 d 

 

 
 



As one can see and hear, the distances of the planets, under this harmonic analysis, 

approximately and with the addition of the hypothetical “Gaea,” construct a definite “harmonic” 

minor scale c d es a g as h c, with the variants e and ges. The reciprocity of W. Kaiser’s 

“inversions,” 6/11 11/6 etc., is expressed in this scale in the equal interval ratios upwards and 

downwards from the “middle” f (Jupiter). 

 From the octave operation applied to this analysis, as with all octave operations, one may 

begin to think that perhaps any seven random numbers, packed into an octave, must produce 

seven tones and therewith a scale. The former, the 7 tones, is definitely the case, but the latter, 

that this would produce a scale, is absolutely wrong, as anyone can easily find through 

experimenting – the starting ratios must be chosen so that they produce an approximate scale or 

an image similar to a scale. Admittedly, we must not forget that we have used the average 

distances as a measure. The distance of a planet from the Sun varies during its elliptical orbit 

between the limits of its perihelion and aphelion. These are often significant, depending on the 

“eccentricity” of orbit; for example, for Mercury: 

 

  Perihelion Average Aphelion 

Potentiated 0.31  0.39  0.47 

by octaves 0.62  0.78  0.94 

        ↓  1.24  1.56  1.88 

  e  gis – a  h 

  |________________________| 

    fifths 

 

The characteristic (tempered) value is a full fifth; in the above scale there must therefore be the 

“tolerance” of a fifth around the tone as. Regardless of this, it can be no coincidence for those 

versed in morphology that the average distances of the planets, if the Sun–Earth distance = 1, 

yield a complete scale, approximate enough if not pure-tonal. The reader can now easily carry 

out the monochord testing of the exact average planetary distances, reduced by octaves, or better 

still the perihelions and aphelions reduced by octaves, whose values can be found in any 

collection of mathematical formulae. In testing this he will convert the decimal values into 

monochord lengths, according to the formula: 

 

Decimal fraction 

(octave 1.00 – 2.00) : 2 = x : 1200 (Monochord) 

  x = (Decimal fraction · 1200) / 2 

 

For x we obtain the string segment in millimeters on a 1200-mm monochord, for example: for 

the average octave-reduced distance of Mercury, 1.56: 

 

(x = 1.56 × 1200) / 2 = 936 (position on the 1200-mm monochord) 

 

As one can see from Table 481, this position 936 is next to the position 937.5, which represents 

the tone 25/32 fes. We have obtained the above scale from the harmonic analysis of the average 

octave-reduced planetary distance, assuming W. Kaiser’s “Gaea” exists; this last trans-Neptunian 

planet has not yet been discovered, but due to the surprising inversion symmetry, its existence is 



very likely – if it can be discovered at all with our current optical methods. The distance from 

Earth to the Sun has been used as the unit for this, as is usual in astronomy textbooks. 

 Another planetary distance scale is given in my Hörende Mensch, p. 191 ff. The average 

distances are analyzed there, and their logarithms on base 10 compared with our partial-tone 

logarithms on base 2, while the distance from Mercury to the Sun is used as a measuring unit (= 

1). The familiar planets sufficed there, without the hypothesis of an undiscovered one. The 

juxtaposition of these two logarithmic systems, and the emergent scale, yielded a series of 

interesting results which one can read about there; especially the problem of Lucifer seemed to 

me to be surprisingly clarified, at least in the cosmos, and to become understandable in 

mythological and psychic terms. We will discuss this in §53 and §54. 

 To recapitulate: all these harmonic analyses of planetary distances that lead to scales or 

similar images begin with space (distances) and lead both to a spatial coexistence (intervals) and 

a temporal succession (scales). The reader who has “time” should perform further tests with 

other distances as units, e.g. Sun–Jupiter = 1, and realize the planet tones with their characteristic 

intervals (perihelion and aphelion) on the monochord, noting the locations on special sheets of 

paper and attempting to hear the various possibilities for scales. 

 

§41.6. Kepler 

Here is the place to mention Kepler. In this book, it is impossible to discuss his Harmonice 

Mundi exhaustively – the work that was most important to him, and a treasure in many ways for 

modern harmonics. After the completion of this book, I gave a more precise digest of the content 

of Harmonice Mundi in the Schweizer Rundschau (Oct.-Nov. 1946, pp. 545-553). 

 What could be said in summary I attempted to say in Hörende Mensch, p. 171 ff. The 

plea there for a new collected edition of the works of this genius has been answered in the 

excellent translations of the Prodromus, Marswerk, and Harmonice Mundi, by Max Caspar (cf. 

the Bibliography of this chapter). But precisely these new editions, revisions, and translations 

give us the duty as harmonists to view Kepler’s works as he would have wanted them to be seen: 

not as dry formulaic articles on astronomy, but as the brilliant unveiling of a speculative thinker 

and studier, convinced of the harmony of the universe, to whom the formulae did not end in 

themselves, but were simply means and tools for the proof of his great harmonic ideas of form. 

 Here I will remark only that Kepler, in his Harmonice Mundi, attempted to find 

harmonies in the planetary distances. The idea that guided him in this was to coordinate the paths 

of the circumferences of the so-called “five regular bodies,” to “box” them together so that they 

corresponded to the approximate distances. Kepler tried to realize this idea in his first work, the 

Prodromus (later reissued by him with corrective notes as Mysterium Cosmographicum), and he 

approached it anew under a harmonic aspect in Harmonice Mundi, but no longer found the 

precision he was seeking, although the morphological value of the five-body scheme as the 

background of the distances (from the Sun) of the planetary orbits still seemed correct to him. He 

then set about analyzing the distances of the aphelions and perihelions of the individual planets 

harmonically amongst themselves. Regarding the outer distances, i.e. the greatest and smallest 

distances from the Sun (since the planetary orbits are ellipses), for individual planets, Kepler 

found harmonic intervals only for Mars and Mercury; “however, if one compares the extreme 

distances of the various planets with each other, the first light of harmonics dawns” (Harmonice 

Mundi, Book V, Ch. 4). There, in close approximation, are the ratios 

 

2/1 5/3 4/1 3/1 27/20 12/5 and 243/160. 



 

But this did not satisfy him either. He then sought the harmonies not in the distances, but in the 

velocities: in the daily heliocentric movements. Here, in the extremes of the individual planets 

(see Caspar’s translation, p. 301, as well as my Hörende Mensch, p. 177), he found harmonic 

ratios everywhere, in such close approximation that it could not be a coincidence. A further 

investigation of these ratios, by means of the operation of interval potentiation that we know, 

then led him to discover his famous Third Law, which he used not as an end in itself, but as 

foundation for the proof of the existence of his heavenly harmonics. This arises from the fact that 

this law was given as the eighth of thirteen fundamental theorems (Book V, Ch. 3), which are 

“necessary in the observation of heavenly harmonies.” Furthermore, regarding this law, he writes 

(Mysterium Cosmographicum, tr. by Caspar, 2nd ed., Ch. 21, note 8, p. 137): “An explanation for 

the eccentricities has been found, not from the ideas just presented, but from the harmonies.” For 

the reader of this book, no further proof is necessary that for Kepler, the main issue was not the 

(modern) formula of his Third Law: f1
2 : f2

2 = r1
3 : r2

3 (“the squares of the orbital periods have the 

same ratio as the cubes of the major axes”) but the fact that this formula should be the exact 

proof for the harmonies existing de facto in the planetary movements and distances – harmonies 

that achieve their simplest sensory and psychical realization in music, which for Kepler is thus an 

image of the heavens, i.e. of the planetary system. Why else would he devote pages in the 

conclusion of Book V to hundreds of these harmonic ratios, as the crowning of his work, with 

minute precision and love? And why else would he give, in the same chapter, all the laws of 

music, chords, melodies, major and minor, the scales, and finally the entire chord of creation in 

notes? 

 And all this not before the harmonic derivation of his law, but after it, as proof of the 

great harmonic form-idea of the Harmonice Mundi, the “harmony of the world.” 

 The question of whether Kepler’s “harmonies” are still correct today can be answered 

absolutely in the affirmative. A comparison of Kepler’s aphelions and perihelions in regard to 

the distances from the Sun with the current values shows, with the exception of Saturn’s 

aphelion, only very minor differences; the same is the case for the daily heliocentric movements, 

since these fluctuate around average values, despite the “perturbations” that have since become 

known. Uranus and Neptune also show Kepler’s harmonic ratios, and looking through the 

abovementioned work of W. Kaiser, one discovers such a plethora of further typical harmonic 

ratios, that one will find Kepler’s “Harmonice” proven once again, from aspects of which Kepler 

himself knew nothing. And as for the “failure” of his polyhedron theory, i.e. the theoretically 

possible existence of only 6 planets through the existence of only 5 regular bodies, this is only 

connected with the actual harmonic ratios insofar as he derived musical intervals from the 

polyhedron ratios in his Harmonice Mundi, and there found the theoretical handle for the 

harmonies suspected to exist in the planetary system. These are present above all in the 

movements, and Kepler would have been the first to abandon the polyhedron theory, and would 

have concentrated completely on harmonics, whose laws he would have proved for the other 

planets with equal delight and enthusiasm, as he did for the planets known to exist during his 

time. Kepler’s harmonics are still just as valid today as they ever were – for those with ears to 

hear them. Indeed, we can construct them much further and more broadly with current harmonic 

resources, especially in terms of the symbolic-spiritual side; the “P” system was unknown to 

Kepler. 

 With this, however, Kepler’s significance for modern harmonics is in no way exhausted. 

In his Harmonice Mundi, especially in Book IV, there is a series of fundamental and 



exceptionally important observations for the foundation of harmonic starting positions (if I may 

thus express myself); in any case, the entire work is saturated with a wealth of principial 

harmonic observations, examples, ektypic references, etc. We must fittingly and justly view 

Kepler’s Harmonice Mundi and A. v. Thimus’s Harmonikale Symbolik as the two great 

harmonic cornerstones of modern times, the exhaustive study of which must be the first and 

foremost duty of every harmonist. Also, in Kepler’s other works there is much more of 

importance for harmonics, for example his commentary on the Harmonics of Cl. Ptolemy, many 

letters to and from Kepler, and so forth. 

 

§41.7. Bibliography 

Besides the places cited in the text in my Hörende Mensch, Grundriß, and articles in the 

Schweizer Rundschau, the works of astronomer W. Kaiser, and those of the Gestalt theorist Chr. 

v. Ehrenfels. Regarding Kepler: the great new critical collected edition (ed. M. Caspar and 

others, O. Beck-Verlag München, starting 1938), of which volumes 1, 2, 3, 4, and 6 have been 

released as of now (1944); and M. Caspar’s translation of the work on Mars (Neue Astronomie, 

ibid. 1929), Mysterium Cosmographicum (Das Weltgeheimnis, München, Oldenburg 1936), and 

Harmonice Mundi (München, Beck 1929). Moreover, Caspar’s Johannes Kepler in seinen 

Briefen (München, Oldenbourg 1930) and the Biographia Kepleriana (München, Beck 1936). 

Other writings on Kepler and others: Apelt, Reformation der Sternkunde (Jena 1852); L. 

Günther, Die Mechanik des Weltalls (Leipzig 1909); and the standard translation (with 

introduction and commentary) of Harmonice Mundi by W. Harburger (Joh. Keplers Kosmische 

Harmonie, Dombücherei, Inselverlag, Leipzig 1925), in which the “table of geometric-musical-

astrological-astronomical correspondences” is noteworthy. – E. Britt’s booklet, Tonleitern und 

Sternskalen, tr. by Felix Weingartner (Leipzig 1927) is mentioned here only as a curiosity, and as 

an example of how one should not engage in such investigations. In harmonics we are used to 

somewhat more thoroughness and exactitude; above all one should never use the tempered 

system as a basis here, only pure-tonal values and ratios. Viktor Goldschmidt, in his Über 

Harmonie im Weltraum (Ostwalds Annalen der Naturphilosophie V, p. 51 ff.) investigates the 

planetary distances among other things by means of his “law of complication,” etc. 

 

 

 

§42. CADENCE  

 

§42.1. Definition 

“Cadence” has two meanings in music: firstly, chordal resolution; secondly, the cadence [Eng. 

cadenza] of some solo instrument in concert, where the soloist can show all of his artistry. Since 

this latter cadence is mostly built upon the dominant, and the movement ends quickly afterwards, 

its meaning is actually identical with that of the original cadence as resolution. Thus, we will 

deal only with this original form of cadence. 

 The nature and actuality of the concept of cadence as such is more interesting to us here 

than its “development”. The reader should play the following 5 examples on the piano: 

 

Figure 429: 



 
 

The first two examples give “incomplete” cadences, the third shows a “complete” one. The three 

main functions, tonic, dominant, and subdominant, are used for cadence, whereby the tonic (here 

C-major) is “strengthened” by the dominant (G-major) and the subdominant (F-major or f-

minor). Through this, the perception appears that the tonic is the most important chord of 

reference, the “conclusion” of the brief chord progression. Such cadences, however, are not 

limited to the end of the movement; instead, their typical two- or three-part progression is the 

real drive towards modulation, i.e. chord changes within the piece, for all of pre-Classical and 

Classical music, and parts of Romantic music as well. 

 

Figure 430: 

 
 

Whole sections of Bach’s works are built upon such chordal sequences, which are nothing other 

than successive cadences, whereby the tonic function is always reinterpreted into the 

subdominant (or the dominant, in the simplest cadence). In cadences, the “revelatory role of the 

main harmony of the key was observed more and more by theory after the event, until finally 

(with Rameau) it appeared that all musical logic rests upon establishing cadences, i.e. on moving 

from a tonic (central harmony) to its nearest neighboring harmony (dominant and subdominant) 

and the return to the tonic” (Riemann’s Musiklexicon: Kadenz). 

 

§42.2. Harmonic foundations of cadence 

As can be seen from the above quote from Riemann, musicology offers only a purely aesthetic 

explanation for cadence: one analyzes the musical foundations and finds that the cadence has 

developed, over the course of time, into the typical three-step progression T S D (T). Harmonics, 

however, is in a position to give an interpretation from the law of tones itself. The cadence, like 

so many other things in musical composition, has not “developed,” but is present a priori in the 

configuration of tones, and the eras of music have simply revealed it more and more as an 

important norm. 

 

Figure 431: 



 
 

 In Fig. 431, the reader will recognize our “open” or “complete” partial-tone diagram of 

index 6 (see §35). Due to its inner arrangement, the senary chords penetrating vertically and 

horizontally are the same from the middle up, meaning that it suffices to discuss the major and 

minor chords indicated on the edge at left and right. 

 On the right side, we see the main cadence 

 

      D ↑ 

      T 

     ↓ S 

 

realized in the middle, which is completed with further cadence chords upwards and downwards, 

depending on the size of the index. If we stay within index 6, as we do here, and continue the 

movement of the main cadence 

 

    ↓ D G-major 

     T C-major ↑ 

    ↓ S F-major 

 



T S D T analogously with the subsequent chords E-major and As-major, then we get the 

expanded (major) cadence: C F As E G C, or the “secondary” cadence isolated: C As E C. 

Especially interesting, and hitherto unknown in music theory, is the cadence of the left side of 

the diagram, which contains only minor chords. The principal minor cadence analogous to the 

major side has the following appearance: 

 

°D c-minor 

°T f-minor 

°S  b-minor 

 

Continuing these upwards (a-minor) and downwards (des-minor) reveals the collective 

movement: f b des a c f, or the secondary cadence isolated: f des a f. [Kayser writes here: f des a 

c. Ed.] To obtain a psychic impression of these whole cadences, we write them out in notes: 

 

Figure 432: 

 
 

For the musical reader we will also note the complete major and minor cadences of the open “P” 

diagram of index 9, naturally omitting the ekmelic seventh ratios, and restricting ourselves to the 

pure triads: 

 

Figure 433: 



 
 

If one sets the primal tones of the chord of both cadences together in terms of scale, then the 

result for index 9 is: 

 

Major cadence index 9: c d e f g as b (c) 

Minor cadence index 9: f g a b c des es (f) 

 

which is the tone-material of complete diatonic scales, which both in the cadence and in the 

diagram are naturally arranged in a specific orderly sequence. 

 If the two cadences above are played by an organist with all the stops out, one will be 

astonished by the enormous psychical impression that these chords make upon our psyche, of the 

power of the brilliance of the major cadence and the overpowering peculiarity of the minor 

cadence, “alien” at first hearing. Music history must establish to what extent the latter, with its 

entirely “archaic” sounds, was applied in old music, as I suspect. If it cannot be found in 

literature, then that means simply that it was not yet applied, and that as these harmonic analyses 

of the cadence problem show, our modern European music to this date has actually remained 

stuck in the primitive primary cadences of the functions T S D, that the modern “new” music has 

been imbruted into a melody that abandons all that is chordal to the happenstance of the “linear.” 

Consequently, harmonics itself opens up, and factually demonstrates, the most interesting path to 

a further development of the musical concept of cadence. The inclusion of f-minor (instead of F-

major) in hitherto familiar cadences can be vindicated and interpreted harmonically, as one sees 

immediately from the diagram, through a polar counter-movement towards the other (minor) 

side, just as the partial-tone diagram can be of fundamental importance for a future logic of 

chord connections. 

 

§42.3. Expansion of the concept of cadence to “dialectic” 

As an inner constitutive element of the concept of cadence, we can establish a threefold 

movement on the basis of two polar directions: from a center outwards, reversing in the opposite 

direction, then back to the center. This three-part progression is already present in the beginning 

of the harmonic partial-tone development. 

 



Figure 434: 

 
 

Here, there are only the tones c (T), f (S), and g (D), not the chords that we should insert as the 

beginning of this three-step progression. In terms of chords we have, so to speak, the “primal 

cadence” tonic (T = C-major) →[arrows here? JG] minor subdominant (°S = f-minor) → tonic, 

or if we use f-minor as the tonic: minor tonic (°T = f-minor) → major dominant (D = C-major) 

→ minor tonic. 

 

Figure 435: 

 
 

It stands at the beginning of every “P” development and is contained in the “open diagram” as a 

direct polarity of C-major and f-minor (main series of the major and minor series). 

 Grasping the phenomenon of cadence further, it appears that each “P” diagram in its 

polar halves (> 1 and < 1) exhibits a field of play for a multiplicity of cadences, limited only by 

the index. To be more precise: cadence in the sense of a threefold movement in two reciprocal 

directions is founded in the harmonic system itself, whereby the possibility exists of the most 

varied triadic movements within any index. Because of this characteristic prototype, we are 

justified in taking the theorem of cadence generally and emphasizing it as a separate value-form, 

under the title of “step-dialectics.” 

 

§42.4. Step-dialectic 

The logical-philosophical concept of “dialectic” signifies nothing other than what the theorem of 

cadence signifies: the movement of thesis toward antithesis, and thence to synthesis. If we come 

to any kind of awareness (thesis-establishment) of a being-value (step), then three things are 

given a priori. Firstly, the step itself as a thesis. Secondly, its reciprocal complementary as 

antithesis: 

 

Figure 436: 



 
 

and thirdly, the mediation as synthesis: 

 

Figure 437: 

 
 

Each synthesis can then be taken once again as the thesis, i.e. as the being-value in another 

environment (system), and thus the dialectic process can be continued ad infinitum. 

 A further discussion of the concept of dialectic from the harmonic viewpoint, interesting 

and fruitful though it would be, would be outside the framework of this chapter. Literally, 

“dialectic” means the art of argument, but it is closely connected with the theorem of reason and 

contradiction, the fundamental form of our logical ability for thought. Hegel “pursues the 

development principle found by Fichte and occasionally used by Schelling, the triadic rhythm of 

thesis, antithesis, and synthesis, with ramifications and to the point of obstinacy” (R. Falkenberg, 

Geschichte der neueren Philosophie, 7th ed., 1913, p. 448). This, of course, is not just crankiness 

on the part of the great philosopher, but the result of a central experience of an inner spiritual 

value-form. Its harmonic objectivization on the basis of the theorem of cadence in the value-orm 

of step-dialectic, however, allows us to grant to the phenomenon of dialectics a far greater 

amplitude than just the logical and philosophical. Besides the musical significance, we find 

“cadencing” in other most diverse areas: in the construction of crystal forms, in three-part 

musical movements, triptych paintings, most architectural façades, etc. An entire book could be 

written just about the ektypic realizations of this value-form. 
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§43. COUNTERPOINT 

 

This theorem is very closely connected with the previous one. The tertium comparationis lies in 

the reciprocity and polarity of all harmonic system constructions. Whereas cadency expresses 

this polarity chordally, counterpoint is the prototype for all melodic relationships of polarity. 

 

§43.1. The harmonic derivation of counterpoint 

We choose senary values arbitrarily from the 1/4 PE16, for example: 

 

4/2 c  10/6 a  6/8 g,  6/4 g  10/4 e  15/8 h 

 

then line these up with the reciprocal ratios: 

 

2/4 c,  6/10 es, 8/6 f  4/6 f,  4/10 as,, 8/15 des, 
 

Figure 438: 

 
 



and if we draw these two tone-rows in two successive line progressions in the diagram (Fig. 

438), then we see the polarity of the two figures in the graphic image, and simultaneously their 

mirror-image quality and symmetry. Each individual tone-point is the same distance from the 

generator-tone diagonal as its corresponding reciprocal, on the opposite side, and that is exactly 

what the word “counterpoint” means. If we write the two tone-rows out in notes: 

 

Figure 439: 

 
 

and play them on the piano, we have the impression of a reciprocal attraction, or question and 

answer. Musically, we can speak of “antiphonies” here (anti-phon = opposite tone), since the one 

row, observed from 1/1, contains the same interval progression beneath as the other above. 

 This is the harmonic derivation of “counterpoint.” Just as this concept has broadened in 

music to that of “note against note,” whereby two independent melodic lines can be played 

simultaneously in a way that makes sense, the harmonic concept of counterpoint (= against-

point) can be broadened in a general sense as a contrast of two or more progressions of being-

values, which stand in a relationship to one another that makes sense, despite their independence. 

But one should remain aware of the concrete origin of this concept from a primordial polar 

reciprocity. 

 

§43.2. Ektypics 

It was remarked at the beginning of this chapter that in terms of value-form, the theorem of 

counterpoint represents and signifies more the “horizontal stepwise” completion of the “vertical 

step” of the theorem of cadencing. Both theorems thus belong in the system of harmonic value-

forms under the value-form of “step-dialectic,” whereby there are naturally also “transition 

steps” that cannot be strictly classified. For example, the “Thimusian series” can be arranged in 

this value-form both chordally and melodically, since its constitutive element is the polar 

reciprocity of its pairs of series. 

 If we restrict ourselves to the linear character of counterpoint, we find a whole series of 

ektypic analogies, of which only a few are selected here. For example, take “dialogue.” Be it in 

personal conversation, drama, or philosophical dialogue (e.g. Plato), there is always a “dialectic” 

of inner analogies, question and answer, and thus in a certain sense one series of thoughts 

anticipates the other “reciprocally.” Or, when this is not the case, the conversation drifts until the 

polar analogy, i.e. the spiritual counterpoint, is reached and is “in tune.” Perhaps the position of 

the answer is simply present in every question in the magical sense, i.e. every question is an 

inner privation whose as yet unknown mirror-image seeks to fulfill the answer, and indeed must, 

if it is to have any meaning. From this comes the inner drive of the contrapuntal and its 

attachment to the temporal-linear. 

 The concept of the contrapuntal, originally borrowed from music – in which it 

characterizes entire epochs – has become so common in the other arts that it must be something 

more than just an aesthetic epitheton ornans [decorative epithet] Almost every image contains 

drawn or painted reciprocities in the sense of contrapuntal “processes,” and even the static 



objects of architecture are themselves full of right and left, up and down forms, whose optics are 

contrapuntally tuned to one another. 

 Once our view has been sharpened for it, we can find a wealth of contrapuntal 

relationships in all of Nature and her three domains, in her forms and laws, and can thus also 

view this linear-melodic aspect of “step-dialectic” as a value-form of great scope. 
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§44. DIRECTIONS 

 

Everywhere in the fundamental images of harmonics, we run across directions (mathematically 

speaking: series, vectors). The form of the overtone series and the partial-tone series, first 

emerging from the primal phenomenon of tone-number, is already directed, i.e. characterized, in 

the sense of a linear orientation, as the name “series” suggests. The “P” system, based upon this, 

is built upon nothing but developments of this type, which we have discussed from §19 on, 

especially in §22 regarding its peculiarities. Such a significant constructive element, however, 

deserves yet another special treatment. 

 

§44.1. Harmonic series and vectors 

For the classification of “directions,” it is necessary to refer back to their theorematic origin. 

 If we imagine the being-value (tone-point) in the familiar harmonic configuration space 

of a PE or PK, we can observe it as the intersection of a whole crossfire of series, of which two 

are especially prominent: firstly, the series pair that originates in the basal ratios and finally at 

1/1, and secondly the equal-tone line that ends at, or starts from, 0/0. As a value-form, this is the 

genesis of any and every being-value from the Origo (the factual, material emergence from the 

act of creation 1/1) and from the Eidos (the spiritual domiciling in the deity 0/0). Each being-

value is thus “directed” in at least a double sense: as a division point for many possible series 

(the “P” series, the diagonals and parallels belonging to it, etc.) and for the equal-tone lines. This 

applies only for the planar and spatial “P” system, i.e. the linear “P.” 

 In the polar (circle form) “P” system, each tone has a direction (angle, location on the 

circle periphery or sphere) as well as a distance from the 1/1 circle. If we attempt to weigh and 

compare all these elements against each other, we can say that in both the linear and polar “P” 

configurations, every being-value stands within directions, i.e. it is; and simultaneously 

possesses a direction of its own. (This is assuming that we count the circle peripheries of the 

polar “P” as “directions,” due to their distances from the 1/1 circle, which in my opinion must be 

allowed, since these peripheries are only transformations of octave-reduced or non-octave-

reduced Pseries.) 

 For terminological reasons, it would admittedly be good in future to connect the 

“direction” concept with the linear “P” models, and the “vector” concept with the polar “P” 

models, even though these two concepts have not been differentiated in this way before (e.g. 

Grundriß, p. 83), and it does no harm to use “series” and “vector” (in the harmonic sense) 



synonymously for the sake of simplicity. Mathematically, “vector” is understood to mean a 

measuring unit for physical-mathematical quantities that have a direction. 

 

§44.2. Ektypics: Fourier’s series 

Fourier’s theorem (J.B. Fourier, 1768-1830, French mathematician) states that any periodic 

function can be illustrated as a sum of specific periodic functions, namely sine functions. If the 

periodic function is not simply sine-shaped, but of some other form, then it is possible to 

illustrate it according to Fourier’s theorem through superimposition of multiple sine-waves with 

various periods (wavelengths). The periods of the elements of Fourier’s series relate to one 

another as 1 : 1/2 : 1/3 : 1/4 etc., and the frequencies have the ratios 1 : 2 : 3 : 4 etc. This, 

however, is nothing other than our law of partial-tone series, and it is obvious that Fourier’s 

theorem must be extremely useful in acoustics. Helmholtz objectified it, in that he used it for his 

sound analyses, and showed that every sound is composed of simple overtonal vibrations, 

whereby the sound-coloration is defined through predominance and reticence of this or that 

overtone. “Through this, the existence of the partial-tones at last gains its real significance” 

(Helmholtz: Tonempfindungen, 6th ed., 1913, p. 59). Although Fourier did not initially conceive 

his theorem acoustically, and its significance was proven very soon in the most varied 

mathematical and physical problems (especially the study of electricity), it is remarkable that one 

can hardly find it mentioned anywhere in modern textbooks on physics and acoustics. For 

example, it is missing from Schnippenkötter-Weyer’s Physik, and from Scheminsky’s Welt des 

Schalls. In fact, it exists naturally as a phenomenon of the general study of waves; but for our 

purposes it is necessary to take it back to its origin, and above all to emphasize its close 

connection, indeed identity, with our law of partial-tone series. The readers of this book have 

already seen Fourier’s theorem in §10 under a different title, that of “interference.” Every 

interference is fundamentally nothing other than a specific illustration of Fourier’s series. 

 A new and very interesting revival of Fourier’s theorem can be found in the book by 

Bucher-Trümpler and Hofflin-Karwatzki: Die Biologische Reaktion (Bern 1939). Here, Fourier’s 

series are used – probably for the first time with such thoroughness –for the analysis of 

biological problems, with a great number of diagrams, in this particular case “as functional 

analysis and synthesis of biometric values for the quantitative understanding of allergies, general 

resistance, specific resistance, intensity of sickness, extent of the foci of activity, and immunity.” 

Thus, it is an ektypic in the domain of practical medicine, especially tuberculosis. The authors 

view “leukocytes, when seen from the point of view of Planck’s theories, as quanta of the blood” 

(ibid., p. 10), and speak of a “quantum medicine, quantum diagnostics, and quantum therapy” 

(pp. 252-253) – concepts that through their connection with the Fourier series must command 

our attention from the harmonic point of view.  

 This discussion will suffice; perhaps there will be a doctor among the readers of this book 

who will know how to spin out the threads of harmonics further; I myself can take no part in this, 

due to my lack of knowledge in the field.  

 Fourier’s theorem was mentioned in this section because it has a typical series character, 

and is identical with the law of the overtone series (the prototype of all harmonic series). 

 

§44.3. Mathematical series (in general) 

In the overtone and undertones series (13 and 14), whose “equidistance” and “perspective” we 

discussed in §19, we find the prototypes for two mathematical series characters, to which all 

series can be traced back: uniform (equidistant) and non-uniform (diminishing, shortening) 



series. In principle, these two elements already exist in the law of the overtone series, i.e. in the 

simple progression of whole numbers, 1 2 3 4 ... I can say that this series accumulates 

successively around some unit, therefore uniformly. But I can also assess this hierarchically: the 

first (1) is the most important, followed by the second (2), the third (3), etc., i.e. the series shows 

a non-uniform diminution, perspective abatement, or whatever else one wants to call it. This 

exact assessment occurs with the insertion of the tone-values; because here we have the octaves 

between 1 and 2, the fifths between 2 and 3, the fourths between 3 and 4, and so on: intervals 

continually narrowing and diminishing in terms of their rank – in spite of, or rather because of, 

the uniform, equidistant accumulation of frequencies. Individual examples of these two 

mathematical series types have been given in §19 and §22, and the ektypic and symbolic 

conclusions are drawn there. 

 Here we are interested in the vectorial, i.e. direction element of the mathematical series 

concept in itself. The concept of the “vector” is of course mainly used in physics for length and 

direction of speed, force, acceleration, etc. But what connects it directly to the series concept, in 

which a direction is always implicitly present, is precisely what it contains irrespective of its 

“application”: the element of direction itself. The coordination of series and direction opens up a 

new viewpoint for the mathematical series concept, from the point of view of akróasis. The two 

series types, 1 → ∞/1 and 1/∞ ← 1, are harmonically in a space-time polarity, which is 

psychically rooted in a “light” major form and a “dark” minor form, if we use the temporal 

(frequency) aspect as a basis; with spatial (string-length) substitution, major changes into minor 

and minor into major. Here we suspect a psychic directedness, from which the mathematical 

series concept could originally have been born as a value-form, and since this series concept 

plays such a great role in higher mathematics, the significance of this harmonic information is 

obvious. 

 

§44.4. Value-forms 

In my Grundriß, p. 189 ff., I discussed the following value-forms under the title “The Harmonic 

Vectors”: 1. directions; 2. choice of direction; 3. direction relationships; 4. direction indication; 

and 5. direction change. 

 No. 1 is by and large in agreement with this §44. No. 2 addresses selective series 

elements of the “P,” such as basal series, generator-tone lines, Thimusian series, etc., together 

with their applications and nature. The direction powers found there will be discussed separately 

and generally in §45 (interval powers). No. 3 is based on the theorem of interval persistence; the 

reader will also find this in §45. No. 4 is based on the theorem of tone-values, and discusses the 

theorem of equal-tone lines with its results – we have already discussed this in §24 and §25, but 

with regard to “reincarnation,” we will come back to it from another angle in §48 (enharmonics). 

No. 5 is based on the theorem of harmonic perspective and logarithmics, and actually belongs 

with the harmonic “inversions”; as direction change, however, it is classified under harmonic 

vectors, since there is an implicit spiritual self-alignment in the crossover from the domain of 

being (number) to the domain of value (tone). 

 As the most important value-form element in this §44 (directions), we single out that of 

teleology (purposefulness), or in general that of spiritual directedness. 

 Every harmonic series and every harmonic vector has a concrete or ideal beginning (1/1, 

x/y, or 0/0) and a concrete or ideal end (x/y, 1/∞, or ∞/1). Both are thus directed in every case, 

always in one direction, and thus not reversible according to their mode of emergence. 

Admittedly, we can also regard the equal-tone lines and all other series and vectors in retrograde, 



backwards, saying, for example, that every tone-point “goes back” to 0/0. This, however, does 

not preclude its actual birth from 0/0. In this sense, all harmonic directions are one-way, 

irreversible, just like time, various laws of nature (entropy), life, etc. We have an exact 

equivalent to this in the logical-spiritual categories of causality and teleology (purposefulness). 

Kant, in his Kritik der Urteilskraft, writes: “The causality of a concept in respect to its object is 

purposefulness,” and: “The principle of judgment in respect to the form of natural things under 

empirical laws is the purposefulness of nature in its manifoldness.” Further: “On this is founded 

the division of the critique of judgment into the aesthetic and the teleological, in which under the 

former is understood the ability of assessing with understanding and reason the formal 

(otherwise called subjective) purposefulness through the feeling of desire and aversion, under the 

latter the real purposefulness (objective) of nature.” 

 If we now consider the starting point of all harmonic series developments, the overtone 

series, with its psychophysical directedness 1/1 → ∞/1, then subjective (tone) and objective 

(frequency) purposefulness are unified a priori, and the possibility arises of fusing the subjective 

and objective purposefulness, via harmonic theorems and value-forms, into a common category, 

namely that of our harmonic directions. Through this, on the one hand, the aesthetic aspect is 

brought from the merely subjective into the objective, i.e. nature can be psychically evaluated; 

on the other hand, the objective aspect is made subjective, which in turn gives a constitutive note 

(in the Kantian sense) to the aesthetic and lifts it out of the merely “regulative.” 

 But there are other concepts that belong here besides causality and purposefulness: those 

of intention and intuition. The first comes from the Latin intentio = execution, tension, 

attentiveness. The second comes from the Latin intueri = to look closely at something, to 

observe. These concepts are also built upon an inner direction, and the common use of the term, 

e.g. an “intuitive” person, unconsciously connects the ability and asset of creativity with an inner 

single-mindedness, a “line of creation,” without which all intuition would be nothing but a 

senseless and purposeless ability. 
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§45. INTERVAL POWERS AND CONSTANTS 

 

The technical derivation of these two theorems is given in §17.3. 

 

§45.1 

By interval powers we mean the plain succession of equal intervals, e.g. just octaves, fifths, etc. 

Numerically, this is expressed in such a way that we must raise the primal interval to the power 

of 1, 2, 3, etc.: 

[Fig. 440 needs corrections inserted from HK’s errata] 

Figure 440: 



 
 

In logarithmic terms, one can find this interval power series very easily through successive 

addition or subtraction of the Plogarithm of the initial interval. 

 We obtain an interesting fifth-third diagram (major and minor thirds) if we mark the 

relevant ratios in a hexagonal grid, as in Fig. 441. 

 

Figure 441: 

 
 



 We will make good use of this diagram for a later problem. 

 By interval constants we mean the successive progression of equal tones, not of equal 

intervals. This naturally assumes a starting interval, i.e. the ratio of some tone to its generator-

tone x/y : 1/1, whereby this tone transforms itself upwards or downwards, i.e. by octaves. We 

name the first three interval constant series after the most important primary intervals: octave, 

fifth, and third: 

 

Figure 442: 

 
 

As can be seen from comparing these with the previous interval power series, the dyadic octave 

series is completely in agreement with the octave power series, whereas all the other ones are 

different. Indeed, it cannot be otherwise, since only the summation of the octaves produces tone-

values of the same character, while the succession of all other intervals generates new tone-

values. This is at the same time a reason for the importance of all octave operations. 

 As the reader will notice later, interval powers and interval constants are both a selective 

element from the harmonic series (§44) in general, but such an important one that we must 

handle it specially. 

 

§45.2. Ektypics 

On of the most important applications and results of the interval power series is “enharmonics.” 

With its theorem foundations it offers an exact representation, so we will discuss it by itself in 

§48. Here we will only give an example for the I-powers, namely by means of Kepler’s Third 

Law, whose harmonics were discussed in §41.6. The most important interval power, the octave 

operation, is discussed in §41.5 (analysis of the planetary distances). Kepler used the same 

operation in his Harmonice Mundi, e.g. Book V, Ch. 3, in which there is the following table: 

[Fig. 443 needs corrections inserted from HK’s errata] 

Figure 443: 



 
 

An explanation of this table and its significance in the Harmonice Mundi would take too long 

here. It represents only a stage along the path Kepler was on: to the proof of exact harmonies in 

the law of orbits. I cite it here only to show that Kepler consciously used interval powers, in this 

case octave operations, to find certain numeric proportions in the orbital periods of the planets. 

 If one is aware of this, and has pursued the many other typical harmonic analyses in 

Harmonice Mundi, then one will see the mathematical result of this work by Kepler, namely his 

famous Third Law, through entirely different eyes. This law states that the squares of the orbital 

periods are proportional to the cubes of the major axes. This means, speaking in Kepler’s 

harmonic mode of thought, that the temporal primal intervals of the orbital periods must be 

raised to the second intervallic power, and the spatial primal intervals of the major axes must be 

raised to the third intervallic power. This means a power ratio of 2 : 3, i.e. the fifth, the most 

important interval after the octave! And if there is any doubt remaining about the harmonic 

background of these operations, Kepler dispels it himself. In Book V, Ch. 3, Point 11, he clarifies 

his Third Law in the following manner: “Suppose the orbital periods of two planets are 27 and 8; 

the median daily movements have the ratio 8 : 27; the radii of the orbits thus have the ratio 9 : 4. 

The cube root of 27 is 3; that of 8 is 2. The squares of these roots, 3 and 2, are 9 and 4. Now 

suppose that the apparent movement of one planet in aphelion is 2, the other in perihelion 33 1/3. 

The median proportions between the median movements 8 and 27 and the apparent ones are 4 

and 30. If the mean 4 yields 9 for the median distances of the planets, then the median movement 

8 yields the aphelion distance 18, corresponding to the apparent movement 2. And if the other 

mean 30 also yields 4 for the median distance between the two planets, then its median 

movement 27 yields its perihelion distance 3 3/5. Therefore, I claim that the aphelion distance of 

the one planet has a ratio of 18 : 3 3/5 to the perihelion distance of the other planet. Therefore, 

the extreme distances and the medians, i.e. the eccentricities, are necessarily yielded, when the 

harmonies between the extreme movements of the two planets are arranged and have their orbital 

periods prescribed.” 

 Here, and in many other places, the harmonic origin of Kepler’s Third Law is clearly 

shown. The very meritorious translator of Harmonice Mundi, Max Caspar, writes in his notes (p. 

386) on Book V, Ch. 3, Point 8: “Kepler, in the previous section, says not a word about the 

physical considerations that led him to the discovery of his Third Law, as he does with the 



discovery of his first two laws.” This is completely correct, but not important with regard to the 

actual theoretical backgrounds from which the Third Law was finally obtained. These 

backgrounds were harmonic in nature, not physical. If one wants to dismiss all these harmonic 

thought-processes as “aesthetic” – if one is not indeed babbling from the outset about simple 

“proof” – then one is completely overlooking the exact, numerical side of the harmonic theorems 

and approaches. These exempt all harmonic thought processes from the merely aesthetic, and 

coordinate them with all objective research methods; because indeed, all harmonic ratios can be 

measured and counted. In harmonics, then, the “aesthetic”– if that is what we wish to call the 

forms apperceptible via tone-perception in our psyche – is thus objectified through the tone-

numbers. On the other hand, though, we can evaluate and perceive these numbers psychically. 

This is also no longer “aesthetic,” instead something much more authoritative: harmonics. It was 

exactly this reciprocal foundation, this intensification of the objective through the subjective and 

vice versa, that so impressed Kepler in his Harmonice, and that casts an equally impressive spell 

over anyone who is occupied with harmonics. 

 

§45.3. Color and partial-tone coordinates 

 If at this point, at the only place in this book, I stick my hand into the wasp’s nest that is 

audition colorée, it is certainly not with the intent of solving this problem harmonically. A full 

treatment of this problem in itself, with its factual and non-factual scientific, aesthetic, and 

symbolic considerations, would fill up not just a book, but many books, and whatever harmonics 

specifically would have to offer would require a whole series of approaches to be established 

before a survey could be undertaken. In my Hörende Mensch, Ch. 5, section 2, I discussed the 

phenomenon of “tone-spectra” at first from a few of these harmonic approaches, but encountered 

a fundamental difficulty of a purely technical nature: being unable to provide any color 

illustrations or diagrams. There is not much sense in writing or talking about colors if one cannot 

demonstrate at least the most important things that one wishes to impart ad oculos in color. But 

of course any color printing significantly increases the price of producing a book, and thus we 

must again rely on the reader’s collaboration. Table 442a is constructed so that the black and 

white values and their gray intermediate steps, i.e. all c-values, are correctly printed, whereas the 

color tones are indicated only with words. Refer to the instructions on the back of the table, 

according to which each reader can draw or paste in the individual colors himself, with colored 

pencils. 

 

Table 442a: 



 
Overlay: 

 
 



Amendment to the text (§45.3): For this color table, the reader will find the 6 primary and 

secondary colors pasted in, besides the printed gray-values – a verbal color-designation of the 

fields would thus be superfluous. Admittedly, the reader must complete the table by pasting in, 

or drawing with colored pencils, 1. the identical color-tones and 2. their upper (brighter) and 

lower (darker) octaves. The model for how to proceed here is given with the c-values already 

printed. For example, the identical 1/1 c-values of the generator-tone line are all the same 

medium gray, the identical 2/1 4/2 8/3 8/4 ... c-values are a lighter gray than the next octave up, 

and so forth. In the same way, the 6 basic colors must be developed upwards and downwards. If 

the tone 2/3 f, is a medium bright green, then the identical tones 4/6 f, 6/9 f, 8/12 f, and 10/15 f, 
are the same shade of green, the next octave up 4/3 f is a somewhat lighter green, and the next 

octave down 1/3 f,, is a somewhat darker green, and so on. It will be very enjoyable for the 

reader, then, to locate all the colors by means of the rays of the “equal-tone lines” on the 

monochord string starting from 0/0. This analysis represents only one attempt to coordinate color 

and tone. I have not as yet been able to persuade myself of an absolute connection between “this” 

tone and “that” color. Just as every person is tuned to a certain tone, every color can, in my 

opinion, be identified with a “generator-tone,” according to the various individualities of the 

being-values. If 1/1 is defined, the arrangement of the tone-colors among themselves is 

something different. If for example I have identified 1/1 c with red, then all the following tone-

color or color-tone arrangement will proceed within the “P” system; admittedly, a few variables 

must be fixed: which “blue,” which complementary, etc. 

 

 Here we will discuss only a single problem for a future harmonic study of color, namely 

the color analysis of the partial-tone coordinates. The reason this is undertaken only here, and not 

in earlier sections (such as in §20 or §21) regarding the “P” itself, is connected with the type of 

analysis. Specifically, we will use only one element of the “P” for our color analysis, namely the 

“interval constants” of this chapter-title. 

 For a correct understanding of our analysis, a brief account of the Goethe – Schopenhauer 

– Newton situation is necessary. 

 Schopenhauer (Über das Sehen und die Farbe, Introduction) writes: “Goethe provides, in 

his admirable works, all that the title promises: information about the study of color. The 

information is correct, complete, and significant; rich material for a future color theory. He has 

not undertaken to provide this theory itself, since, as he admits in §39 of the Introduction, he has 

advanced no actual explanation for the existence of color, but has postulated it as an appearance 

and teaches only how it appears, not how it is.” 

 Since Newton based everything upon an exact physical foundation of color, whereas 

Goethe based everything upon a physiological and psychological characterization that was as all-

encompassing as possible, it is not initially understandable why Goethe argued against Newton 

so acrimoniously. Both standpoints, right up to modern times, are well founded alongside each 

other, and one might think that neither stood in the other’s way. It was not possible 100 years ago 

to bring Goethe’s extremely precise and conscientious analyses and observations physically to a 

norm, and Goethe did not succeed in unifying his views with Newton’s equally meticulous 

experiments. Thus Goethe became an embittered opponent of the Newtonian “heresy.” Our high 

esteem for both geniuses today forces us to ask the question: shouldn’t a reconciliation between 

both views be possible? 

 The main quarrel, it is known, centers around the fact that Goethe and his adherents say 

that color is an appearance “on” light, i.e. it is actually only generated in our eyes, in the retina; 



whereas the Newtonians, and modern physicists with them, claim that color is a function of the 

wave-lengths of individual light rays, and thus is already present a priori in the nature of light. 

Goethe did not completely repudiate the spectrum, although in accordance with the current state 

of research he ascribed no great value to it. I am sure that if Goethe could have seen with his own 

eyes the marvel of polarization phenomena as perfected today, and learned of the improvements 

in spectral analysis, he would certainly have change his opinions and tried to bring his ideas into 

agreement. So, Goethe was undoubtedly wrong there. But holding this single point against all of 

Goethe’s studies of color makes him dwindle to nothing, especially since he did not touch upon 

the essentials of this study at all. For in one place, Goethe’s intuition hit the right spot: The world 

of colors emerges between light and darkness, and the nature of color itself is polar. 

 One is easily tempted to say that this intuition transgresses the bounds of science. But if 

one perceives both these theses in all their power and depth, one will sense how far they 

penetrate the innermost areas of nature and art. However, modern science has no need of that. 

The spectrum itself appears in colors out of the darkness, and returns to darkness; and the fact of 

the “subjective” complementary colors is at least psychologically so incontestable, and so well 

established physiologically (as Herr J. Itten of Zürich told me, complementary shadows in color 

can be photographed objectively!), that there can be no talk of a repudiation of this polarity on 

the part of science. Besides, Goethe relinquishes the main problem that has occupied all of 

scientific optics since Newton: namely, a mathematical foundation of the phenomena of color 

and light, although he does not in any way consider it impossible (cf. Farbenlehre, Didaktischer 

Teil, §722 ff.). 

 These two main ideas of Goethe’s are completely harmonic. Envision the tone-

development as it groups itself in the partial-tone coordinates around a center, the generator-tone, 

upwards (to the light) on one side and downwards (to the darkness) on the other side; consider, 

further, the dual construction of the tone-system, in which each tone has its complement in its 

reciprocal (3/5 es ←→ 5/3 a etc.), and all the ratios together emerge from two opposing 

impulses. This is the exact counterpart in tonal studies of Goethe’s basic view. In my 

“Tonspektren” (Abhandlungen) precisely this polarity is reduced to the same basis as that of the 

optic spectrum. 

 Admittedly, the exact link between the two opinions is missing, because the arrangement 

of spectral colors does not agree with Goethe’s and Schopenhauer’s ordering of their color-

evaluation. But this deficit is not the fault of Goethe’s followers, but of modern science, which 

despite many energetic attempts has not yet been able to give a natural mathematical rationale 

for color studies. Here, also, harmonics can be a competent mediator, simply because it has a 

number-form at its disposal in the tone-number, which is firmly rooted in a sense coordinative to 

the eye (the ear), and is simultaneously anchored in nature (partial tones). In Hörende Mensch 

and in the abovementioned “Tonspektren” I have attempted to show how we can use this tone-

number to undertake a harmonic analysis of light as the generator of color. Since every spectral 

line marks a specific color, this may lead us to a standardization of color that is not abstract and 

artificial, but in accordance with color, thus visual and natural. 

 I will now disclose an attempt made due to the desire to find a direct harmonization 

between Goethe and Newton, which might at the same time be important for a tonal analysis of 

color. Goethe and Schopenhauer consider the complementary colors red and green to be the 

midpoint between white and black, followed by the complementary orange and blue, then yellow 

and purple. Schopenhauer (Über das Sehen und die Farbe, Ch. 2, 5) holds these six colors, red, 

green, orange, blue, yellow, and violet, “although in nature these very seldom appear in pure 



form,” to be “certainly a priori,” i.e. they must be perceived a priori “like the regular figures, 

which in reality cannot be perfectly drawn and yet which we perfectly perceive and understand 

with all their attributes.” Schopenhauer now (ibid.) gives the foundation for his view, and the 

following scheme: 

 

    0          1/4          1/3          1/2          1/2          2/3          3/4          1 

black      violet       blue       green        red       orange    yellow     white 

                                                |_______| 

                                 |______________________| 

                 |______________________________________| 

    |___________________________________________________| 

 

The ratio numbers have no meaning for us, since they are meant by Schopenhauer to be only 

psychological “quantities.” The brackets, on the other hand, are of great importance, because 

they embrace the pairs of colors (complements) and likewise the series-progression of colors, 

which strictly follows the psychological evaluation. The reader will already have noticed that this 

series-progression violet blue green red orange yellow does not agree with the series of the 

spectrum: 

 

violet       blue       green    |    yellow        orange        red       (physical) 

                 →                                                       ← 

 

However, a connection is evident, in that the spectrum exhibits the reversed series-progression of 

the Schopenhauer series in its second half. Both series are well-founded, the first 

psychologically, the second physically. 

 I will now set up Schopenhauer’s pairs of colors in the partial-tone coordinate scheme 

according to their evaluation 1. green – red, 2. blue – orange, and 3. purple – yellow, assuming 

the overtone basal series 1/1, 2/1, 3/1 ... as approaching the light (white), the undertone basal 

series 1/1, 1/2, 1/3 ... as approaching the dark (black), and the diagonal 1/1, 2/2, 3/3 ..., i.e. the 

generator-tone, as a medium gray, in which all complementary colors dissolve before our eyes as 

they are mixed. The identical tone-values (equal-tone lines) always contain the same color, the 

octaves upwards are always the next step towards white, and the octaves downwards are always 

the next step towards black. All generator-octaves thus have gray-values, upwards approaching 

white, downwards approaching black. G and F appear in the tone-development as the first tone-

pair differing from the generator-tone. In accordance with Schopenhauer’s view, they must have 

the colors red and green (or vice versa; I chose them according to the lightness value, thus 

placing green, blue, and purple in the < 1 domain and red, orange, and yellow in the > 1 domain), 

and in their upper and lower octaves, the corresponding lightness and darkness values of red and 

green. E – As and A – Es appear as further reciprocal tone pairs. From the above viewpoints, and 

because E and As appear first and next the generator-tone, these tones receive the colors blue – 

orange, and the tones A – Es receive the last color pair purple – yellow. The lightness value of 

the color is always defined so that the “purest” colors, i.e. those with the greatest luminosity, lie 

next to the middle diagonal 1/1, 2/2, 3/3. Naturally, any number of other colors—even an endless 

number—can be inserted between the above six colors, and will appear and require places in 

further tone-development. For the sake of clarity, only the color-values of these 6 colors are 

inscribed, along with the gray values with their upper and lower octaves. I recommend that the 



reader construct Table 442a himself in color according to the specifications given. It would be 

better to leave the table in this book as it is, to draw a grid of lines on a large sheet of cardboard, 

and to fill out the corresponding fields with gray and color values. 

 If we now observe the parallel series lying next to the diagonals 2/1 3/2 4/3 5/4 6/5 ... and 

1/2 2/3 3/4 4/5 5/6 ..., we see that the colors green, blue, and violet appear in 4/3 5/4 6/5, and red, 

orange, and yellow appear in 3/4 4/5 5/6, with a pronounced color-harmonic direction of the two 

series towards the middle line n/n – 1 = gray. It is interesting to note the switching of red and 

green in the two previous steps 2/2 and 3/3, which cannot at present be interpreted purely 

physically. The substance of the experiment, however, is shown by the fact that the overtone and 

undertone parallels of the middle diagonal from the ratios 3/4 and 4/3 upwards show a definite 

spectral structure, whereby the division of the spectrum between red and green remains for now  

yet another physical puzzle. But perhaps the spectrum is not a homogenous band at all, and is 

superimposed from two impulses, which begin with yellow and green (emerging from a gray 

stage) or contact each other? In any case, we see that a harmonic analysis of the Goethe-

Schopenhauer color arrangement leads to spectral arrangements, albeit of a rudimentary type. 

Otherwise, our table shows that every color complement corresponds to an exact tone 

complement, and thus, regardless of its physical significance, the table is useful as a color-tone-

designation table, which even in this small version clearly illustrates a great number of color-

chords, color-intervals, and color-tone steps. It is mentioned here only as a side note that a color-

body can be developed on this basis analogous to the partial-tone cube, and Runge’s color-

sphere and similar spatial color developments are well worth contemplating for their inner logic. 

Perhaps this “tone-prism” will shed light upon the entire polarization problem, and lead to a 

connection with spectral analysis. 

 

§45.4. Bibliography 

For 3: As the most pertinent published work, predominantly from the standpoint of the artist and 

pedagogue, I recommend Johannes Itten’s great work on color, published privately at the 

beginning of the 1920s, which will soon hopefully be made generally accessible. 

 Furthermore: Carry von Bienna, Farben und Formen als lebendige Kräfte (Jena, 

Diederichs), a student of Adolf Hötzel who offers Hötzel’s lessons as a whole and expounds 

upon them; Wilhelm Steinfels: Farbe und Dasein (Jena, Diederichs, 1926); the writings of the 

Swiss painter Aeppli: Die Symbolik von Licht und Dunkel. Die Farben und ihre Offenbarung, 

self-published, Uerikon am Zürichsee 1936, and Lebensordnungen, Farbe, Ton, Form, Emil 

Oesch Verlag, Thalwil-Zürich 1944. Aeppli’s works discuss color problems from the religious-

symbolic standpoint. In the latter work Aeppli analyzes the partial-tone coordinates in his own 

way, using red and yellow as the generator-tone 1/1. Victor Goldschmidt, on the basis of his 

crystallographic-harmonic complication law, has published a tabular-work on color that I have 

not yet been able to obtain. A rich literature about audition colorée can be found in Georg 

Anschütz, Farbe – Tonforschung I (Leipzig 1927), from whose school the dissertation of 

Johannes Hantzsch: Farbe – Formbeziehung bei Kindern und Jugendlichen (Hamburg 1935) 

also stems. Besides the well-known books by Ostwald (Farbenlehre und Farbenfibel), a good 

popular-science discussion of the color problem is in William Bragg: Die Welt des Lichtes 

(Braunschweig, Vieweg, 1935). – Hans Kayser, Hörende Mensch, 17 and Ch. V, section 2; 

Klang, 33; Abhandlungen, “Tonspektren”; Grundriß, 40, 169, 200 



 The so-called “color-keyboard” was explained as an absurdity by Herder in his prize 

essay “Vom Ursprung der Sprache” (1770); see further his “Fragment über Licht und Farben und 

Schall.” 

 I cannot further discuss Aeppli’s beautiful, strongly religiously founded main work, 

Lebensordnungen, since I obtained a copy of the book from the friendly author only after the 

completion of this manuscript. The reader interested in color-tone problems is referred all the 

more urgently to this book. 

  



§46. SYMMETRY 

 

§46.1. Definition and harmonic derivation 

“Symmetry” comes from the Greek symmetria = correct ratio, regularity. In the ancient Greeks’ 

architectonic study of harmony, which was based upon the two great principles of the esoteric 

“Eurhythmia” and the exoteric “Symmetria” (A. Eichhorn: Die Akustik großer Räume nach 

altgriechischer Theorie, Berlin 1888, p. 72 ff.), the concept of the “symmetron,” according to 

Vitruvius, was seemingly equated with the “proportioning” of the parts amongst themselves. 

Eichhorn (Der Akustische Maßstab, Berlin, 1899, Ch. II) therefore identifies the “symmetron” 

with the unit of the string, from whose divisions the architectural proportions emerge. In the 

sense of akróasis, this means that the ancients assigned the eurhythmic element to the domain 

that we call the tone-value, and the symmetrical element to the domain of the tone-number. 

 In modern times, the concept of symmetry has undergone a metamorphosis and in fact 

been narrowed; we now speak of “universal” symmetry, but define it as the “divisibility of a 

figure into equal mirror-image halves.” 

 In §23a.2 of this book, we discussed the three concepts of dualism, reciprocity, and 

symmetry from the point of view of their relationship on the one hand and their differences on 

the other. This gave rise to the definition of a “polar asymmetry,” based on the inner diversity 

and outer symmetry of the “P,” which especially allowed an interpretation for the right-left 

phenomenon. This inner polar asymmetry, together with the outer symmetry, is characteristic for 

all harmonic group- and combination-formations. One could speak in the literal sense of 

“negative symmetry” instead of polar asymmetry, since indeed this “negative” symmetrical 

domain of all harmonic configurations is associated with the < 1 sectors, and therefore with the 

logarithmic minus domain. 

 Here, however, we will not wrangle with definitions, but will merely entreat the reader to 

envision the actual existence of elements of symmetry by means of harmonic theorems, which 

are present in almost all harmonic group constructions. 

 

§46.2. Ektypics 

In the following, we will ektypically develop a few examples associated with the concept of 

symmetry. The crystallographer J.F.C. Hensel already showed in 1830 that assuming the 1-, 2-, 

3-, 4-, and 6-fold symmetry axes based on observation, only 32 different classes of crystals can 

exist, which are then arranged into six crystal systems. One therefore divides the crystal forms 

according to their symmetric relationships, and distinguishes four types of symmetry: 1. center of 

symmetry, 2. symmetry axes, 3. planes of simple symmetry or mirror planes, and 4. axes and 

planes of combined symmetry-rotation reflection. All crystals for which every direction has the 

same qualities on the opposite side have no. 1: every surface has an equal parallel surface. No. 2 

is an axis around which the crystal can be rotated so that after an angle rotation that is not 360°, 

but is a factor of 360°, the crystal takes the same relative position. No. 3 divides the crystal into 

two mirror-image halves. For no. 4, one can position the crystal as a mirror image to itself on a 

plane that is perpendicular to the axis of rotation by rotating it at an angle that is a factor of 360°. 

 Our readers who have worked through §37 and §37d, ad 1 will notice that one can find all 

these qualities in the tone-space and in the partial-tone cube, along with their further 

developments. Admittedly, the concept of the “non-homogeneous discontinuum,” i.e. the psychic 

evaluation, is added there. With regard to the various possible crystallographic coordinate planes, 

P. Niggli shows the following five figures in his work, Von der Symmetrie und von den 



Baugesetzen der Kristalle (Leipzig 1941, p. 33) – a book that cannot be recommended highly 

enough to our readers. 

 

Figure 443a: 

 
 

Here, one will immediately recognize the complete concordance with our harmonic “variation 

models” (triangular and quadratic, §31). In this work by P. Niggli, the symmetry principle is 

treated from the standpoint of exact science, in great inner depth and accompanied with a wealth 

of profound thoughts, and the readers who wish to work further on “crystal harmonics” 

independently are referred primarily to this work by Niggli. Further reading can be found at the 

end of this chapter. 

 Further, regarding the symmetry of crystal forms, the Handwörterbuch der 

Naturwissenschaften, 1st ed., Vol. V, p. 1093, states: “Symmetry planes are such important and 

obvious elements of symmetry that it is important to note that 14 of the 32 types do not have 

symmetry planes. A center of symmetry is even rarer; 21 types do not have one. Otherwise, 

almost all have one or more coincident or mirror axes. Each of the six crystal systems contains 

multiple crystal types, for each of which at least a certain measure of symmetry is essential for 

assignment to a certain system; the only exception in this regard is the entirely asymmetrical 

class (triclinic system).” Thus, with only one exception, crystal forms do not exist without 

symmetry, and the mirror-image – the primal symmetry of all harmonic groups – seems to 

dominate among the types of symmetry. “This phenomenological study of crystal symmetry is a 

great achievement of morphological research,” writes P. Niggli (ibid., p. 23). In my previous 

works (Hörende Mensch, Ch. III, section 2, and Abhandlungen, Tagebuch vom Binntal), the 

focal point of the harmonic analyses was especially the so-called “law of rationality” of the 

crystallographic surface indices, which had already been brought together with the law of 

acoustic tone-numbers by V. Goldschmidt (Harmonie und Complikation, Berlin 1901). Since the 

law of rationality “is beholden to the law of symmetry in its most universal version, the harmonic 

approach to the two principles is also given” (P. Niggli, ibid., p. 23). W. Nowacki gives further 



views from his expertise in crystallography regarding the problems of “symmetry and form” and 

their significance in various domains, in his short but comprehensive inaugural lecture 

“Symmetrie und Form” (published in the memorandum of the Naturforschende Gesellschaft 

Bern, 1940) – an essay that shows, as does P. Niggli’s work, that the exact natural sciences are 

again able and willing to create an “atmosphere” breathable even by common mortals. 

 In crystal optics, there are just as many symmetric relationships. Anyone who explores 

the colorful wonders of polarization phenomena will also run across elements of symmetry 

everywhere, and in my “Tonspektren” I referred to the fact that the spectral bands appear to obey 

an inner polarity that goes back to the major and minor impulses of the “P” series, and are thus in 

a mirror-image reciprocity. This also goes along with the results of our color analysis of the “P” 

in §45.3, where this symmetry is expressed in the two parallel color series lying next to the 

generator-tone diagonal. 

 Symmetries also play a role in chemistry. “The dissolution of parts in fine structure 

(matter) is always to be considered from the viewpoint of a symmetry action. The components 

coupled by rhythm or mirroring take part in processes simultaneously, and because this takes 

place through the entire unity of a crystal, and thus in a many millionfold manner, from the point 

of view of analytical chemistry such a process appears backwards, or else echelonwise, in the 

case where the new configuration contains the dissolving ingredient in a fixed symmetry 

arrangement, as is the case, for example, with the burning of gypsum into anhydrite” (F. Rinne: 

Das feinbauliche Wesen der Materie nach dem Vorbild der Kristalle, 1922, p. 137). 

 

§46.3. Organic symmetries 

In the plant kingdom, from algae to the most highly developed forms, there are a great number of 

symmetric formations and qualities, morphological as well as physiological and psychic 

(sexuality). The fact that penicillin mould (Penicillium glaucuum), for example, when grown in a 

solution of inactive racemic acid, absorbs only right-handed tartaric acid molecules, can only be 

explained as a physiological sensibility to certain chemical symmetries; a type of bacteria is 

known that devours the left-handed tartaric acid molecules first, then the right-handed molecules, 

and in recent times a schizomycete has been discovered that leaves only the salt of left-handed 

lactic acid remaining; this fastidiousness earned it the name of left lactic acid bacterium (Bacillus 

acidi laevolactici). There are so many symmetries in plant morphology that K. Goebel was able 

to devote a whole section to the “symmetry relationships in plants” in his classic work 

Organographie der Pflanzen (3rd ed., 1928, p. 210 ff.). I attempted to show in Harmonia 

Plantarum how much the typical harmonic symmetries and polarities pervade the entire plant 

kingdom. Almost all diagrams have a major-minor symmetry in their background, and in the 

chapter “Symmetrie” (p. 261 ff.), the symmetry principle is once again defined value-formally. 

 Likewise, the animal kingdom could not be imagined without continuous morphological, 

physiological, and psychological symmetry relationships. 

 The dynamics of walking and flying, as well as the statics of equilibrium (the organ in the 

ear) and above all the phenomenon of “hearing” and the “voice” are full of harmonic forms and 

elements. These range from the radial symmetries of the lower animal forms, which are often 

surprisingly concordant with the cross sections of flowers and stems, and whose harmonics 

likewise follow a dyadic, ternary, and pentadic ratio system, through the “senarius” of insect 

legs, to the bilateral (two-sided) symmetry and mirror-imaging of almost all higher animal forms, 

which last, as we saw in §38a.2 with the index development of the human form, appears to be 

even more fundamental than for plants. 



 

§46.4. Artistic symmetries 

The existence of symmetrical elements is so widespread in architecture, painting, poetry, and 

music, that we will restrict ourselves to concrete examples in music. As in the ektypic sections of 

this book, we can never reach completion, but can only provide information and “illustrations” 

for the harmonic theorems of the relevant chapter. In the first movement of Beethoven’s 5th 

Symphony, the main theme up to the emergence of the secondary theme (sforzando) covers 62 

bars, the secondary theme up to the beginning of the closing theme (ff) 31 bars, and the latter up 

to the double bar (repeat sign) 31 bars again. Thus for the first part of the first movement, with 

repeat, we have: 

 

Figure 444:  

 
 

1st part of the 1st movement, with repeat (Beethoven’s 5th Symphony) 

 

Now the second part. If we count for 124 bars further, we come right to the main theme, i.e. the 

“development” covers exactly 124 bars, just the same number as the first part without the repeat. 

Going on, another 62 bars brings us to the end of the recapitulation of the second theme, and 62 

bars from there to the middle of the transition to the coda. If we count 124 bars from the end 

backwards, we come back to the same transition point, only 5 bars later, which however does no 

harm to the symmetry, since this very transition point is expanded by a few bars due to its 

expansive significance. If we do not want to allow this, however, we can imagine that the 

movement ends in the 5th bar before the conclusion. One can read the score and imagine the 

rhythm: the symmetry would not be destroyed, the conclusion would only be truncated in an 

uncompromising, almost reckless way, and this very thing may have moved Beethoven to add 

the further 4 bars, which are indeed nothing but “affirmation.” From these viewpoints, we can 

ignore the small discrepancies in the conclusion of the movement, and reduce the inner 

symmetry of the movement to a formula, shown by the following scheme: 

 

Figure 445: 

          124                  124                   124                  124                   124 

|——————|——————|——————|——————|——————| 

    main theme       repetition       development     main theme       conclusion 

 

Scheme of the 1st movement of Beethoven’s 5th Symphony 

 

This movement, therefore, has an astonishing symmetry, whereby the development of the central 

part represents, and indeed assumes, that the first part will also be repeated; it will become 

especially evident through our analysis that the symmetry of this movement becomes totally lost 

through the barbarism of not taking the repeat. (This barbaric ignoring of obligatory repeats is 

unfortunately so widespread in modern performances that there is nothing to do but protect 

oneself through “reprisals” such as the following: Among musicians there is an unwritten law 



that if the employer – the infamous stopwatch of radio, etc. – is the guilty party, then he must pay 

10% extra fee to the local union of the living composer in question, and if the unscrupulousness 

of the musicians themselves is at fault, they must pay the 10%.) 

 Of course, such pronounced “quantitative” symmetries are not at all common. However, 

the fact that they are not merely external in nature is proven by the extremely tense and closed 

character of this movement. Very peculiar symmetries, which have still hardly been investigated, 

can be found in the works of Johann Sebastian Bach. One of the first approaches was made by 

Wolfgang Gräser, who summarized the tonal content of the “Kunst der Fuge” in the symmetrical 

formula: 

 

Figure 446: 

 
 

(see his “Bachs Kunst der Fuge,” in the Bachjahrbuch, yr. 21, 1924, Breitkopf & Härtel, Leipzig, 

pp. 1-104). Prof. L. Kathriner, Fribourg (Switzerland) has told me that in many of Bach’s works, 

he found a great number of remarkable symmetries and regularities with regard to the thematic 

periods, which he could only locate by counting the bars. This again shows that these initially 

purely quantitative analyses refer to a deep inner psychic arrangement. For my part, I do not 

believe that all these great composers, such as Bach, Beethoven - and also Mozart, in whose 

works we find the same type of symmetries – consciously measured out their scores with a meter 

stick, so to speak. The inner arrangement of their works, however, is something completely 

different; its regularity appears through these initially purely numeric-quantitative analyses like a 

small ray of light from the mystery of the creative process, and can be somehow grasped and 

processed by means of our cognitive consciousness. For these reasons, one should in no way 

regard these analyses as a quantité négligeable, but take them seriously as a valuable means for 

the knowledge of the inner structure and the planned construction of the works in question. The 

fact that these “quantitative” analyses can only be a beginning, in a certain sense the skeleton of 

a universal psychophysical tectonics of the art of music, is evident to anyone who has occupied 

himself with these things, and no one knows this better than those who play such “games.” 

 In architecture, sculpture, and painting, the symmetries are much more obvious than in 

music and poetry, because here they are more easily accessible to the eye and to the sense of 

touch (measurement), and can often be recognized spontaneously. As for poetry, I would like to 

cite a passage here from J. Burckhardt’s Griechische Kulturgeschichte (Vol. II, 7. “Die 

Tragödie,” Kröners Taschen-Ausgabe p. 298), whose content deserves to be examined more 

closely by those interested in harmonics: “As for the construction of the plot (of the ancient 

Greek tragedies), mysteries have also gradually come to light in the later tragedies, which one 

cannot see or observe for oneself in the theater, but which must have had their significance. 

Certain tragedies of Sophocles and Euripides are built quantitatively according to the verse 

numbers of the dialog parts, so that the middle is a main scene, against which the remaining 

scenes consistently rise from one side and fall on the other, so that they come together 

symmetrically around the middle, like the figures in a pediment. No human eye can see this, no 



human ear can hear it, and yet it is proven; they are things that are unexplained for the time 

being, but that show us the supreme artistic abilities of the poet.” The Pythagoreans, as Thimus 

demonstrates (I, 133 ff.), and as is self-evident from the charting of the harmonic tone-

development (“P”), notated this in the form of a Greek “Lambdoma”: Λ. This, however, is also 

the image of a gable, and it seems possible to me that these great poets interwove a secret 

Pythagorean symbolism into the construction of their works, all the more so as these harmonic 

symbols represented a synthesis of tone, rhythm, and number, which could be expressed in 

corresponding proportions. 
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§47. SPACE AND TIME 

 

Space and time are not only enormous concepts, but equally enormous facts and realities. Before 

studying this chapter, the reader is entreated to reread what was said in §7, §16.2, and §19b. 

 

§47.1. On harmonic derivation 

The considerations at the beginning of §7 can be modified in the following manner. If we use the 

spatial (string-length) and temporal (vibration-number, frequency) elements as a basis for the 

“P,” we obtain the scheme of Fig. 447. 

 If we use the two psychic forms major and minor as a basis, we obtain the scheme of Fig. 

448. 

 We will now discuss these three schemes, A, B, and C, more precisely. 

 

Figures 447-449: 



 
 

If we position ourselves in space, then equidistance is in minor, perspective in major (A, above). 

If we retain the equidistance-minor relationship, concentrate on the psychical demeanor of the 

minor, and see what temporal element appears there, we will observe a perspective and 

shortening (B, lower left). 

 If we position ourselves in time, then equidistance is in major, perspective in minor (A, 

below). If we retain the equidistance-major relationship, concentrate on the psychical demeanor 

of the major, and see what the spatial element is there, we will also observe a perspective and 

shortening (B, above). 

 Depending on how we position ourselves in either of the psychic “worlds” of minor or 

major, perspective changes into equidistance, or vice versa, for time and space. 

[Fig. 450 needs corrections entered from HK’s errata] 

Figure 450: 



 
 

As in §7, the result in each case is that with fixed tone-evaluation, the spatial and temporal 

element has a vice versa relationship to the equidistance and uniformity and the perspective and 

shortening, as is summarized in the previous scheme (D). 

 The most important results of these analyses are: 1. with the psychic behavior (B and D), 

i.e. assuming an identical psychical behavior (major-minor or equal tone-values), the space-

assumption remains uniform and equidistant and the time-assumption diminishes perspectively, 

or else vice versa: time remains equidistant and space diminishes, becoming perspective; 2. with 

only temporal or only spatial behavior, i.e. when we are judging by only space or only time (A), 

the psychic worlds of major and minor are vice versa in this cross-ratio of “polar asymmetry” of 

perspective and equidistance; and 3. a behavior that is only perspective or only equidistant (C) 

banishes both time-space and tone-evaluation in this cross-ratio of polar asymmetry. 

 Before we draw a few ektypic results, we will orient ourselves in history with a few 

viewpoints on the space-time problem. 

 

§47.2. History 

The space-time problem is specified at the beginning of Genesis. “In the beginning God created 

Heaven and Earth” – with this, three-dimensional space is established. “And God said: Let there 

be light! – and it was evening and morning: a first day” – here, time is established, through the 

akróatic mediation of speech. The Parsee Rivayats hold time not to have arisen, but to be eternal; 

it is separate from space and is the creator of the universe. Pherekydes of Syros, the teacher of 

Pythagoras, attributes the emergence of things to a triadic unity of Chronos (time), Chton (Earth, 

space), and Zeus (norm). According to Aristotle, Plato was the first to consciously investigate the 

problem of space as something separate. This “Platonic material,” however, is still 

fundamentally boundary, limitation, from which the concept of the “cosmos” is derived. 

 Space and time receive their first categorical foundation with Aristotle. Aristotle 

associates the pou (somewhere) with topos (space), and the pote (sometime) with Chronos 

(time), and with this assignment, the hic et nunc (here and now) is created, upon which all later 

philosophers built the space-time concept. Whereas Plato considered space to be discrete, 

Aristotle considers both concepts, time and space, to be continuous, i.e. unending and eternal. 

From here, there is a direct line leading to Kant, who writes of the continuity of space and time 

in his Dissertation, admittedly without mentioning Aristotle; but in his Critique of Pure Reason, 

he emphasizes the “quando” (when) and ubi (where) from the Aristotelian study of space and 

time, which are “Modi of pure sensation.” Plotinus projects space and time into the psychical – 



“time is the life of the soul,” he writes in the Enneads – thus giving a new twist to the problem. 

Iamblichus, a harmonist to whom we are greatly indebted (§20a), as related by Simplicius, lets 

space and time “measure” each other, i.e. the Galilean notion has already emerged for him, albeit 

merely as the image with which he gives the example of the cosmic circular movement 

progressing in time. The Neoplatonist Proclus, the marvelous but still little-known last great 

philosopher of ancient times, came up with the very modern idea that space could be identified 

with light. He bases this pure light-space identification upon the “Myth of Er” in Plato’s 

Republic. With the rise of Christianity, which turned all peoples of the Earth toward God, time 

obtained a vectorial, non-reversible character, and discharged into “history.” “Space” was thus 

isolated, and connected to this I see one of the reasons for the split between “science” – which 

was mainly “science of space” at the beginning of its emancipation, and still is today – and a 

“science of time” shared by religion and history. The temporal is made spatial by science, and in 

a certain sense it is materialized, and it was inevitable that Galileo arrived at his quantitative 

ratio s/t from purely sensory data. 

 These few references are given only as a brief, aphoristic hint on the discussion of the 

space-time problem, so as to give the reader an idea that these things are by no means  complete 

and finalized, but are still flowing today. In modern times, one can differentiate various 

tendencies in the handling of the problem. Space and time are, for example, seen from the 

realistic (objectivist) point of view as substances (More), accidents (Spinoza), or relations 

(Wolff); from the idealistic (subjectivist): consequences of psychic processes (Berkeley, 

Hobbes), independent perceptions (Locke), arrangements = relations (Hume). Through the 

analysis of meaning: “descriptions” of space and time as phenomenological circumstances 

(Meinong), their definitions through “ratios” (Lambert). Idealistic (phenomenological): the 

sensory idea of objective connection, their “appearance” with the “Being as itself” (Kant and 

Leibniz). Idealistic (logical): space and time are thought-requirements (Newton and Euler). W. 

Gent (see bibliography) gives these last examples and describes them (p. x) as randomly drawn. 

But for our readers they serve to demonstrate the various approaches to the problem, to which we 

can also add our “harmonic” approach. 

 

§47.3. Physical, ektypic 

To §7b we also add some information on the element of diminution. The Dutch physicist H.A. 

Lorentz assumed that every body, in its movement through the ether, sustained a contraction in 

the direction of its movement in the ratio 1 : √(1 – q2). Einstein’s formulae make this assumption 

more precise through the elaboration that as the degree of the shortening of length increases, the 

speed at which the segment in question moves increases, in terms of the coordinate system used. 

If the movement progresses vectorially at the speed of light, then the length of the segment 

contracts to zero. Here, as with our harmonic theorems, we have a completely clear perspective 

diminution of the spatial with a progressing increase of the temporal. For Lorentz, admittedly, 

diminution is a fundamental quality of matter itself, whereas for Einstein it is merely a 

consequence of the methods of measurement – but these various aspects are irrelevant for the 

harmonics of the problem. Hermann Weyl gives an example to illustrate Einstein’s space-time 

relativity, in which the temporal element diminishes relative to the spatial (coordinate system). 

Imagine two twin brothers; one stays and lives at home in a peaceful coordinate system. The 

other devotes himself to traveling at the highest speeds possible. After many years, when he 

returns to his homeland, he will be younger relative to his brother. 

 



§47.4. Physiological and psychological 

If we meditate upon the above scheme A (Fig. 447) and its theoretic conclusions, we can imagine 

that prototypes for two different psychical models of behavior are expressed in the upper and 

lower series. In my Grundriß (pp. 217 and 307), I called these models “choretic” (from chora = 

space) = space-related, and “chronetic” (from chronos = time) = time-related. Of course, these 

are extreme cases that would seldom appear as actual characters. But they can still help to typify 

temperaments and dispositions. For someone of a “space-related” character, equidistance (i.e. 

uniform thought and perception) is in the “minor,” perspective in the “major.” The “spatial” 

person – if we may assign the perspective manner of thinking and perceiving more to the artistic 

domain – will answer to this motto: science is serious, life and art are joyous. For someone with 

a “time-related” character, on the other hand, equidistance is in the “major,” perspective in the 

“minor.” He will answer to the motto: science is joyous, life and art are serious! Since, for the 

spatial person, the minor-equidistance of thought radiates into the endlessness and the major-

perspective of perception tends towards a limiting value, his entire character will exhibit an 

“eternity-conscious static optimism.” And since, for the temporal person, the minor-perspective 

of perception tends towards a limiting value and the major-equidistance of thought radiates into 

infinity, his entire character, which is dictated predominantly by perception-based and not 

thought-based things, will exhibit a “finiteness-conscious dynamic pessimism.” 

 I would like to emphasize once again that these models are extreme cases. In reality there 

will always be a blend, in which one type usually predominates more or less over the other. 

 We owe the work of E. v. Cyon, already mentioned in the Introduction and in §37b, Das 

Ohrlabyrinth als Organ der mathematischen Sinne für Raum und Zeit (Berlin, Springer, 1908) 

for the first detailed discussion of the “physiological origin of the sensory perceptions and 

apperceptions of space, time, and number” (ibid., p. 417). He writes (ibid., p. 422): “It is a fact 

the whole world knows that among mathematicians, two completely different mental dispositions 

can be identified: one type is especially gifted for geometry, the other for analysis. This applies 

not only to educated mathematicians, but also to beginners in mathematical studies ... for 

example, among modern mathematicians, Riemann and Bertrand were predominately 

geometricians. They required sensory visualization to be able to develop their extensive 

deductions; others, such as Hermite and Weierstraß, showed a definite aversion to any type of 

visualization. Abstract analysis, with the aid of complicated number comparisons, was the 

predominant field of their scientific researches ... Given the modern understanding of how the 

labyrinth of the ear functions, one can assume with some probability that those who are mainly 

geometricians possess especially finely perceptive semicircular canals, and correspondingly very 

highly developed brain centers for the apperception of directions. In contrast, mathematicians 

who seek to solve their problems only with abstract dimensions and analytic comparisons must 

have especially finely constructed nerves in the cochlea and the corresponding parts of the brain. 

For the former, the activity of the vestibular nervous system dominates; for the latter, the 

cochlear system.” 

 

§47.5. Philosophical 

We will now touch upon a theme that must be handled with care, precisely because it is of most 

vital importance in perception theory for us humans: the problem of disruption (good – evil). It 

has already been discussed in §23b.1 in terms of the “polar asymmetry” of the two halves of the 

“P,” and it will be discussed later in §53 and §54 under the entire aspect of akróasis, as far as 

modern knowledge is capable. 



 Here we want to try to set the disruption problem in a relationship with that of space and 

time – an attempt that has not yet been made, to my knowledge, but that forces itself upon us 

directly from harmonic space-time analyses. 

 It is my strong belief that space and time are not “perception-forms” but objective and 

subjective existence-forms, hence “value-forms.” In the harmonic sense, this is expressed in the 

fact that the space-time element can be arranged as a value-form in the great domains of 

reciprocity (§7), polarity (§23), symmetry (§46), the harmonic inversions (Grundriß, III C), and 

ambivalence (ibid. III F), or else can stand behind all these theorems and value-forms as a 

constitutive element. In contrast with the philosophical and logical interpretations up to this 

point, in harmonics, space and time gain a closely bound relationship; these two domains do not 

relate to one another as “outer” and “inner” perception-forms (Kant) having nothing to do with 

one another. Instead, in their ambivalence and inversion, they are linked together in a very 

definite tectonics (equidistance – perspective, major and minor, etc.). And precisely this tectonics 

makes them into a universal morphological principle, pervading and shaping all being-forms. 

 However, there is still the question (see §7) of why space and time appear to our 

perceptions as such separate forms, having absolutely nothing to do with each other. There must 

be a reason for this. For  existentially, they are connected, both for us as humans and for nature. 

We live in space and time, and all that exists and happens in nature exists in space and happens 

in time. However, for our thinking, the two are absolutely different. 

 Perhaps we will be helped further by a deliberation of the mathematical-physical type, 

which also applies for tone-number. If, for the reciprocity of frequency (time) and wavelength 

(space), we set one of the two components as infinite, then the other disappears and becomes 0. 

With this maximal approach, there is only space or only time, i.e. precisely in this case, both 

stand isolated there and appear to have nothing more to do with each other. This announcement 

could be a hint for why time and space are so foreign to each other to our perception: we always 

think logically beginning from the infinite, and probably index the concepts accordingly. 

 But if we now insert the tone-values and analyze the problem harmonically, an entirely 

new element appears: that of the two psychical worlds of major and minor. The purely logical 

reciprocity of the plain numbers becomes filled with psychical connections, and when we set one 

or the other component as infinite, we also have only space and only time, but both stand, 

maximally indexed, in the relationship of major to minor or minor to major; and precisely this 

polarity bares it of its isolation and makes it understandable to us within, psychically, as one 

value-form that merely has two aspects. 

 If we now consider that the space-time reciprocity is inherent to each individual tone or, 

speaking generally, to the primal phenomenon of tone-number – since every tone has frequency 

(time) and a wavelength (space), which are in exact reciprocity and mutuality – then other 

thoughts emerge, especially when we consult our “P” system on this. For this reciprocity is 

expressed in the “P” system within the merely spatial grasp (according to string-length) and the 

merely temporal grasp (according to frequency), since the two halves of the system are 

reciprocal in every individual case. Space and time are thus present as form-principles both in the 

only spatial and in the only temporal aspect, one a reality and the other an ideality (by string-

length), and vice versa (by frequency). 

 If we now position ourselves in the < 1 sectors of the “P,” i.e. in its logarithmic “minus 

domain,” which has a convergent, perspectival, and contracting character, then with maximal 

indexing (here we do not mean the simple series as before, but the entire index of the “P”), it will 

agglomerate into something “endlessly” small but enormously dense, while the > 1 sector with 



its equidistant character expands to be as big as the world. This latter, whether spatial or 

temporal, which we can simply identify with the “world,” thus has in itself, inseparably bound 

with it, an enormous counterweight in its expansion, which is yet almost imperceptible, almost 

invisible. If we meditate upon this discovery, the assumption seems to me by no means absurd 

that in this “dark, obscure origin” – as Jakob Böhme would say – an ideal possibility would exist 

for the “falling away,” for the “thorn” of the world, in short for the adverse, the evil. 

 I emphasize the term “ideal possibility” for the falling away. Jakob Böhme places this 

concept in “eternal nature,” so as to indicate that evil does not yet exist here, although its form is 

present. 

 Harmonically, we can go a step further. This “ideal possibility” of the negative, which is 

indeed already visible in every limited index, rises to become an “ideal probability” when the 

indices are no longer limited, but simply set at the maximum. Then appears what I call the 

“breach between space and time.” The sector vanishes into that monstrous concentration, and 

only the spatial, or only the temporal (string-length or frequency) remains, i.e. that type of our 

concept of space and time in which they appear to have nothing to do with one another, and 

whose conceptual synthesis is so difficult for us. This space-time breach, this falling apart of two 

principles so important for existence in our thoughts, makes this in the deepest sense 

“Luciferian,” i.e. our thought is thus infected a priori with the “thorn” of the negative, and only 

through meditations and observations of the above type can we once again to some degree orient 

ourselves as to the emergence, the character, and the mutual relationships of the negative to the 

two great principles of space and time. Readers who happen to read only this section from this 

book, and have not read what led up to it, will not gain much from deliberations of this nature. 

Only those who have followed the entire progression of previous investigations closely, and 

worked through them themselves, will be able to understand and inwardly grasp these things. 

 

§47.6. History 

Under the aspect of the above, the concept of “history” should be briefly mentioned. 

 It appears to us as the temporal event kat’ exochen [= par excellence – Tr.] We speak not 

only of a history of humans, but also of a history of nature, the cosmos, the Earth, the geological 

epochs, the plant and animal kingdoms, etc., whereby the element of “development” is especially 

incorporated. 

 If one now says, on the contrary, that there is also a “history of space” as well as a 

“history of time,” and that it should be obvious that the “spaces” of temporal events, i.e. the 

peoples, cosmic bodies, geological formations, forms of plants and animals, should be included 

in this observation of the history of development, then that is not only correct, but also this 

“history of space” has subjugated the “history of time” so much in all domains, that one can 

make the claim: for science, there is no “history of time” at all, only “history of space.” This 

means simply that the concept of time is subordinate to the concept of space, and the former is 

“spatialized” by the latter. Let us take as an example the history of humanity, in which the 

fluctuating, vectorial, irreversible, one-way temporal appears to be especially embodied. But if 

we take a closer look, we find spatial history-forms everywhere: “history” of peoples, national 

politics, and other relationships, etc. Through investigating the purely temporal relationships, 

periodicities, etc., we would rarely find anything; only in modern times (Spengler, etc.) have 

attempts been made to designate the content of the temporal epochs from the temporal side 

through a comparative “morphology.” If one examines this more closely, one can absurdly claim 

that, with regard to the “scientific” handling of the history of development of the various 



domains, no “history” exists at all; so much has the spatialization of the temporal become all-

pervasive. There are exceptions, but they are minimal. Here also, a “polar asymmetry” appears to 

me to dominate, which naturally is not coincidental and has its foundations in a maximal setting 

of the spatial index, whereby the “temporal,” as something almost disappearing in the highest 

concentration, is in a certain sense the only foothold, no longer describable, which holds all 

“historical research” together. Only in a single domain does the temporal appear to me still to be 

pure, without this spatial adulteration: in the religious alignment of believers towards the divine. 

Certainly there is also a “history of religion.” But this dwindles to nothing compared to the future 

hope of the eternal, which is common to all religions. Here, time alone is the great measure and 

evaluator of all things, but here too, due to the “polar asymmetry” of the spatial, there occurs the 

constrictive element standing opposite in endless concentration, the “earthly remains” which 

even the religious person cannot escape. 

 If we meditate further on this, we may arrive at the thought of whether all that is 

“historical” – not only as it is seen and studied today, but as it happens – is everywhere 

overshadowed and saturated with tragedy, because time is forced into being space, because all 

pure temporal experiences are continually darkened by the superiority of spatial events, and 

forgotten. Here, only a limiting indexation of the world and our thought and perception could 

create a fundamental change, by which space and time, despite their polar asymmetry, would 

once again stand in a tolerable relationship. Especially for the religious person, that would also 

mean that his pure temporal-spiritual orientation towards the divine would once again have 

“space,” would find room and a place in what we generally think of today as “history”. 
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§48. ENHARMONICS 

 

§48.1. The concept of enharmonics (historical) 

The ancient Greek enharmonics (from enarmonios = in agreement) was one of the three so-called 

tone-genera, the diatonic, chromatic, and enharmonic, the study of which belongs, as A. v. 

Thimus says (Harmonikale Symbolik I, 225), to the “hardest part of archaeological musicology.” 

We are to some extent in a position to restore the genera diatonicum and chromaticum from old 

sources, but on the subject of the genus enharmonicum, the ancients are either silent, mention it 

as a dark, puzzling area, or else simply repudiate it as a useless curiosity, as did Aristoxenos, the 

father of “equal temperament.” A. v. Thimus (Harmonikale Symbolik I, 239-240), whom we 

must thank for illuminating ancient Greek enharmonics, and who with good reason went so far as 



to say that enharmonics are “the presupposition, so to speak” for the chromatic and diatonic, 

shares the following interesting thoughts: 

 

Because of this, the ancient harmonists before Aristoxenos – who angrily denounces 

those who went “before him” at the beginning of the first book of his Harmonics – 

occupied themselves chiefly, indeed even exclusively, with the enharmonic genus; and 

because of this, their diagrams, which Aristoxenos denounced, remained completely 

unintelligible to the exotericists, who knew nothing of the use of the pure thirds and 

sixths emerging from the number five (even the great reformer found himself in this 

deplorable state) and were judged by Aristoxenos, in accordance with the exchange of 

subjective and objective obscurity that has been current at all times, to be wholly 

insufficient and unusable. Then, to crown it all, Aristoxenos strongly reproved the 

Pythagoreans for to their adherence to the ancient study of numbers, and impetuously and 

reprehensively banned from harmonics the ratios of the pure fifths and fourths and the 

pure, major whole-tone. He also introduced into music theory the equal temperament that 

eliminates all finer differentiations of tone-steps and whole-steps from practical music, 

and which, with the deterioration of the nobler and more serious religious practice of art, 

had long ago achieved dominance, and made it the basis of “improved” harmonics. 

Thereupon any possibility of either the application or the understanding of enharmonics 

was eliminated. Therefore, it should not surprise us too much that the later Greek music 

writers unanimously state that the genus enharmonicum has been completely forgotten. 

The same reasons, however, for which the non-esotericists had refused to look into the 

nature of enharmonics, stand no less in the way of the correct understanding of how 

chromatic tone-progressions are properly measured. Gaudentius (Harm. Intro. p. 6, 

Meibom) writes that of the three genera, not only would the diatonic be more commonly 

applied, but little would be missing if the use of the two others were considered 

completely obsolete. Ptolemy, in Book I, Ch. 16 of his Harmonics, suggests that very few 

listeners take pleasure in the division of the enharmonicum. Aristides Quintilianus (De 

Mus. p. 19 Meibom) says that the diatonic is natural for all, even the untaught, whereas 

the chromatic is extremely artistic and only useful for musically trained people. 

However, he says significantly that enharmonics is the “most precise of all,” yet it is 

recognized only by those most surpassingly learned in music; that for most people the 

production of the diesis (125/128) is downright impossible, and therefore he denies the 

existence and singability of such an interval. Plutarch finally mentions lamentingly that 

“this most beautiful of the genera, the enharmonic, which the ancients studied 

assiduously above all because of its venerability, is alienated from the people living in 

his time, to such an extent that most no longer possess the slightest understanding of 

enharmonic differences. Mental indolence and insensitivity have increased so much that 

such fine nuances as the enharmonic diesis are believed to be completely imperceptible 

to our hearing” (Plut. De Musica c. 38). 

 

 Various things arise from these Thimusian statements. Firstly, the opposition of the 

practitioners to the theoreticians, even among the ancients. Aristoxenos was right, with the 

progressive development of musical practice, to turn from the difficult tone-investigations and 

differentiations of the Pythagoreans and call for a tempering for practical use. He was wrong, 

however, to incorporate theory into this simplification, because precisely from the study of 



enharmonic and chromatic tone-number ratios, the first correct understanding emerges of 

musical norms such as the whole-tone, semitone, and the further intervals and scales. Most 

importantly, however, it undoubtedly emerges from these statements that the old “enharmonics” 

must have been a purely spiritual area of study, an especially finely differentiated system of 

number- and tone-proportions, and thus of intellectual and psychical arrangement principles, 

which possessed value and nobility in themselves, and whose “musical ektypics” were only a 

special case within their much more extensive territory, which embraced many more domains, 

above all those of philosophical and astronomical speculation. 

 Our readers who, above all, have worked through and psychically absorbed the chapter 

on scales (§39) will now know what is meant by this “enharmonics” in the musical sense. It is 

the most comprehensive possible study of the tone-ratios projected within an octave, whose 

numeric proportions derive from the most various arrangements. From the plethora of possible 

normative tones, certain structures then emerge, such as the chromatic and diatonic “scales,” etc., 

which, however, are only termed “musical” in a certain sense, since they already carry their 

nobility and beauty in themselves, completely regardless of their musical-practical usefulness. 

 When A. v. Thimus says (I, 369) with full justification: “With the destruction of 

enharmonics, the teaching of harmonics founded upon an observation of the acoustic number-

ratios must necessarily collapse,” this applies just as much for modern times as for 2000 years 

ago. But Thimus himself, whom we can thank for the reestablishment of ancient number-

harmonics, shows, by means of hundreds of symbolic analyses of this number-harmonics, that 

the “musical special case” (if I may designate it thus) is absolutely not the most important or 

fundamental thing for harmonics, but instead that the harmonic arrangements, theorems, and 

norms reach deeply into nature itself and above all into our psychical and spiritual strata – a 

proof that Thimus admittedly gives by means of ancient relics, and that today’s harmonics seeks 

to expand into all the domains of modern scientific and spiritual life. 

 

§48.2. The concept of enharmonics (harmonic) 

If we grasp the concept of enharmonics as broadly as the ancients undoubtedly did, then for us 

modern harmonists, it is nothing but the fundamental and all-embracing exploration and 

demonstration of all harmonic tone-number ratios. 

 But we will restrict the concept once again to its original meaning, presumably as it was 

initially also understood by the ancients (as the word enharmonic itself suggests), and will 

understand it to mean predominantly those harmonic operations in which enharmonic steps 

appear and play a specific role. 

 

§48.3. Harmonic derivation of enharmonics 

The orthography of the enharmonic steps is described in §21.2. What “enharmonics” means in 

modern music can be found in §21.3, where the two different types of enharmonic steps are 

derived as they are found in the “P.” This can be defined as: 1. values of the same character and 

different pitch (e.g. 8/9 bˇ 830 and 9/10 b 848), and 2. as values of different character and also 

different but close pitch (e.g. 16/15 des 093 and 15/14 xcis 100). Strictly speaking, the latter 

definition belongs to the “chromatic,” but it is tangent to the enharmonic because there are 

chromatic steps of different origin with almost the same pitch (en-harmonic), and above all 

because the phenomenon of strong tone-differentiation, which the ancients generally equated 

with “enharmonics,” plays a large role in both. In §39.4, the chapter on scales, the enharmonic 

scale was discussed, and through that whole section, with the mutual comparison of the diatonic 



and chromatic scales, enharmonic steps naturally emerge everywhere. In §45.2 enharmonics is 

discussed as one of the most important applications and results of interval powers, for which an 

ektypic-symbolic example will be given in the following §48.4. 

 The reader is entreated once again to review the abovementioned parts of this text. 

 Besides its importance for a thorough grasp of the harmonic ratios, enharmonics also has 

a purely spiritual, abstract significance within harmonics, which, even though it comes from the 

concrete assessment of intervals and their testing by means of the ear, soon leaves this 

assessment behind and goes off on its own legitimate paths. This spiritual development of the 

steps or intervals is best shown by means of the “interval power series” (§45), for which all 

intervals except the octave are suitable. Let us take as an example the fifth c – g which, 

expressed logarithmically within the octave of 0 – 1000, is the interval 0 = c → 585 = g, or if we 

identify the interval with its tone-step, the value g 585. This is the “pure fifth,” an interval whose 

“purity” we can assess ourselves, just as with the octave, because stringed instruments “tune” 

their strings to it. If we build an interval power series above this fifth g 585, we simply use the 

number 585 successively to add, and each time write in the next fifth up as the value, and thus, 

since these are logarithms, we place the logarithms above 1000 back in the octave 1 – 1000, i.e. 

we only use the last three digits. Below the tone-value, we always write the frequency, which is 

expressed in powers of 3 (the frequency of the fifth 3/1 g): 

[Fig. 451 needs corrections entered from HK’s errata] 

Figure 451: 

0 585 170 755 340 927 510 095 680 265 

c g d a e h fis cis gis dis 

30 31 32 33 34 35 36 37 38 39 

 

850 435 020 605 190 775 360 945 539 

ais cis his fisis cisis gisis disis aisais eisis 

310 311 312 313 314 315 316 317 318 

 

115 700 285 870 455 040 625 210 

hisis fisisis cisisis gisisis disisis aisaisais eisisis hisisis ... 

319 320 321 322 323 324 325 326 

 

 

Figure 452: 



 
 

This is the interval power series of the upper fifth with its logarithms, tone-values, and 

frequencies. The reader should not be troubled by the complicated appearance of the tone-value 

designations. Hisisis, for example, means simply that this original his 020 recurs thrice raised in 

the circle of fifths: 

 

 
 

Each tone in this “circle of fifths” repeats itself after 7 “rotations” – if one projects the 

succession on a circle – as one can see from the raising of the logarithms, always by the measure 

of a semitone of the model: 

 

7 fifths / 4 octaves = 2048/2187 = 095 log. units, 

 

the so-called “Pythagorean apotome.” For a comparison, one may recall the models of the two 

other semitones: the “major semitone” of 093 (= 15/16) log. units and the “minor semitone” of 

059 (= 24/25) log. units. For the tone-value designation, we notice that to avoid a further 

complication, we leave out the raising and lowering marks for all interval power series, since the 

precise pitch is always indicated by the logarithm. For example, the 27/1 aˆ 755 from the above 

circle of fifths should be precisely indicated with a raising mark ˆ, since it is higher than the 5/6 a 

737 appearing first in the “P.” We use this exact indication, naturally, when we compare the 

steps in question directly with each other, or when we otherwise find it opportune, as with the 

scales. 

 If we examine the above interval power series of the upper fifth more closely, we first 

observe a type of “family grouping.” If we examine the tone g 585 in these terms, then the 

following “alterations” (alteration = chromatic raising or lowering) emerge from the further 

progression of the series: 

 

g 585     gis 680     gisis 775     gisisis 870     ... 



 

from which one can easily see that with a further progression of the interval power series, the 

“family of g-values” would spread through the entire octave, and “fill out” more and more at 

higher indices, since the tones seldom or never repeat precisely upon the same step. So, for 

example, the above value gisisis 870 (observed from the “P” system) lies in the domain of 6/7 xa 

778, of 11/12 °h, of 10/11 °b, etc. The same goes for all tones, and if the reader also works out 

the analogous interval power series downwards, in this case c → f → b → es ..., he will be able 

to employ yet another series of interesting comparisons between the effective step pitches and 

their value-designations. 

 The enharmonic character of this chromatic “family building” consists in the fact that 

within the interval power operations, in the purely theoretical and spiritual sense, every step must 

somehow once come into congenial contact with every other step. Those readers who work out 

the corresponding tables here will run across a plethora of interesting connections, to say nothing 

of the mathematical problems that still remain to be solved there. 

 We now come to the actual, narrower concept of enharmonics, which shows its strongest 

effect here, because it exists to a certain degree in the purest abstraction, like a homeopathic 

dilution to the highest power. Here we also use high “powers”: high interval powers. 

 The first senary enharmonic steps appear in the overtone series at 80/1 e 322 and 81/1 eˆ 

340. 80/1 e has its origin in the succession of the interval constant series:  

 

5/1 e   10/1 e   20/1 e    40/1 e   80/1 e. 

 

81/1 eˆ has its origin in the interval power series: 

 

3/1 g   9/1 d   27/1 aˆ   81/1 eˆ, 

 

thus in the “upper” circle of fifths. The first time, the third 5/1 e is simply octave-powered; the 

second time, simple pure fifths are built upon 3/1 g. Thus both are fully justifiable. In the first 

instance we get an e of 322 log. units, the second an eˆ of 340 units. The difference between the 

two tones is 18 log. units, the so-called “syntonic comma,” which gets its name from the ratio of 

the major whole-tone (9/8 d) to the minor whole-tone (10/9 dˇ) (9/8 : 10/9 = 80/81); when these 

two tones (tonos = tone) come together (syn = together), their distance is 18 log. units. It is clear 

that this important ratio of the enharmonic steps appearing twice at such significant places in the 

“P” system – once in the linear overtone series, first at 80/81, and then in the “P” system, first at 

9/8 10/9 and 8/9 9/10 – must be especially important. If we now examine this from the viewpoint 

of our fifth-third diagram (§45.1 and Fig. 441), then we will find indicated, for example, the 

tones c 000 and e 322, as Fig. 452 shows. 

 Noted horizontally, we have the two series (the tone-values and logarithms for the series 

without octave signatures): 

 

Figure 453: 



 
 

which I call the “reincarnation series” of the values c and e. One will notice immediately that 

these two series are only two of many reincarnation series (dependent on the index of the 

diagram) lying next to each other in Fig. 452. All these series go diagonally from the bottom 

right to the top left through the grid; in each series the individual steps are 18 log. units apart; 

and each series has a “place of being,” a nunc et hic = embodiment. In the upper two series, 

these values are c 000 and e 322. From these places of being, the series goes forward and 

backward into infinity, in such a way that the enharmonic steps run through the entire octave 

successively, upwards and downwards, and then start again from the beginning, meaning that 

they pass through the adjacent octaves. So, for example, the c-value needs 56 reincarnations 

before it appears in the space of a new “octave.” This, then, is an extremely interesting 

phenomenon of a type of transubstantiation of the being-value through worlds that are 

completely foreign to it (the remaining steps of the octave) until the reincarnational return to its 

appropriate place in other octaves. This characteristic place in the octave then signifies the great 

period of the progress of its reincarnation. 

 

§48.4. Ektypics: reincarnation and metempsychosis 

In Hörende Mensch, p. 191 ff., and Klang, p. 86 ff., I discussed the enharmonic steps that emerge 

as polarities in the “sound-image of the primordial human” in the spheres of perception and sex, 

from which significant conclusions can be drawn. I am further reminded of the “dangerous” 

location of the pre-asteroidal planet amidst an enharmonic disruption sphere of the planets’ 

distance-scale (Hörende Mensch, 191 ff.), which presumably led to the destruction of the great 

planet (Lucifer) into thousands of small asteroids. Here we will discuss a further problem of 

harmonic-enharmonic ektypics, namely that of reincarnation and metempsychosis. Reincarnation 

means re-embodiment of a soul after death. Metempsychosis (palingenesis) means the re-

embodiment of a soul through various bodily conditions in the sense of a cleansing process, by 

which the character of the soul remains the same at the core, but yet changes through the various 

spatial-temporal “locations.” 

 In §25.2, we found a symbol for the psychophysical comprehensibility of this strange 

doctrine of re-embodiment in the relation of every being-value to the 0/0 (Eidos), the direction 

(equal-tone line) that runs through this, and the reincarnating being-value that continually 

manifests itself upon this line in different surroundings. The being-value always remains the 

same here, but after a certain period it is “reborn” in another environment (“rebirth of the same”). 



These are the “reincarnation lines.” In the “reincarnation series” described above (§48.3), we 

have gained the possibility of a psychophysical understanding of the same problem, from the 

viewpoint of a progressing enharmonic metamorphosis (“cleansing”) of the being-values, in 

which however their inner character is always preserved.  

 It could well be the first time in the history of religious science and psychology that, as 

here in harmonics, these two modifications of the study of metempsychosis can be made 

understandable and coherent in a manner that is both intellectual and psychically 

comprehensible, and thus precisely justifiable and unobjectionable. The various philosophical 

and religious doctrines have hitherto been considered only as theses of belief, and the question of 

why humanity continually came upon these very strange teachings, which indeed lack any real 

foundation, may well have been answered with “ethical” considerations, etc., but nowhere do we 

find an explanation for what forms of our spirit and psyche strive towards the grasping of this 

idea and perception of reincarnation. 

 A few relevant historical examples follow. 

 Plotinus, in the 3rd essay of the 2nd Ennead, attempts to show how one of the souls within 

us, the nature-soul, is attached to the stars (astrology) and bound to fate; our other soul, however, 

the divine soul, is free from fate and the stars, and comes directly from the deity. The harmonic 

background of the “origo” (= 1/1, from whose polar evolution every being-value is born) and the 

“Eidos” (= 0/0, the deity, from which every being-value emanates; the equal-tone ray) is evident 

here as an expressive form. Iamblichus (De Myster. Ägypt. II, 2) has it that the human psyche is 

transfigured into an angel through the ray (!) of the higher light (= 0/0). The fate of the souls and 

their wandering constituted a substantial part of Attic mystery doctrines, as Plato relates in his 

Phaedo. They serve as a basis for a downward path into the earthly, and an upward path of return 

to the deity. Dionysus is the principle of the specific and individual in the world, and creator of 

the individual souls. In the desire for individual being, the souls leave their heavenly fatherland 

and come down to the lower spheres. The inclination to do this is the result of looking in a mirror 

(!), in which Dionysus also looks before he applies himself to the creation of individual things. 

The memory of the higher parentage now fades more and more through the desire and inclination 

toward earthly existence. They are now in a glamorous domain, whose artistic web (! = “P”) is 

woven by Maia, or Persephone – as Orpheus sings it. But the soul remains open to returning. The 

upper demiurge, Zeus the father, did not want the souls to stay forever in the depths. They are 

grasped by a longing to return. But this return requires more than just longing. Many wanderings 

and cleansings must first occur, to render the soul capable of it. According to Herodotus, the 

ancient Egyptians assumed a circular progression of 3000 years through lives as various animals. 

The Pythagoreans proposed the theory that any soul could wander into any body! Plato touches 

upon the dogma of the fate of souls on various occasions. In the Phaedrus 10,000 years are 

marked out for the complete return of the souls to their fatherland. This katodos (way down) and 

anodos (way up) (which pervades our “P” system in many ways, beginning with the upward and 

downward intersecting major-minor series pairs) is an ancient Orphic dogma, going back to even 

older sources, especially in Egypt. The path on which the souls climb up and down is projected 

on the Zodiac. If we imagine every interval power series in circular form, analogous to the circle 

of fifths, and likewise the enharmonic reincarnation series described in §48.3, we also have the 

harmonic prototype; because somewhere in these harmonic “Zodiacs,” the starting tone will 

repeatedly coincide, completely or almost completely, after one or many “revolutions,” with a 

tone of a higher power. In these “octaves,” then, we have at least the symbols for the 

reincarnational period or periods. If one grasps the nature of the “enharmonic metamorphosis” 



purely spiritually, then one will find the mythological equivalent in the form of Proteus, in which 

the ancients recognized an image of the primal material that assumes and changes all possible 

Gestalts and forms, an image of the perpetuity of the Being through all changes of form: “For the 

magician (Proteus) will change himself into all things that live on Earth...” (Odyssey, IV, 517). 

According to the system of the Vedanta, the human soul must go through the three domains of 

nature, stones, plants, and animals, before it returns to its earlier state. Supernatural beatitude 

consists of the complete loss of consciousness of these reincarnations, in which only the 

consciousness of the divine origin, i.e. the sinking into the deity, remains. This Indian 0/0-

symbolism, the identification of the equal-tone line principle with the “Atman,” etc., is extremely 

enlightening harmonically. 

 If we remember our harmonic concept of the “being-value” whereby, analogous to tone-

number, a value is required and bestowed upon every manifestation along with its being, and if 

we observe this being-value from the viewpoint of the various harmonic reincarnational 

possibilities (equal-tone lines, enharmonic metamorphoses), then the reader will appreciate our 

sharing, as a conclusion, this small historical abstract from the commentary of the last great 

ancient philosopher, Proclus (ad Platon. Alcib. I, 39): 

 

The soul is in the middle between the spirit (nous = 0/0) and the corporeal nature [“P” 

system]. If it looks towards the spirit and the beautiful things living there, then its love 

remains, because it has bound itself with elective affinity with the unmoving and 

unchangeable; because the spirit has a being and an effect existing in eternity. But if it 

looks towards the corporeal, and the beauty apparent in it, its love is moved by 

something else, and changes together with the beloved object. For the body is of such a 

type, namely determinable through another and changeable. Since it (the soul) now 

stands in the middle, and through its own choice, let loose upon both (spirit and body), it 

sometimes equates with the unchangeable and what ever remains the same, and 

sometimes with that which is determinable by others and variously impelled hither and 

thither by change. From this, it follows that the lover moved by God, who directs himself 

towards that which is permanently and enduringly beautiful, can hardly be abandoned by 

love. For he is not concerned with the fleeting waves of the corporeal. The earthly and 

material (lover) is completely drowned in the wavering mutability of the temporal. Thus, 

he is also easily determinable and changeable, since also beauty, which is the source of 

his love, shows a changeable nature. 

 

 Let us now return to the concept of reincarnation, and pose the question: what have we 

gained for the knowledge of the phenomenon through its harmonic analysis, besides the 

psychophysical interpretation of the historic study of re-embodiment that is at last possible 

through this analysis? Here, once again, we have the choice given to all such harmonic theorems: 

either we see only “regulative” principles in the harmonic deductions related to this, i.e. a purely 

ideal possibility of explanation of this strange study on the basis of harmonic phenomena and 

theories; or else we position ourselves upon the “constitutive” standpoint and concede to the 

phenomenon of reincarnation a reality, anchored deeply in the nature of things and in our psyche. 

As the doctrine of metempsychosis, it only appeared in one of its aspects in the consciousness of 

humanity. Anyone who studies the harmonic theorems together with their ektypics, really works 

through them spiritually, and above all experiences them inwardly, as I have attempted to convey 

in this book, will embrace the latter standpoint. 
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§49. TEMPERING 

 

§49.1. Harmonic derivation 

“Tempering” comes from the Latin temperare, and means to regulate, to set in a proper measure, 

to make even. In the musical sense, “tempering” means dividing the octave evenly into 12 

precisely equal semitone intervals. In the chapter on scales (§39.6), we discussed and developed 

the tempered scale of music and a “pure-tonal tempered” scale (interval power series of the 

minor third index 12) possibly usable for future music; the reader is entreated to review this 

section. A further summary insight into the relationship between tempered and different pure-

tonal values (chosen only as examples) is given in Fig. 454. Here, from a comparison of the 

logarithms, one will immediately recognize on the one hand the opulence of the pure-tonal 

possibilities surrounding the relevant steps, but on the other hand the tempering that is absolutely 

necessary for use in practical music. It is shown in §39.6b that this is also possible not through 

arbitrary and schematic division of the octave into 12 equal semitones, but legitimately through 

harmonic elicitation of third-tones. 

 

Figure 454: 



 
 

§49.2. The nature of tempering 

In a certain sense, tempering is the exact polar opposite of enharmonics. In enharmonics, we find 

a continually refining differentiation, indeed finally a purely spiritual evolution of the tone-

values, through which, in the higher octaves, they even cross over into the transauditory, no 

longer “hearable” domain, the harmonia aphanēs. Tempering creates an equalization in the 

multitude of appearances, namely an equalization according to the possibility of practical 

applicability. Tempering thus embodies the principle of actual realization, the usability of 

endless possibilities in the direction of normative references (“scales,” etc.), in “daily life,” thus, 

in the musical special case, the possibility of practical musicianship, in general the necessity of a 

“compromise.” 

 

§49.3. General ektypic “compromise” 

We must very closely examine this concept of “compromise,” which necessarily emerges under 

harmonic auspices as the logical result of tempering (in the broadest interpretation of this 

principle), since it is of decisive importance, especially today, both in political life and in matters 

of character and behavior. “Without compromise, it doesn’t work,” or: “here one must make a 

compromise” – these terms, which we continually hear and use in our lives, are sufficient to tell 

us that we could not continue in our mode of conduct without this concept. Since compromise, in 

very many cases, after a conflict between what should be and what can be, more or less violates 



the former and sets its goal at a point that is offensive to either duty or will, for most people it 

has acquired a bad odor; many feel sickened just at the sound of the word. 

 Nonetheless, it would be good to examine the problem without bias, without sympathy or 

antipathy. Here, also, the harmonic precepts help us somewhat. If we start by evaluating the 

special case of music, then it is beyond doubt that the introduction of the tempered tone-system 

is what made the emergence and practice of polyphonic music possible. A comparison of the 

pure-tonal tone-values with the tempered ones teaches us that, with a few exceptions, tempering 

gives a good approximation of the pure-tonal norms, and all great musical masterpieces in 

modern times, beginning with J.S. Bach’s Well-Tempered Clavier, give proof that this 

“compromise” of musical tempering does not at all hinder, but instead helps, a psychical 

realization of musical creative norms sufficient for our current epoch. But our current ability for 

musical perception is only a transitory condition. It will develop in the direction of a further 

differentiation of our tone-perception, and other temperings, i.e. other compromise solutions, 

must then be found, to which the practice of finer tone-steps – third-tones, quarter-tones, pure 

thirds, various whole-tones and semitones, etc. – will have to adapt. The most important 

compromise here is the most practicable adaptation to the ancient pure-tonal norms. A schematic 

tempering of the octave, e.g. into eleven or thirteen chromatic tones, would be immediately 

refused by our musical perception, since such a division no longer corresponds to these norms, 

and indeed would violate them. 

 If we think this through correctly, and draw from these findings the results for a judgment 

of the concept of compromise in the broadest sense, then we can say that a compromise is only 

allowed when it is oriented to the norm and does not harm it. 

 Every reader can easily be persuaded of the truth of this statement by examples from his 

profession, his life, his mode of conduct towards his fellow humans, politics, etc. But who 

among us is so bigheaded as to claim that he has always followed the maxim of this statement! 

The concept of compromise, precisely when we grasp it constitutively as something 

fundamentally necessary and unavoidable, goes straight to the sore point of  what one cannot do, 

despite the best of intentions, and thus at the central problem of ethics. But still, I believe, it 

helps when we can be persuaded that compromise in itself need not be only a negative thing, 

something simply bad, and when we see from observing on the basis of harmonics that its 

normative practice has ennobled it to a principle without which we would be damned to be 

hopeless utopists in the world of reality. 

 A concrete example. Anyone who believes he is able to suggest a compromise with a 

political system that from the start has trodden over the most important human norms, such as 

freedom, humanity, love, and respect for human life, makes himself guilty of so much harm to 

lawful relationships that the “compromise” loses its constitutive, constructive character and 

becomes purely negative. Also in a democracy, nothing works without compromise; but here, the 

compromise is oriented towards those norms and not their converses: demonic principles that are 

of a purely natural type and have nothing more to do with “humanity.” 

 I have considered for a long time whether “compromise” could find a further clarification 

from the point of view of the ambivalence between norm and law, which we will examine more 

closely in §54. If, in terms of akróasis, the system of natural laws simply represents a condition 

of equilibrium, which proclaims nothing about “right” and “wrong” in an ethical sense, and if in 

contrast, both in nature and in humans, a “world of values” seeks to break through, which has 

nothing more to do with this condition of equilibrium, this “deception of Maya,” and is 

obviously oriented towards other than merely “natural” principles, then the idea comes to mind 



of ascribing this whole condition of equilibrium of the modern world to a type of grandiose 

compromise, which some spiritual powers – let us call them God and the Devil – have made in 

agreement with one another. 

 But aside from the idea of such a pact, which causes us inner revulsion, and the logical 

antinomies connected with it, this world appears to me, even assuming a “good” compromise – 

the suspicion that it could be a bad one cannot remain out of consideration today, even with the 

best intentions – to be something more than simply a tempered keyboard. Certainly, one can 

“play” well on such an instrument, and the system of natural laws allows our scientists, 

engineers, and technicians sufficient possibilities for making a corresponding “music” in their 

laboratories and factories. But a tempering, a compromise, despite its unavoidable necessity and 

its constitutive existence as a form-principle, is still not the real concern, the composition, the 

score itself. The latter, when it should be and wants to be something, is of a divine nature; its 

innermost being, and thus the innermost nature of the world, is the aspiration of every individual 

being-value towards the divine, regardless of whether it is “tempered” or not. 

 Therefore, while we may view “compromise” with good reason as a constitutive principle 

in the sense of the only currently possible relationship of being-values in the crossfire of law and 

norm, these two latter domains have their own spheres, whose character is completely 

independent of whether and how they mutually adapt and balance. 
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§50. NUMBER SYMBOLISM 

 

§50.1. Harmonic derivation 

This derivation is not necessary here, since the reader has been informed of the importance and 

significance of certain numbers, such as the senary, etc., at many places in his previous study of 

this text. Therefore, we will proceed immediately to ektypics, and refer to the harmonic origin of 

the numbers in question case by case 

 

§50.2. Ektypics: the harmonic number 

Whereas all number systems are built upon powers of a certain basal number, e.g. 10 in our 

decimal system, and thus follow purely arithmetical viewpoints, the harmonic number system is 

already psychophysically evaluated due to its evolution from the tone-number, and thus 

structured, formed, and shaped (§4a, §31a). Such shaping and evaluation consequently has its 

effect on the individual number groups and number progressions, indeed on the individual 

numbers themselves. For example, whereas the number 5 indicates in pure mathematical terms 

only “five times one,” or the arithmetical quantity “five,” etc., 5 e or 5 as, in harmonics, is also 

the major third, besides being the fifth frequency or wavelength. Here, then, a psychic value is 

added to the pure abstract concept of quantity. Psychic values, however, are not only in our 

heads, but also in the psyche, localized in perception, and precisely for this reason it will be 

possible to observe the great disreputable (although venerable and never completely lost) domain 

of “number mysticism,” “number superstition,” and in more objective terms, “number 

symbolism,” from an adequate and above all accessible point of view: that of harmonics. 

 

§50.3. Number symbolism 

All antipathy towards number mysticism, its convenient shelving among the superstitions, or at 

best its symbolic redemption, has for so long been meaningless and stuck in mere historicism 

that it is only handled purely intellectually, historically “critically,” or “analytically.” If I take 

only the numbers in themselves in their mathematic notation systems, then it is completely 

incomprehensible why certain numbers over millennia have connected themselves so tenaciously 

with certain images and ideas, or indeed why numbers were ever allowed and assigned meanings 

in themselves, be they extrasensory, symbolic, or whatever else. 

 The problem looks entirely different once I know that in our psyche itself, definite 

number proportions are present, indeed must be, since otherwise we would not be in a position to 

hear the tones and intervals correctly and “purely.” But the things we do hear are initially tone-

perceptions; or rather, we perceive the numbers and number-ratios undoubtedly unconsciously 

present within us in wakeful consciousness not as numbers, but as tones. Although we can also 

say retrospectively that we consequently hear numbers spontaneously, this act of apperception of 

hearing is not conscious for us; it is latent, but still present. 

 For these reasons it is obvious that harmonics must have a singular access to this domain 

of “number mysticism,” since with harmonics, the number reaches deeply into the domain of the 

unconscious, into the very domain of our psychical life, from which these symbols, images, and 

analogies of so-called “number superstition” also emerge. 

 Since modern harmonics is currently undergoing “rebirth” and is a very young science, it 

is not complete enough in itself to handle ektypic analyses satisfactorily – regardless of the fact 

that specialists must work with the relevant domains here. All we can do here is make a first 

attempt at a harmonic sounding-out. 



 

§50.4. Methods of harmonic number analysis 

There are various methods of harmonic analysis of simple numbers. We identify the numbers 

directly with frequencies or string lengths, and insert the corresponding tone-numbers, whereby 

we are allowed, in appropriate cases, to identify 1/2 with 2, since indeed 1/2 divides the relevant 

unit of frequency or string twice. Or we identify the number progression 1 2 3 4 5 6 7 with the 

scale c d e f g a h (c), since this succession undoubtedly corresponds to an inner number 

succession of our psyche. Or we see in the numbers more of a simultaneous expression for 

group-theoretical forms of the “P,” for example the progression 1-6 for the “senarius,” which 

covers the index 6 of the “P,” at least its two reciprocal basal ratios. We must always seek to 

trace the findings in question back to a harmonic wholeness-form, by which it might naturally 

appear that some number or another is associated with various such harmonic forms, or 

conversely: that a harmonic form is able to interpret various numbers. Furthermore, attention 

must be paid to the origin of the numbers in question. For example, there is no sense in analyzing 

the absolute dates of years, months, etc., since e.g. the year 1939 is dependent in its numeric 

value on the arbitrarily fixed year 1, the birth of Christ. On the other hand, we can very well take 

the proportions of various dates among themselves for the occasion of a harmonic analysis, since 

this is a matter of comparing time periods. It likewise makes no sense, for example, to place the 

tone-value c e g in the number progression 135 and then to believe that this number one-

hundred-thirty-five has something to do with the triad. With such isolated numbers we must first 

examine what relationship they have to the generator-tone 1 c; in this case the number 135 has 

the tone-value cis^ˆ7. 

 

§50.5. Individual numbers 

 

The number 1 

Aristotle (Met. I, 5) writes of Parmenides: “Since he is of the opinion that it is impossible to 

speak of a non-being beside being, he finds himself forced to assume that being is one, and there 

is nothing else ... Since he sees himself as forced, however, to get involved with the appearances, 

and grasps the One as the concept, the Many as associated with the sensory apperception, he 

once again sets up a duality of causes and a duality of principles, the warm and the cold ... on the 

side of being he places the warm, on the side of non-being the cold.” If one substitutes the 

evolution of the “P” from unity according to the duality of “unlimited” (1/1 2/1 → ∞/1) and 

“limited” (1/∞ ← 1/2 1/1) – the well-known Pythagorean concept which can only be understood 

at all in harmonic terms – then one understands “being” as the > 1 sector of the “P,” “non-being” 

as the > 1 sector, if we grasp the “P” as a whole as the inner psychic structure of our psychical 

capability. Even “warmth” and “cold” can be thought of as unconscious ektypics of the 

movement that is continually faster upwards from the 1/1 and continually slower downwards. On 

Plato’s views on this subject, Aristotle writes (Met. I, 16): “Thus he sets the large and small as 

principles in the sense of matter, and the One in the sense of substance; from this emerges the 

participation in the One as a result of the ideas ... the curious thing with him (Plato) is that he 

grasps the unlimited not as a unity, but as a duality, and turns the large-small into his elements.” 

This section, apparently contradicting the Pythagoreans, redeems itself immediately as a 

different aspect of the harmonic psychic form that is at the basis of both viewpoints. Whereas the 

Pythagoreans grasped the polarity 

 



(limiting) 1/∞ ← 1/1 → ∞/1 (unlimited) 

 

is the sense of the “large and small,” the “unlimited” and “limiting,” thus purely geometrically, 

Plato sees the whole, i.e. the two principles that emerge from the unity 1/1, as purely theoretic 

and both unending, as indeed the mathematic term 1/∞ and ∞/1 allows anyway. 

 Plotinus seeks to clarify the relationship of the intellect to the One with images. He 

compares the generated-ness of the intellect through the One with a brilliance erupting around 

the One, while the One remains quiet “like the brilliant light that surrounds the Sun...” “The One 

is like the life of a mighty tree, it pervades the All in which the beginning remains and is not 

entirely destroyed, simultaneously solidly founded in the roots” (A. Drews: Plotin, Leipzig 1907, 

p. 118). Here, also, the value-formal expression of the “P” is obvious: the “One” bathed in light 

by the 0/0 that is identical with it, and its “equal-tone lines,” and the “generator-tone line” with 

its “all-pervading” successive manifestations of the unity 1/1 2/2 3/3 ... as well as the overall 

continually emerging idea of the “tree” as one of the primal expressions of the “P.” The theorem 

of the equal-tone lines, i.e. the return of all being-values to the divine (0/0), is found summarized 

in the following words by Plotinus (6th Ennead, Book 9): “Every soul is an Aphrodite, which is 

darkly indicated by the myth of the birth of Aphrodite and of Eros born with her. In its natural 

condition, the soul aspires towards God, so as to lovingly become one with him, as a virgin of 

high birth longs for a noble love. But when it has fallen down into generation, and is at the same 

time beguiled by the intoxication of sensual love, it has traded for another, mortal love, and 

behaves impudently in the separation from its father. But finally, it begins to hate the mischief 

down below, it cleanses itself of its earthly shackles; absolved, it returns to its father and finds its 

true salvation with him” (Plotinus, Ennead, tr. by O. Kiefer, Jena 1905, vol. I, 129). 

 “Instead of the second One of Iamblichus, Proclus has a limited number of unities 

emanating from the primal Being: the Henads (from hen = the One), which represent an 

intermediate transition from the primal One (1/1) to the eternally growing and finally unlimited 

multitude in the lower regions” (Überweg’s Geschichte der Philosophie, I, 1926, p. 627). 

Compare to this idea the generator-tone line 1/1 2/2 3/3 ... n/n, which actually constructs an 

“intermediate transition” between the ratios in the “P” system! 

 A substantial work could be written on the unity, duality, and the dieresis of ideas and 

numbers in ancient times, from the point of view of harmonic akróasis, and I believe that from 

this true number-harmonics, not only could many theorems, previously only examined purely 

philosophically, be interpreted in a new way, and the spiritual and psychical life of the ancients 

be classified in general terms, but above all, at least a ray of light could be thrown on the jungle 

of ancient number-magic that is almost impenetrable today, especially that of late antiquity 

(Gnosis etc.), which in many cases can be traced back to Pythagoreanism and Orphism. As for 

the illumination of the Pythagorean number theorems, the first harmonic attempt since Thimus 

was made in my essay on Pythagoras (Abhandlungen). Furthermore, see §25 and §55 of this text. 

 

The number 2 

If we take the number two as an essence in the sense of the polar emergence of the two principles 

from the harmonic unity: 

 



 
 

then a whole world of number-symbolic observations appears to us. I am reminded of the 

dualistic religion systems and philosophical doctrines, the dyas of Ormuzd and Ahriman, the 

Chinese Yin-Yang, the symbolism of sexual polarity in various cults and epochs in art, etc. 

Compare this with §23a.2. 

 

The number 3 

The three as a number, and three-ness as an essence, as we saw in §30, is localized at a decisive 

place in the “P” system: 

 

 
 

and it is thus understandable that this akróatic form presses towards realization especially 

powerfully in the human consciousness as the image-concept of the “trinity” and the manifold 

ideas connected with it (body – soul – spirit; time – space – causality; thesis, antithesis, 

synthesis; thinking, willing, feeling; truth, goodness, beauty; triads of gods like Brahma, Shiva, 

Vishnu; the threefold burnt sacrifice of the Jews; the thrice holy, holy, holy is the Lord Zebaoth; 

the Brahmanic trinity of the Trimurti; the Greek triglyphs; etc.). Poets, also, cannot elude this 

inner significance of the trias. In the Prometheus of Aeschylus (515-516), Prometheus answers 

Oceanus’s daughter’s question: “Who steers necessity?” by saying: “Threefold Moira (fate).” 

Even if we knew nothing about harmonic psychophysical anchoring, we would have to accept an 

image-concept latently present in our subconscious that requires the various trinitarian 

realizations in our waking consciousness. 

 

The number 4 

In the symbolism of the number four, I finally see an expression of a “coordinate consciousness,” 

which is based physiologically on the balance organs in our ears and is thus harmonically 

founded. The four, then, plays a role especially in the philosophical and religious systems, or 

predominantly appears where there is a more realistic thought and perception, more oriented 

towards the world and the here and now. The four and the square are known in all possible 

variations in Chinese culture; the Romans not only laid their cities out mostly at right angles, but 

also imagined the Earth as a right-angled coordinate system (M. Cantor: Vorlesungen über 

Geschichte der Mathematik, 4th ed., 1922, p. 533). Since four is the number of matter, the Four 

Horsemen of the Apocalypse destroy (Revelation, Ch. 6; here the four colors are white, red, 

black, and sallow, i.e. deathly green – cf. the Tarot colors) turning that which deserves it back 

into chaos, i.e. to simply formless space. The ancient Indian book of the Laws of Manu divides 



humans into 4 categories, and teaches 4 sciences. If this “Quadrivium,” albeit different in 

content, continues so tenaciously up until the Middle Ages, that is only proof for the 

“topological” significance of the four, which naturally can only be an ektypic expression of the 

four as a psychical value-form. 

 

The number 5 

The five as an image-concept and essence again has an entirely different character. Here, 

harmonic analysis must insert or underlay the 5th ratio, i.e. the third interval, the “gender 

interval” (see my Harmonia Plantarum, p. 201 ff.). The ektypic analogy is especially close. Five 

is the number of the Babylonian Venus, Ishtar, and its symbol is the pentagram. There are five-

sided temples of Venus from Hellenistic times (Baalbek). The spiritual tendencies of Christianity 

converted these ancient cults to the worship of the Virgin Mary. The pentagram is worn as an 

amulet as a symbol of the spiritual Eros, the love of God, and this aspect reminds one of the 

colossal pentalpha-rose windows in the west end of various Gothic cathedrals. Not only in the 

Orient, but also in modern Italy, the spread five-fingered hand serves as magical protection 

against the “evil eye.” Consider, further, the quinta essentia of the Alchemists, which was the 

actual generating means, only to be used correctly by a loving and humble hand, to create the 

lapis philosophorum, the philosopher’s stone. All these symbols, image-concepts, and 

connections, with their special characters, must have a deeper reference-point in our psyche. 

 

The number 6 

We once again enter an entirely different sphere when examining the symbolism of the number 

six. Harmonically, six signifies the “senary,” i.e. the pure chord in the partial-tone series, the 

index of the pure major-minor chord domain in the “P” system, and the senary ratios in the index 

of the audible, as material for normative music-making. One should consider inwardly what this 

restriction of the major and minor chord to the frequency or wavelength numbers 1 2 3 4 5 6 

signifies for the importance of this number group and its signifier 6. 

 Thus it is no wonder that in theological arithmetic, for example, the number six is defined 

as the symbol “of animation and the nature of the living,” and if we remember the various further 

ektypic meanings of the senary (see “senarius” in the Index), then we can write this definition as 

a motto. There is a considerable symbolism of six-pointed stars (hexagrams), which finds its 

most beautiful artistic expression in the great cathedrals even more commonly than the 

Pentalpha. The significance of the hexadecimal system has already been discussed (§26a.2). The 

“six days’ work” in the Bible is in a certain sense the most marvelous expression of the senarius 

with regard to its ektypic expression, and one needs only to look at the “skeleton” of the “P”: 

 

Figure 455: 



 
 

to be able to read off the “six to the right, six to the left” of the Christian (and other) symbolism 

with all its accompanying ideas. The Chinese cultural attaché in Switzerland, Lin-Tsiu-Sen, 

writes in his excellent book China und Japan (vol. I, Zürich-Erlenbach 1944, pp. 161-162): “The 

oldest record of religious perception of the Chinese is in the first book of the Schu-king, in which 

it is said of the legendary Emperor Shun that after his coronation in 2255 B.C.E., he sacrificed 

 

to the Shang-ti, to the highest, 

to the six venerable ones, 

to the mountains and waters, and 

to the hundred spirits. 

 

Western savants have often wanted to see a highest personal God in the Shang-ti; the six 

venerable ones are almost harder to interpret.” Here if we set the Shang-ti as our symbol 0/0 

(Eidos, impersonal deity), the six venerable ones as the senary of the primary pure chord, the 

mountain and water as the polarity 1/∞ ← 1/1 → ∞/1, and the hundred spirits (which, as Lin-

Tsiu-Sen remarks, means nothing more than “all”) as the multitude of “P” ratios, then in this 

ancient Chinese religious document we have a precise ektypical expression of primal 

prototypical harmonic value-forms, which manifested themselves in those ancient times when 

thought was still intuitive, in such image-concepts as Shang-ti, six venerable ones, etc.  

 Then there is the Zodiac, indeed our whole system of time measurement and angle 

division, which have the “six” fully in their backgrounds as a value-formal Gestalt. As a 

psychical expression in harmonics, the 6 and the number-forms connected with it (double series 

for every 6, the number 12, the hexadecimal system, the senary, etc.) will always be the symbol 

for a something closed, “effable,” able to realize itself. Thus it is merely a sign of deeper 

intuition when Jakob Böhme identifies his “sixth nature-form” with the “reverberation,” i.e. with 

effability, the “voice” of the world. 

 

The number 7 



The number seven in harmonics has the significance of the seven-step diatonic scale. At the 

seventh place in harmonic series-development, an “ekmelic” ratio appears for the first time, i.e. a 

ratio no longer applicable in practical musicianship: 

 

1/1 c   2/1 c   3/1 g   4/1 c   5/1 e   6/1 g   7/1 xb 

 

We tolerate this so-called “pure seventh” in the chord c e g xb as still “in tune,” if a bit too low; 

but as a tone in itself, it does not fit in our tone-system. As a step, however, something new and 

strange appears, and if we observe its position between 6 g and 8 c, we can say: at the 

“location” seven the tone-apperception “reposes,” or at least stops to think, to then begin a new 

octave again at the eight (8 c). This stopping to think, however, has a completely different 

character akróatically. In the seventh chord c – e – g – xb that it defines, our psyche perceives a 

summons to a continuation, an advancement into another domain of perception, which is 

expressed musically through the bringing of this chord to some sort of resolution: 

 

Figure 456: 

 
 

In any case, outside the seven-step scale, the seven in the harmonic ratio development signifies 

the first value that one can view as “strange,” “not in tune,” indeed “wrong” or as the step of a 

transition into another world, or a summoning thereto. 

 Precisely these interpretations can be found expressed in the number-mystics and 

symbolism of the seven in manifold forms. The seven-step scale reminds me of its identification 

with the seven “planets,” meaning the Sun, the Moon, Mercury, Venus, Mars, Jupiter, and 

Saturn. The “harmony of the spheres,” connected with this and with harmonic proportions, 

constructs a typical image of a circle, which reaches far into domains of cultural history and art 

history, and has remained influential up to modern times. The parallel scale – the days of the 

week – also belongs here. Dio Cassius writes that the Egyptians brought the order of the planets 

in agreement with the days of the week, and arranged the series-progression “according to every 

fourth step of their scale.” 

 With this arrangement: 

 

Saturday Sunday Monday Tuesday Wednesday Thursday Friday 

Saturn     Sun       Moon    Mars       Mercury      Jupiter     Venus 

h              e            a           d             g                  c               f 

 

these fourths, put in order, yield the diatonic scale: 

 

c d e f g a h 

 

As for the “evil seven,” i.e. the uncomfortable, “out of tune” feeling arising with the perception 

of this number, folklore is full of examples. There are notable temporal periods in history where 

the seven was an unlucky number. For example, the following kings of France were taken 



prisoner: Louis IX, in the year 1250, by the Saracens in Egypt; John, the seventh king after Louis 

IX, after a battle in 1356; Francis I, the seventh after John, by Emperor Karl V in 1525 at Pavia; 

and the next two seventh kings after that were taken prisoner, Louis XIV (by Oberst 

Grobbendook), and then Louis Philippe, by his three sons. The seven plagues of Egypt, the seven 

deadly sins of Catholic dogma, the seven days spent mourning the dead for the Jews, Romans, 

and many Oriental peoples, the seven avenging angels in John’s Apocalypse, the seventh phrase 

of the Lord’s Prayer: “deliver us from evil”; and so on. 

 And regarding the significance of the seven as the turning toward another (seventh chord) 

or its position as something special, indeed holy, Sunday is the best known ektypic realization, as 

the seventh day of the week, the day of rest and sanctification (for the Jews Saturday, the 

Sabbath, is the seventh day). This “modulation power” of the seven, in the form of intervals of 

seven, has so many being-values of various types, such an enormous number of applications, in 

every case meaningful, special, and important, that one could fill pages with them: seven 

mountains, seven hills of Rome, Siebenbürgen [the German name for Transylvania, literally 

“seven castles” –Tr.], the seven-armed menorah of the Jews, the Seven Sisters (Pleiades), the 

seven Swabians and seven dwarves in folk tales, seven-league boots, the Seven Sleepers of 

Ephesus, “in seventh heaven,” etc. Franz Boll, in Aus der Offenbarung Johannis (1914, p. 21), 

writes of a “tyranny of the number seven,” and the Hebrew word for swearing (to take an oath) 

is, translated literally, “to be sevened,” or “to seven oneself.” The nature of the seven as a 

psychical form can hardly be denied any longer. 

 Harmonically, we come on the trail of the most varied aspects of this psychical form of 

the seven, which we would otherwise have to shrug off as something unexplainable, simply 

given. The fact that on the one hand we speak of an “evil seven,” on the other hand of the seven 

as something special and holy, has its origin in the seven-step scale (harmony of the spheres), 

then in the setting of the psychical form of the seventh interval as something alien, outside the 

framework, impure; and finally, the seventh interval is the psychical expression for modulation, 

i.e. the transition into another, novel, “better” world, or however else one wants to express this. If 

we simply compare the “evil seven” with the “good seven” – for this there is also a wealth of 

examples (seven fat cows and seven thin cows, etc.) – as a theoretical background, we can use 

the conjugated double series: 

 
1/7 xd,,,   1/6 f,,,   1/5 as,,,  1/4 c,,   1/3 f,,   1/2 c,  1/1 c   2/1 c   3/1 g   4/1 c   5/1 e   6/1 g   7/1 xb 

 

as a basis for interpretation, analogous to the double series of the senarius. 

 The subject threatens to be boundless, but we will stop here with the analysis of the 

individual numbers, which could multiply itself many times, and turn to some special problems 

of number symbolism. 

 

§50.6. The “duplicity of events” 

In the strict harmonic sense, this is a problem of intervals, specifically interval continuance. 

Since this is a continuance of the octave, of the first interval of the partial-tone series 

 

1/2 ← 1/1 → 2/1 

c,  c  c 

 

which is in turn closely connected with the number two from the “double,” i.e. same event (1 + 1 

= 2), its place is here. 



 If we write out a tone-series, no matter which one, we will always find the model of the 

overtone series: 

 

 
 

or its mirror image, the model of the undertone series: 

 

 
 

That is, in the primary harmonic series-development, which is anchored both objectively in 

nature (the overtone series) and subjectively in our psyche (tone-perception), we have, right at 

the beginning, a repetition of the generator-tone in its octave c - c or c – c,. This is the only 

“duplicity of events” in the succession of the series. If we grasp this phenomenon more 

dynamically, and empathize with it, then we can conclude that both in nature and in our psyche, 

a form must be present that somehow postulates this “duplicity” in the temporal-spatial existence 

of the being-values. This last, then, will stand in the succession 1 : 2 as differing in time and 

space, but will be inwardly identical in terms of value (two c-values). As I remarked earlier 

(Grundriß 204), this repetition of the event “in itself” among completely different situations is 

the most puzzling element of the “phenomenon of duplicity of events, obviously elicited by 

experience,” but this puzzle is finally explainable and conceivable through the analogous 

harmonic theorem. 

 How about the objective condition, however? As for my experience, I have been able to 

establish the factual existence and incidence of such duplicities (as most of my readers probably 

have also) with many examples – train and plane crashes, important spiritual events, even the so-

called “parallel events” of any type. Karl Marbe, professor of philosophy at Würzburg, published 

an extremely interesting two-volume work between 1916 and 1919 (Oskar Beck, München) on 

“uniformity in the world,” and grasped the problem in the most general way by investigating the 

“return of the same” in all domains of life, science, and history. The corresponding harmonic 

configuration for this universal concept of uniformity would be identical or at least similar 

situations in the harmonic “P” system and its selections, whereby the duplicity of events (the 

duplicate happenings just named, the simultaneous discovery of infinitesimal calculations by 

Newton and Leibniz, parallel movements in culture and history, Hitler – Mussolini etc. ad 

infinitum) represents only a special case of universal identities (equal intervals, identical tones on 

the equal-tone lines, enharmonic reincarnations, etc.): namely the special case of the narrower 

duplicity in the sense of the “up-beat” of the “P”: c - c, or c – c,. 



 Marbe, after questioning the reasons for this uniformity (I, 405), further writes (I, 410): 

“The crown of a universal theory of uniformity would be in the proof that a uniformity of 

conditions leading to uniformity is necessary.” He adds to this (ibid.): “But the question still 

remains, why precisely this initial condition or even earlier conditions, which must lead under 

the influence of laws of nature to uniformities, would be present, and not others that do not lead 

to uniformities. This question applies in many cases as unsolvable on principle. In the oldest 

initial conditions accessible to our observations, one sees a historical fact that, if one does not 

want to attribute it to some creator, one must simply accept as given. According to this, the 

conditions of uniformity would also not be explainable from simple laws, but only from laws in 

connection with the assumption of a definite given initial condition of the world.” Thus, in the 

akróasis of this “initial condition of the world,” we have arrived upon the law of harmonic 

quantization. But the initial “uniformity” of this law in the position of the octave, the symbol for 

the primary uniformity (duplicity), lifts this law out of the simply material and merely legalistic 

into a sphere of values; because the identity lies not in the numbers, but in the tones. So if one 

substitutes the harmonic constitution of this “initial condition,” the question of the reasons does 

not seem to me to be “insoluble in principle,” but on the contrary: here we have the explanation 

for why, on the one hand, the law must apply both psychically (psychologically) and physically, 

and on the other hand, the proof for a background that is psychical, and in a further sense 

spiritual (the “P” system with the 0/0 as a reference value). 

 

§50.7. Magic squares 

Ferdinand Maack, the original and indefatigable campaigner for a “scientific xenology,” 

published a series of articles, “Magisch-Quadratische Studien,” in the journal he founded, 

Wissenschaftliche Xenologie (No. 2, July 1899). The following quote comes from the 

introduction to the series: “[The magic square] contains an ancient mathematical problem, which 

is continually attacked from new angles over the passage of the centuries. Even the greatest 

brains of all nations have occupied themselves with this problem, as the bibliography shows” 

(Maack gives an extensive bibliography, ibid. pp. 33-38). “Academic journals opened their 

columns to the magic square; university professors gave inaugural lectures about it; it represents 

an established category in mathematical dictionaries and encyclopedias. All this would surely not 

be the case if the ‘tetragram’ were only a ‘learned trumpery of numbers,’ an ‘arithmetical 

diversion and amusement,’ only a number game, a graphic puzzle. Most authors do claim this. 

But one can read between their lines that the ‘divine square’ was more to them than just a simple 

arithmetical example, that along the way they have the feeling that there might yet be something 

peculiar behind it.” 

 What is a magic square? 

 The discovery of a secret number-figure, “Lo-chou,” containing the numbers 1-9, is 

attributed to the legendary Fou-hi. Fou-hi supposedly saw this figure in a wonderful vision on the 

shell of a tortoise! (Thimus, H.S. I, 101.) The illustration that the Chinese writers drew from this 

figure, which have been found on a four to five thousand-year-old Chinese tablet (the Lo-chou), 

and which is probably the oldest example of a magic square, is the number-square represented in 

knots: 

 

8   3   4 

1   5   9 

6   7   2 



 

If one writes out the progression of numbers 1-9 in the form shown in Fig. 457: 

 

Figure 457: 

 
 

Figure 458: 

 
 

and adds on the numbers standing outside the square thus, in these empty fields, as is indicated 

by the numbers in parentheses, then Fig. 458 appears, i.e. precisely this ancient Chinese 

tetragram. This is one of the simplest methods of constructing the magic square. The arithmetical 

characteristics of the magic square, of which there are an infinite number with various indices, is 

in the following: the sums of all vertical, horizontal, and diagonal rows are the same, likewise the 

sum of each pair of numbers opposite one another; and the parallel main and secondary 

diagonals form an equidistant series. Larger squares show further mathematical curiosities. But 

these are only the arithmetical attributes. Each magic square is also in equilibrium. If, for 

example, we set up the Natural Square (N.S.) that belongs to every magic square, i.e. Fig. 457, 

with weights according to the measures of the numbers, for example 1 g on the topmost, 4 g and 

2 g on the next fields, etc., and then hang the N.S. by a thread in the middle, then the system tips 

over; if we do the same with the magic square (fig. 458), it stays in balance. Thus, the problem of 

magic squares is a problem of equilibrium. Furthermore, Maack discovered (ibid.) that all magic 

squares can be developed from the natural squares through “torsion of the magical system,” i.e. 

through rotations of certain inner configurations. If one writes the Natural Square and Magic 

Square of Figures 457 and 458 as follows (Figure 459 and 460): 



 

Figure 459: 

 
Figure 460: 

 
 

then the shaded fields are symmetrical around the middle field. The sum of each pair of opposite 

shaded fields is twice the value of the middle field in both squares (Figure 459 and 460). F. 

Maack calls these shaded and non-shaded fields, which thus appear both in the magic square and 

the natural square, “magic systems.” If one now imagines the middle field as an axis, the magic 

square (Fig. 460) appears from the natural square (Fig. 459) through torsion of the magic system. 

Namely, Fig. 460 appears from Fig. 459 in such a way that first the shaded system of Fig. 459 

must be rotated 225° to the right, then the non-shaded system of Fig. 459 must be rotated 45° to 

the right. 

 

Figure 461: 



 
 

 If we now question the “harmonics” of the magic squares, an equal intervallic quality in 

this simple example (here the octave would be set at 15) catches our attention. As a comparative 

theorem, the “complete P” would first come to mind. But there is an even closer parallel. If we 

construct the corresponding magic square, analogous to the above specifications, from the 

natural seven-square (Fig. 461), in which we inscribe the diatonic seven-step scale from 1-7, 8-

14, etc., in seven different octaves (Fig. 462): 

 

Figure 462: 

 
 



then we are immediately reminded of our fifth diagram (Fig. 463), in which we find the tone 

values of the magic square (Fig. 462) drawn (in a thick line) starting from f 1/3. Admittedly, in 

this fifth diagram, the ratio progression is limited at h, due to the 6 fifths f c g d a e h. 

 

Figure 463: 

 
 

 Furthermore, the lines of the equal octave tone-values are different. But yet the ordering 

of the magic square appears undoubtedly to agree more closely with that of the fifth diagram, 

and therefore also with that of the “open P.” Readers who are mathematically oriented and 

interested in this problem will certainly find an exciting field of operation on the basis of the 

above. In itself, the domain of the square (see Bibliography) is already interesting enough, and 

although it is still considered by many today to be a useless game, since no machines, bombs, or 

grenades can be manufactured de facto with its problems, I still believe that any serious 

mathematician would dismiss such a superficial judgment. Otherwise he would have to think of 

all of mathematics as a “useless” or “profitable” game, against which admittedly nothing more 

can be said. 

 From the wealth of historical writings about the magic square, one more is introduced 

here that is important for us. Around the year 1000, in Arabic cultural circles, there existed a 

strange Neoplatonist sect known as the “Brethren of Purity.” It was a secret society that was 

founded in Basra around the year 960, and opposed strict Mohammedan faith with free 

philosophical thought. Within this order, an encyclopedia of 51 treatises was created, which 

arranged and summarized the knowledge of the times according to its elements. “The center of 

their thought is the study of the soul, which for them tends towards a doctrine of its development 

from the lower forms to human individuality, and its regeneration in the perfection of its origin. 

The world view at the core of this speculation is the emanation doctrine of the Plotinians, with 

their universal Intellect and their all-pervading Universal Soul, whose formative activity is 

evident in nature and in the creation of humans, to which Pythagorean number-symbolism is 

added to make the emanation system more understandable through number ratios. Also various 

symbolisms, such as that of letters, tone-harmonies (!), etc., are used to demonstrate that all in 



the material and spiritual world is an image of the stepwise emanation from the world of pure 

spirituality” (J. Goldhizer, Allgemeine Geschichte der Philosophie, Kultur der Gegenwart, Vol. I, 

5, 1909, p. 53). Unfortunately, I have not yet been able to obtain a copy of the 8-volume 

Philosophie der Araber nach den Schriften der Lauteren Brüder (1858-1886) by F. Dieterici. I 

have only been able to look at the Naturanschauung und Naturphilosophie der Araber im 10. 

Jahrhundert nach den Schriften der Lauteren Brüder (Berlin 1861) by the same author, but it 

was not very fruitful with regard to our harmonic interests. Moritz Cantor, in his Vorlesungen 

über Geschichte der Mathematik (4th ed., 1922, p. 516), states that “magic squares play a 

mysterious role in the Arabic philosophical sect of the so-called Brethren of Purity, squares with 

9, 16, 25, 36, 64, and 81 fields were especially familiar to them, therefore there must surely have 

been a method available with which to construct them.” 

 

§50.8. The I Ching diagram 

One of the most remarkable books of mankind is the Chinese I Ching, the “Book of Changes.” It 

was originally made up only of marks, consisting of unbroken — and broken – – lines, and this 

fact, and possibly more importantly the respect and high veneration for the commentaries and 

legends surrounding the book in the most ancient times of Chinese intellectual history, allowed it 

to escape the great book burnings of Tsin Shi Huang. “Up to modern times,” writes R. Wilhelm 

in the introduction to his translation of the I Ching (Jena, Diederichs, 1924, 2 vols.), “the most 

distinguished Chinese scholars study it. Almost all the great and important ideas that have been 

thought for over 3,000 years of ancient Chinese history have in part been inspired by this book, 

and in part have had an influence on its further clarification, so that one can calmly state that the 

maturest wisdom of the millennia is worked into the I Ching. Its existence is attributed to the 

four holy, mythical figures, meaning that its age spans all of living history. The eight basic signs 

(see below) do not even have names in the Chinese language, and thus it has been assumed that 

they are foreign in origin. The version of the I Ching that we have today goes back to Confucius, 

who was approximately contemporary with Pythagoras, Buddha, and Lao Tzu (ca. 600 B.C.). 

Confucius meditated upon the diagrams, wrote down his thoughts, surely preserving yet older 

interpretations, and thus over the course of the centuries there finally emerged a great 

commentary, which only in modern times was separated from the tangled mass of superstitious 

marginalia that had crept in, and which now can be shared as a unified whole with our European 

thought.” 

 There are two basic ideas in the I Ching. One is the idea of change, i.e. the continual 

change of all relationships in a world of opposites: Yang = light, male, heaven, and Yin = dark, 

female, earth. The other idea is the ideology. Everything that happens is the image-concept, i.e. 

the effect of an image, an idea, in the invisible. 

 In these two fundamental thoughts, Confucius and Lao Tzu completely agree. Lao Tzu, in 

his 42nd speech, writes: “One has brought forth two, two has brought forth three,” to which one 

of the old Confucian commentators remarks: “These words mean: One has divided itself into Yin 

= the female principle and Yang = the male principle. These two have joined, and from their 

union, harmony emerges (as the third). The exhalation of harmony (Ki – ho), however, 

compressing itself, has produced all beings” (Thimus, H.S. I, 80 and 193). Later in his 42nd 

speech, Lao Tzu writes: “All beings flee from stasis and seek movement. An empty breath, 

connecting things, generates harmony.” Even more descriptive are the words right at the 

beginning of the Tao Te Ching: “The nameless Not-something is the ground of heaven and earth 

... the endless Not-something can only be seen in its invisible spiritual existence, the finite 



Something is seen in the form of its limitation. These two opposites are one because of their 

primordial existence, only they are designated in different ways. Both are called depths. They are 

depths, twofold depths. That is the gate to all extrasensory things” (from Thimus I, 193-194). 

 We also learn (Thimus I, 81) that the “Tao” (inadequately translated as “understanding,” 

“sense,” “path,” “right way,” etc.) stands on these two principles Yang and Yin as something no 

longer adherent to the corporeal, purely rational, and intelligible. The Tao is also known as 

Chang-ti, the highest lord of heaven = God. Thus we can add the following to the beginning of 

the “P”: 

 

Figure 464: 

 
 

so as to find these basic ideas of Chinese philosophy once again in precise harmonic 

correspondence. A. v. Thimus had the idea of bringing this identity (I, 83 ff.), the principles 

Yang and Yin, for which the I Ching uses an unbroken — and broken – – line, in connection 

with the reciprocal partial-tone series. Namely, in the I Ching the following four images, the Se-

Siang, are constructed from these lines: 

 

——     — —     —–—     — — 

 

Since Confucius, in his commentaries, identifies these images with “Siang,” i.e. mutuality, 

reciprocity, a reciprocity from which the entire system of the I Ching hexagrams is built, the idea 

of the model of the reciprocal “P” suggests itself in these first four Se-Siang: 

 

Figure 465: 

The four basic images (Se-Siang = reciprocities) 



 
 

The “Se-Siang” are thus to be assessed as the four basic tendencies from which comes the 

system of the world, surrounded by the heavenly number of the “great Yang” —— and the 

earthly number of the “great Yin” — — and completed by the two permeating tendencies that 

realize the structure of the world, the “small Yang” — — and the “small Yin” —–—. 

 From these four primal signs, the famous eight trigrams are constructed, through the 

addition of new lines; they are then the basis for the hexagrams of the I Ching that emerge 

through their permutation. These eight signs, which are not images of things, but images of 

tendencies of relation and change (I Ching = the Book of Changes), have the following 

arrangement and meaning, according to R. Wilhelm, Vol. I, p. V (see the table below). 

 From these diagrammatic roots, out of which the coupling of each pair gives 64 

combinations, the hexagrams of the I Ching are constructed. For harmonic analysis, we choose 

from these the four that A. Amiot gives as the basis for the elicitation of the Chinese tone-

system, in his “Mémoire sur la musique des Chinois,” in Mémoires concernant le chinois, vol. 6, 

Paris 1779 (from Thimus I, 86): 

 

 



 
 

Thimus (I, 87 ff.) now proceeds by taking for the unbroken lines of the Kien the product of a. b. 

c. d. e. f., or 

 

 
 

and for the broken lines of the Kouen, the corresponding reciprocal term 

 

 
 

In the ancient Hebraic book of Sepher Jezirah, Ch. 4 reads: “Two letters build 2 houses, 3 build 

6 houses, 4 build 24 houses, 5 build 120 houses, 6 build 720 houses, and from there it goes on, 

and think what the mouth cannot speak and the ear cannot hear.” If one substitutes for a b c d e f 

the first numbers of the number-series as first product one obtains the factorial number 6! = 720, 

and for the second reciprocal product, the fraction 1/6! = 1/720 as a numeric expression for the 

hexagrams Kien and Kouen. Regarding the number 720, the 11th verse from the unity song of 

Dirghatama from the hymns of the Rig Veda appears to me to be relevant: 

“With twelve of the spokes, because they never age, 

The wheel of order surrounds the heavens; 

On it, O Agni! stand, as twin pairs, 

The number of seven hundred and twenty Suns.” 

(Deussen, Allgemeine Geschichte der Philosophie, Vil. I, 1894, 1st part, p. 111). 

 The two middle hexagrams then get the value 

 



 
 

If one now sets the tone d as generator tone for 1/1 (for reasons of symmetry of accidentals, 

instead of 1/1 c), then the above four hexagrams get the tone-values: 

 

720/1 gisˇ9     48/15 bˆ2     15/48 fis2     1/720 as10 

Kien             Weiki             Kiki             Kouen 

 

i.e. in the “heavenly number,” 720/1, and the “earthly number, 1/720, the two imaginary poles of 

an “inaudible harmony” (harmonia aphanēs) and in the two ratios 48/15 and 15/48 the two poles 

of a scale to be projected from the imaginary into this “real” space. There are two ways of 

obtaining this. Either we build from the imaginary poles through the “way up” in duodecimal 

(octave plus fifth) intervals, thus via the circle of fifths (interval power-series of the fifth), 

whereby we admittedly “land” on the ratio 729: 

 

 
 

which, reduced by octaves, gives the chromatic scale: 

 

asˇ     aˆ     bˇ     hˆ     c     cisˆˆ     d     esˇ     eˆ     f     fisˆˆ     g     gisˆˆ 

 

With tempering of as and gisˆ, we have the “scale of 12 Lu” of Chinese music, and Thimus 

remarks on this (I, 89) that the system of this scale “moves into those modulatory limits 

(alterations) beyond which the Classical composers of the 16th century did not go in their 

application of chromatics.” Or else, we start from the two “real” poles, which for 1/1 d have the 

values 48/15 bˆ and 15/48 fis,, and construct, upwards or downwards in fourth steps, the series: 

 

 
 

which, after octave transposition, yields the nine-step scale: 

 

aˆ bˇˇ hˆ cˆ d eˆ fˆ fisˆˆ g 

 

These nine steps, with the elimination of b and fis, contain the diatonic (C-major) scale, but 

precisely these two chromatic steps b and fis were necessary, as Thimus declared (I, 90), to 

represent the so-called octave-categories of the system of the eight Gregorian church modes 

within the steps of the natural key-signature (without alteration of the clef), as well as within the 

so-called musica ficta of the signatures with a sharp and a flat in the Guidonian tone-system. 



From these analyses, it can already be seen that the I Ching hexagrams are the expression of a 

general regularity in musical terms. 

 However, by means of harmonic analysis, we can explore this regularity further. For this, 

we return once more to the eight primal signs (Koua = primal signs) – see Table 466. 

[Fig. 466 needs corrections entered from HK’s errata] 

Figure 466: 

 
 

 Category I lists the eight signs with their names. They are analyzed according to Chinese 

usage from bottom to top; we set the whole lines equal to the whole numbers, the broken lines 

equal to their reciprocals. Categories II to IV attempt to harmonically analyze the individual 

triads a b c through insertion of various number values (V belongs to IV and simply gives the 

logarithms of IV). Category II proceeds according to Thimus’s scheme, and sets a = 1, b = 2, c = 

3 for the straight lines and 1/a = 1/1, 1/b = 1/2, and 1/c = 1/3 for the broken lines. The insertion 

of tone-values stands under the sign of the fifth intervals g and f (here we return to using 1/1 c as 

generator-tone), the “father” designated as g, the “mother” as f,,,. In the ratio of the “children” a 

agreement of character of the first son with the mother is shown, a similarity of the second son 

with the mother, and a similarity of the third son with the father; the first daughter is identical in 

character with the father, whereas the second is similar to the father and the third is similar to the 

mother. Regarding the “character identity,” however, it must be remarked that since the Chinese 

also assign a meaning to the location of every line, e.g. the “identity” of father === and first 

daughter === is inwardly present (both the value g), but is different in terms of its “material” 

spatial structure. The formula of the father is 1 · 2 · 3, that of the first daughter is 1/2 · 2 · 3 – 

identical as tone-value, but different in the octave and the character of the lines, as well as their 

situs  = location. This observation should be kept in mind with all further identities. 

 We come closer to the “family relationship” of these eight signatures through the fifth-

analysis of category III. This was well known in Chinese harmonics, and therefore we may use it 

without scruples. Here, father and mother have the ratio to the generator-tone 1/1 c of the minor 



third and sixth (aˆ) and (esˇ) – whereby we are reminded of the third as the “gender tone.” Son 

and daughter here emphasize the three identical values: the fifths f and g. 

 Most interesting, however, is the analysis of category IV. Here I have inserted the first, 

second, and third powers of the fifths, i.e. the potentiation that is known to us from the 

Pythagorean scale and that plays such an important role in Plato’s Timaeus. It seems likely to me 

that ancient Chinese harmonics knew of and used this, since fundamentally it only consists of 

very simple multiplication. But this is irrelevant to the results of our analysis, since the I Ching 

diagram gives psychical forms in bar-notation, which we can elicit in other ways with harmonic 

methods. Here the father- and mother-principle returns in the extreme ratios 729/1 fis and 1/729 

ges, whose logarithms 510 and 490 only differ by 20 units (reduced by octaves), which their 

enharmonic character shows, although one is very high (heaven-number) and the other very low 

(earth-number). This number 729 is otherwise almost twice the number of days in the year (2 × 

365 = 730) and thus has symbolic-cosmic significance. The progression of the “sons” climbs 

upwards in the whole-tone steps c bˇ asˇ, the progression of the “daughters” in analogous whole-

tone steps c d eˆ. If we arrange the tones of the “family” of eight scalewise, the result is the 

strange scale: 

[This unnumbered figure needs correction inserted from HK’s errata] 

 
 

so, a definite whole-tone scale of completely symmetrical “genealogical” construction: parents in 

the middle, daughters to the left, sons to the right. Moreover, the intervals of this whole-tone 

scale emerge from the important steps we know of: the major whole-tone of type 9/8 d 170, and 

the minor whole-tone of nearly 10/9 dˇ 152 – again, two enharmonic steps – whereas the 

enharmonic middle interval of the “parents” has 19 log. units, an interval that is very close to the 

so-called synthetic comma of 18 log. units (80/81 or 81/80), and thus once again shows its 

harmonic-rational significance. 

 I began by investigating the entire I Ching hexagrams (from R. Wilhelm’s edition) 

according to the Thimusian scheme (table 466, category II), and calculated the number- and 

tone-value for every hexagram. The result is that all 64 hexagrams yield only the following ten 

values in multiple repetitions – here I present them arranged in numerical terms, as well as in 

musical notation: 

 

Figure 467: 



 
 

This is a chromatic scale without the main steps c f and g. The many “identities” must naturally 

be observed from the above viewpoint of the various “locations” of the lines; thus all hexagrams 

of equal harmonic value are still different in themselves. 

 But the fruitfulness of our analysis of categories IV (and V) in Table 466 allows us to 

suppose that with this power-analysis we can come closer to finding the inner psychic meaning 

of the I Ching hexagrams than with the too-simple Thimusian method. Unfortunately, I have not 

yet found the time to calculate all 64 hexagrams according to this scheme, and therefore can only 

note the results for the first four (Fig. 468). 

[Fig. 468 needs corrections inserted from HK’s errata] 

Figure 468: 

 
 

 1. Twice the “father” becomes the Kiän hexagram, the creator. The total value is his log. 

020, an enharmonic step to the generator-tone c. 

 2. Twice the “mother” becomes the Kun hexagram, the receiver. The total value is deses 

log. 980, likewise an enharmonic step to c. The generating and receiving principle, as above in 

the trigrams of “father” and “mother,” is in an enharmonic relationship, albeit not directly in 

itself, but rather in terms of an imaginary c that creates both, i.e. unity. All remaining values of 

the other hexagrams will show, as for 3 and 4, total values built from two independent trigram 



values, i.e. a psychic unity. Even if different hexagrams should exhibit identical tone-number 

characters on the outside, still the inner structure of their step-building is different. This is 

somewhat comparable to the tone-locations in the “P” system, where, for example, 2/1 c 4/2 c 

6/3 c etc. are not different in themselves, but are different in the tone-location, i.e. the place in 

the configuration space. 

 Those who know and “practice” the I Ching will wonder what has been gained for the 

understanding of this book with this type of harmonic analysis. Each of its hexagrams has, in any 

case, a title (see the titles of the first four ones just discussed), each has enough commentaries on 

its “meaning,” etc. But this is not in “tones,” but in a conceptual speech that we can understand. 

Through various modifications and combinations of these hexagrams, the imagination and 

intuition are given full rein. 

 But let us take ad exemplum only the first two hexagrams, Kiän = the creative and Kun = 

the receptive. In Wilhelm’s edition, much is written about these two concepts, more or less 

describing and interpreting the concepts of the “creative” and the “receptive,” furnishing them 

with rules and modes of conduct, etc. The harmonic analysis, however, gives the reasons, in a 

precise and concrete way, for why in these signs the “creative” is connected with the “heavens,” 

the great light with the “masculine,” etc.; why the “receptive” is connected with the “earth,” 

“small,” “dark,” “feminine,” etc.: in the trigrams, the appearance of the “gender interval,” the 

third; the peculiar enharmonic equivalence of both principles; that they are “of one flesh” yet 

different in essence; the assignment of the undivided lines to 1/1 [check for arrow and infinity 

signs, inserted by AG but which don’t show on my Word program – JG]→ /1, the endlessly 

large, the light, heaven, and the divided lines 1/∞ ←1/1 to the limited small, dark, receptive; the 

remarkable number 729 and its closeness to twice the number of days in the year. In contrast to 

the non-committalness, the stark claims (whose antiquity is indeed honorable, but tells us 

nothing about the effective truth content) of the I Ching commentators, harmonic analysis thus 

reveals the reasons and leads these reasons back to a value-emphasized number-system, from 

which views of other domains are possible. 

 Central to harmonic analyses of this type are naturally the sensitivity to a differentiated 

tone- and interval-perception, a thoroughly trained psychical grasp of the characteristic steps 

through the ear (in monochord experiments), and spiritual insight into the symbolism of these 

steps that emerges from this. Anyone who inherently has, or has developed, an ear for this will 

also be able to judge whether the analyses of the further 64 I Ching diagrams show similar 

results. It is this sensitivity, this “sixth sense” of akróasis, that lies at the root of all harmonic 

investigations, thoughts, and perceptions, and I can imagine that in future times, there may be an 

ingenious harmonist who will concentrate the basics of harmonics in a book similar to the I 

Ching. 

 

§50.9. Advice for the harmonic analysis of number symbols (cf. §50.4) 

This chapter in itself far exceeds the space permitted by the limits of a textbook. But the domain 

of number symbolism itself is enormously large, and treated (and here very meagerly) in the 

strict scientific sense as something simply “historical,” “folkloric,” etc., while, as is shown by the 

above examples and all the work of A. v. Thimus, there is still an almost inexhaustible field of 

harmonic research at our disposal. Therefore I thought I should show a few concrete examples of 

how and by what means harmonic analysis should proceed here. The “uninitiated” will 

admittedly find the analyses of the I Ching diagrams very complicated; but anyone who has 



solidly worked through this book up to this point will be impressed by the simplicity of these 

investigations. 

 We have seen that not only the tone-numbers, intervals, selections such as scales, interval 

powers, etc. can and should be used for the analysis of number symbolism, but also the harmonic 

configuration space (“P” and its modifications) must be taken into consideration. In my essay of 

Pythagoras, for example, the interpretation of the Pythagorean number-cosmos was only possible 

by means of analogies with the polar “P,” which however hit the target. One should carefully 

note the possible approaches from case to case, and not give oneself up to haphazard tone-

analysis. In many cases, harmonics will fail, and then it is better to be content with a negative 

result than to use harmonics like a straitjacket. With the relics of the ancient number-harmonics, 

we must not forget – as Thimus noted again and again from the ancient sources – that in ancient 

wisdom, especially in its Gnostic form, much was kept deliberately secret, and thus often 

misunderstood and wrongly recorded by later people. The first task, then, is to separate the wheat 

from the chaff, as far as possible; only then will harmonic analysis have meaning and purpose. 

 

§50.10. “Life-numbers” 

Since the belief in a significance of certain “life-numbers” is widespread, and certain temporal-

spatial periodicities and rhythms are also not to be repudiated, I will give a simple overview here 

of how one must proceed with the harmonic analysis of such “numbers.” The method has already 

been mentioned in my Abhandlungen, pp. 49-50. 

 One should draw up a table similar to Fig. 469, which is simply an “overtone series” 

dissolved into interval constants and powers – naturally those who hope to live 100 years can 

lengthen it as much as they wish beyond the ratio 81. 

 Suppose we analyze the dates of our own lives from the viewpoint of this scheme, first 

purely biologically. It may appear that the individual spaces of the interval constants are equal in 

value amongst themselves, despite respective doubling of their periods. What we biologically 

“experience” between the first and second year is thus equal in value to what we experience 

between the second and the fourth, the fourth and the eighth, the eighth and sixteenth, etc. The 

same goes for the fifth-octaves 3, 6, 12 ..., the third-octaves 5, 10, 20, etc. A closer examination 

will also ascribe certain intervals to periods of a definite type, for example, the seventh-octave 7, 

14, 28, 56 to a sexual type, etc. But not only the biological, also the psychical and spiritual 

“stations” of our life appear to consolidate in these harmonic “numbers.” I myself have found 

peculiar equivalents with regard to important stages of life. There are apparently “octave-,” 

“third-,” etc. breaks, which are connected with important changes in our fate, or which provoke 

them. Any reader can easily perform his own analyses here, on himself, his family, etc. No 

extensive investigations of this type have yet been made. One can further imagine that some 

important event in life also makes the relevant life-number “independent,” i.e. changes it to 1/1 

and from there on the intervals follow autonomously. Furthermore, the predominant intervallic 

character of the life in question could be retrospectively defined and studied from the data 

obtained; for example, the relevant intervals within a family, a line of ancestors, or simply 

between two or more different life-number successions could be consonant or dissonant. These 

are no Utopias; but the investigation of such connections requires particular assiduousness and 

strict disavowal of all “augury,” since one can never know or say with precision to what extent, 

for example, a certain life-number is autonomous and radiates out into the future. But for insight 

into a biological-psychic arrangement of every life’s fate, this method appears to me from my 

own experience to be retrospectively important. (The oldest testimony to the significance of the 



number 7 in human stages of life is in the elegy of the “Hebdomad” of Solon. He prescribes at 

age 7 the second teeth, at 14 puberty, at 21 beard growth, at 28 the maximum bodily strength, at 

35 the time to marry and have children, at 42 the full formation of character, at 49 and 56, thus 

through 2 hebdomads, the mature development of understanding and discourse, in the ninth 

hebdomad their deterioration, and in the tenth, preparation for the end!) 

 

Figure 469: 
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§51. TOLERANCE: A DIALOGUE (and review) 

 

A: In your book Grundriß eines Systems der harmonikalen Wertformen, you write under the title 

“Die Wesenssphäre” of a mysterious connection between the harmonic concept of tolerance and 

human “tolerance.” I would like you to tell me a bit more about this. But first I would like to 

request another clarification that is fundamentally important for me. I mean this connection of 

the most heterogeneous domains in which, as I well know, the value of your work resides. All 

that is completely comprehensible to me: the tone-number as a new cognitive approach, then the 

harmonic value-forms that develop from it as certain prototypes that are anchored in us, and 

which we can thus assess and indeed precisely control. However, this type of universal 

“application” in the sense that you apply it by means of value forms does not quite convince me 



– or let me say it more precisely: I wonder whether it is even permissible to infer from one 

domain to the other. 

 

B: Excuse me: with “infer” you assume a concept in harmonics that is in no way characteristic 

for it, indeed not even significant. Harmonic prototypes are forms, not logical entities, although 

they can be handled logically in accordance with their numerical background, and handled 

psychologically in accordance with their tone-evaluation. As a whole, however, as value-forms, 

they have Gestalt character, and can only be observed, listened to, in the various domains, i.e. 

apperceived as wholeness-entities in the sense of “akróasis.” Now I know you will initially take 

that to be hair-splitting, but I encourage you to consider that there is a great difference, between 

inferring from one fact to another in the usual sense, and looking, or listening, to one form from 

the point of view of  another. In the first case, our understanding abstracts from some fact whose 

specific essence, i.e. the fact – such as the free fall of bodies – is “specifically” localized, in this 

case assigned to physics, reduced to a formula, and then with this formula, “concluded.” The fact 

that this can only happen in the specific domain, here that of physics, and that a further inference 

in other domains is not allowed: there you are completely right, and I would be the last to give up 

thinking and researching in this way, since the entire progress of the last two millennia rests on 

it. 

 

A: I understand: the ideal of this thinking – let us call it “natural-scientific” – is number, and this 

is known to be based on the Pythagoreans, who, as I can remember, made the significant 

discovery of the codependence of number and tone. Thereby, quantitative was first traced back to 

qualitative. 

 

B: That is the general viewpoint. People overlook the fact that for the Pythagoreans, the converse 

was just as important: that with this discovery of the relationship of number and tone, the 

number, or a number-ratio, could also be perceived! Or more precisely: that there was a 

possibility for the psyche to evaluate inwardly an exact material condition (string length, 

vibration number, material of the vibrating body, etc.), and to cognize it as a psychical 

wholeness-entity. One need only think through and empathize with this “flip side” of the 

Pythagorean discovery properly, in order to realize immediately that all the post-Pythagorean 

development of precise thought and the sciences has only cultivated one side, namely the 

numeric-logical side, and in a further sense the purely material side. But the other side, the 

psychically cognizable, the form-based, was completely lost in the passage of time.  

 

A: Or was simply not pursued further, at least not in the so-called “scientific” domains. For 

Aristotle was already fighting against the number-speculations of the Pythagoreans, and knew 

nothing more of the psychic-spiritual backgrounds of this thought. That may be so. But we want 

to go back. Assuming that there was a completely different type of thinking and researching, the 

visual, form-based, or harmonic: with what authority do you want to – I will not say “infer,” but 

instead “look,” hear,” – from one domain to another – whereby we take the concept of “looking” 

completely in Goethe’s sense, and can substitute it in harmonics with “hearing” and “listening”? 

 

B: Everything around us is made of forms. Look around yourself, hear, taste – deploy all your 

senses for cognition: you will always run across forms, wholenesses, which are in themselves 

complete, finished, and appear to have no participation with each other. But participation is 



order. And now, observe the change: it is we who create the order – no longer by our senses, but 

by our spirit. For this, too, forms are necessary, forms of our psyche, by means of which we 

subdue the forms of nature. 

 

A: So, a type of form-play, a relating of forms of our cognitive abilities to forms – forms – – – 

 

B: Here you are stumbling! Possibly you sense the prohibition of a confrontation of two “forms” 

– concepts that not only designate different domains, but are also completely different in 

themselves? 

 

A: Probably this too. But it occurred to me that one cannot recognize forms by means of forms – 

except for the fact, as you rightly say, that nature-forms, entirely objective forms  of every type, 

must be something totally different from the forms of our cognitive abilities! Do you see, I mean 

“cognize” in the sense of inferring, casually deducing, or somehow logically connecting. But one 

cannot, let us say, cognize from the form of our concept of time that there is a form of the 

concept of space, the nature of this concept of space, and what space has to do with time. Ah – I 

see: in this case, one must return to a tertium comparationis, e.g. to the law of falling bodies just 

mentioned, and solve the problem by means of a logical-arithmetical operation. But is that an 

explanation? Is that not simply a name-change, a transformation, a simplification? 

 

B: You’re posing a whole bundle of questions there, and not only in what you asked. Allow me 

to return to our initial topic, so that we do not waste our energy, and to proceed from there. As 

far as I can predict, your current thoughts will all come into the discussion. 

 

A: Well? 

 

B: The topic we started with, namely that there is a difference between perception and looking, 

hearing, you have answered yourself, when you said that one cannot “perceive,” i.e. causally 

deduce forms from forms, and thereupon number occurred to you as a tertium comparationis. I 

said earlier that one could, however, behold forms from forms, but here we also need an 

intermediate domain of Gestalts, which serve as a means of comparison, similarly to number. 

 

A: Oh – now I know what you want to say. You would start with the tone-number as a 

psychophysical approach, assign the sensory domain (“tone”) of this approach to a world of 

“looking,” “listening,” and the material domain (“number”) to a world of “perception,” and 

emphasize the mediating element of both domains: the “harmonic value-form” as a prototypical 

form, which is authoritative, directing, form-defining, both in our psyche and outside in nature – 

I see that one must be very cautious with words there!  

 

B: Don’t let that worry you! As for me, I am against an overly strict “haptics” of words and 

definition in general; it destroys the lively interplay of thoughts. Otherwise, the aspect of the 

concept-place, if I may call it that, plays a great role. For example, I can just as well call the 

numerical side of the primal phenomenon of tone-number “material” as “spiritual,” depending on 

whether I am mainly observing the material aspect or the logical-mathematical aspect. Various 

viewpoints can also be held on the word “psyche.” It is only important to tolerate the coincidence 

of two domains in harmonic thought and study that are especially strictly separated in modern 



times: the coincidence of cognition and looking or listening, as I “defined” them earlier, which 

one can just as well express as a coincidence of being and value, thought and perception, nature 

and life, etc. You see, the concepts also have their tolerances, or more precisely: behind the 

concepts that tend easily towards rigidity, there is the clarity, the image, the Gestalt of the value-

form, which is tolerant enough to allow various definitions. 

 

A: Tolerated, tolerance, tolerant – I am clairaudient enough to (I say it deliberately) “cognize” 

your impatience to finally come to the main topic. But first my initial question must be clarified: 

By what right do you practice the universal application of the harmonic value-form? Incidentally, 

this question appears to have been discussed already, which I now notice to my relief. In the 

listening to one form from the other, as a mediating level, the harmonic value-form edges in, just 

as the number or the logical concept does in the recognition of a causal relationship from the 

other,. In the first case, the “tonal” side of the harmonic approach is preferred, in the second the 

“numerical,” whereby through the coincidence of value (“tone”) and being (“number”) inherent 

to the tone-number, hearing can in a certain sense cognize, and the cognition can be heard. 

Thereby the Pythagorean theorem is rescued from its one-sided treatment, and once again made 

fully valid – at least as a new working hypothesis. Seeing into this no longer poses any difficulty 

for me. I simply wonder whether one could not use this ancient Pythagorean approach of the 

tone-number for the elicitation of a system of value-forms based on some other primal 

phenomenon, such as that of number alone, or that of color, logic, or whatever else you will? 

 

B: As an answer I will ask you the opposite: Is there, somewhere in the domain of our psychical 

life or outside us in nature, an approach that connects number and value in an exact, 

spontaneous, and a priori way? 

 

A: You mean, can we start from a fixed point that contains both the number and a psychical 

evaluation of the number connected inseparably in itself? Think of color! Here, there is a 

psychically recognizable value, namely color, connected precisely with light frequency, the 

optical vibration-number – oh, I see, there is a difference: one can easily recognize the vibration-

number through retroactive measurement, but not spontaneously; whereas with the octave, 

without having to measure, we are in a position to immediately establish an exact vibration-

number relationship of 1 : 2; with a fifth, one of 2 : 3, etc. But we must discuss this separately. I 

would like to get to our main topic. “Tolerance” comes from the Latin tolerare, and means to 

sustain, receive, nourish, postpone; for example, to postpone life. In the main point we connect 

with this word “tolerance” the concept of forbearance, the “toleration” of some thing, some idea, 

some system. 

 

B: Every thing has its meaning. It speaks to us because it has its own value, its own existence, be 

it a lifeless thing or a form of living nature. This speaking and listening requires a space around 

the thing, an atmosphere, in which it can exist and express itself. This is the air for breathing, 

which it needs for existence and expression, the “being-sphere,” as I call it, in brief the actual 

meaning that every being-value gives to itself, and which it ought to respect from other being-

values. 

 

A: Now, you mean that this air, this space around it, which every thing needs for existence, is in 

a certain sense already formed, stipulated by law; the thing, or as you call it, the being-value 



would have a claim upon this space, on this sphere, for the realization of its being, and from this 

emerges, completely of itself, the postulate of tolerance. Because without a definite tolerance in 

its surroundings, nothing would be able to exist at all, just as the being-value must be tolerant if 

it does not want to get in the way of everything else. To find the harmonic approach here, you go 

back to theorem 46 of your Grundriß, which you call the “Theorem of Tolerances.” Naturally, I 

have not understood that. You know mathematics is my weakness! 

 

B: Mine also – do not laugh, I mean it seriously! But this theorem is also easy to clarify without 

mathematics. There are two types of tolerances. The first is familiar to every musician: it simply 

has to do with the hierarchy of the intervals. The purity of an octave can be judged very precisely 

by your ear, likewise that of the fifth – this is why strings are tuned in fifths. The third is harder. 

For one thing, there are two third intervals, major and minor, and also each third has its own 

leeway upwards and downwards, as do the whole-tones and semitones. Actually, with the octave 

it is already impossible for the ear to judge its purity with complete precision. Even there, we 

“tolerate” a certain leeway, i.e. even with this exact interval, a fundamental difference is obvious: 

that of the exact theoretical vibration ratio and that of a no longer entirely exact value-

apperception of a tone-ratio. These two assessments: the legalistic assessment of the precise 

numeric relationship, and the normative, morphological assessment of the psychical expression, 

the Gestalt, pervade all our observations of nature and spirit, and appear to me to belong to the 

fundamental predispositions both of nature’s abilities and of our judgment and recognition 

abilities. But I still owe you a brief explanation of the second type of harmonic “tolerances.” One 

can call them the abstract, spiritual, since they only exist in the system of tones which I call 

partial-tone coordinates, but which is nothing other than a definite inner form-predisposition of 

our psyche, a type of scheme according to which we, and with us nature, thinks, creates, and 

perceives. In this system or scheme, every tone has its place and with it its environment, its 

sphere. It aspects itself on the strength of its location in the hierarchy of steps, and is aspected 

according to the measure of its environment, i.e. its neighboring tone-values. Here, also, the 

difference between morphological and legal applies insofar as the latter is connected with the 

numerically precise expression of a ratio, whereas the morphological has its leeway, its tolerance 

in a broadening of the value also to other ratios. For example, in the three ratios: 

 

9/7 xe  10/8 e  11/9 °e 

 

the values, i.e. the tones xe e and °e are of the same type, and if also a little different in pitch, 

they still belong to the psychic space that our psyche concedes to the tone-form “e.” 

 The vibration-numbers, i.e. the law-given frequencies, are not the same, but different, 

which corresponds once again to my previous remark: that the mathematically legalistic 

approach presses for exact, “intolerant” expressions, whereas the tonal-morphological approach 

uses a certain leeway, certain tolerances, to realize its sphere of being. Incidentally, a glance at 

any table in one of my books will tell you that without further explanation, and with greater 

clarity than I can describe it. 

 

A: Thank you! Opinions about the “clarity” of your tables are very divergent. But I now have the 

picture, more or less. From the harmonic theorems, we would have already obtained an 

important insight, namely the existence of a fundamental difference between legal-exact 

(number) and morphological-normative (tone), whereby obviously the problem of tolerance is to 



be assigned to the latter, to the morphological. The most important insight seems to me, 

however, that with the enunciation of this theorem, tolerance would actually be a Gestalt 

problem, a problem of form. All that is morphological is grown from the depths of a will to form, 

a tendency towards wholeness, and since every form has a sphere of being around itself, which 

cannot function at all without “tolerance,” I see here in these consequent concepts- or rather 

viewpoints, the actual meaning of this word. Incidentally, such a great number of examples of 

application – “ektypics,” as you so impractically say – occur to me, that one could fill half a 

book with them! 

 

B: “Ektypics” is a well-known concept from Kant’s Critique of Judgment. One can see how little 

people today know about Kant. For me, however, this concept of tolerance, the way you have 

developed it, has another, if you will, speculative sense. Through this ambivalence of law and 

norm, two fundamental powers of nature become apparent, which define all our spiritual, artistic, 

and political utterances: a power, or let’s say a tendency, towards rigidity in legal things, and a 

tendency towards spiritualization in normative things. In harmonic terms, one is defined by 

number, the other by tone; one tends towards being; the other towards value. Both these 

tendencies are already expressed in crystals. The normative aspect of the crystal, the tendency 

towards pure implementation of its inner sound-forms, presses towards “ideal” realization. If this 

tendency has space around it, if this realization of the “crystal soul” is “tolerated” by the 

surroundings, then there is this splendid example that we can admire if we are lucky enough to 

run across it in nature, otherwise in museums. In the far greater number of cases, however, this 

pure realization remains stuck in the enormous compulsion of the sheer legalism of natural 

forces, of pressure, thrust, mass, etc., in which the norms are only recognizable in a wholly 

rudimentary way. The sound of the crystal does not have the atmosphere to resound in; it can 

only express itself weakly, or not at all, and then sinks back into a dead amorphous mass, which 

indeed makes up the greater part of the planet. The intolerance of natural law has defeated, 

killed, the tolerance of the crystal norm. 

 

A: Just a moment – you place the numerical-precise aspect in contrast with the morphological-

normative aspect. But doesn’t a complete crystal contain especially precise number-ratios?! 

 

B: Exactly! But for one thing, the number here is oriented to the norm, i.e. to a certain value-

selection, and then number and tone, being and value, coincide, and we have one of those rare 

cases where Nature brings the ambivalence of her two tendencies into view most beautifully. 

Only when the being-value splits, and on one side the natural law prevails and falls into conflict 

if possible with the world of values, situations appear such as the one just described. The 

harmonics of the atomic or planetary construction do not change there, since every “sphere” has 

trouble realizing its own harmonics, and the consonances of the spheres amongst themselves are 

beset more than ever with the dissonances of plain number statistics, or are abidingly beset – a 

struggle of powers, which leads in the best case to a statistical balance, but never to a harmonic 

balance. 

 

A:  That would be basically an image of the Pythagorean situation. Just as Nature remains 

maximally stuck in laws and only minimally comes to the formation of her norms, likewise the 

Pythagorean approach to science was developed one-sidedly. Up to now, only the numerical-



haptic side has been pursued, whereas the tonal-psychic side is hardly noticed, and was already 

lost in ancient Greek times. 

 

B: Surely that is one of the reasons – probably even a very deep-lying one. Finally, we ourselves 

are a part of nature, and more dependent on it in our thought-forms than we admit. But the fact 

that we see all of this, that we know of this equilibrium-displacement of “exact” and 

“morphological” things, indeed that we see an enormously important problem here, whose 

recognition and reparation is a truly human task – this is a concern worthy of future study and 

contemplation. 

 

A: Agreed! Incidentally, the thought dawns upon me vaguely of why there is “life” on this 

planet. All living things are labile, mobile, and can disengage themselves more or less from the 

pure number statistics of simple natural forces, and thus have much sooner the possibility of 

orienting themselves to the norms, to the values. The remarks that you have just made on crystals 

also lead straight into the domains of organic nature, where the morphological plays a deciding 

role. Here the harmonic approach, as you understand it, could receive a whole new meaning. The 

antipathy of biologists towards any numerical comprehension of the living form is well known, 

and as I now see, is also understandable and completely justified. Because simple mathematics 

can only provide legalistic, and therefore rigid formulae for the organic forms, or read such 

formulae out from them; and since every mathematical formula strives towards conclusion, 

towards “intolerance,” that which the nature of the living form comprises remains foreign to such 

investigations: in terms of its atmosphere, its self-movement within certain but unfixed limits, in 

brief its tolerance of itself and the environment. 

 

B: Certainly! And precisely through the connection of number and tone, i.e. through a psychical 

evaluation of the number, the harmonic method has the possibility of discovering the blueprints 

of biological forms by means of certain “sound-images,” or let us say more cautiously: at least of 

lifting a corner of this mysterious veil, which is also spread over the entire problem of living 

forms. For all fundamental investigations or contemplations lead our spirit into abstract domains; 

we can only schematize there, admittedly in the highest sense, whereby one need only 

understand the word “scheme” in its original sense of “drawing,” “figure,” or “form.” All final 

deliberations, every truthful exploration of origins, leads to “Gestalts,” to ideas, whose 

“emblems” are images of the spiritual blueprints of nature and our psyche. Admittedly, number 

and value flow together in this domain; it is a world of harmonies and pure sounds, which we 

reach as the last stages there. But one should be content with that, and not blame harmonics, 

which is as little able to avoid the fate of Prometheus as all other human work. 

 

A: Isn’t harmonics heading for “monism” there? 

 

B: Yes and no. The Gestalt- or form-experience is monistic, since the being-value is 

spontaneously experienced as a synthesis of being and value, number and tone. But the harmonic 

perception method will always remain dualistic – if this term is allowed –because only through 

exact insight into the difference of number and tone, world and soul, is the real nature of the 

construction of the value-forms reached. 

 



A: But isn’t that yet another attempt to reach some “conclusiveness” that you have just identified 

with the rigidity of mathematics and its intolerance? Consider our age of relativity! Haven’t we 

come to the insight, after long fruitless research, that we know and can experience nothing 

conclusive, only relative, and wasn’t the harmonic concept of tolerance a new expression for 

precisely this “knowledge of ignorance”? 

 

B: You think too much in modern scientific concepts. Every relativity without “sound” emerges 

of itself, i.e. it must also “tolerate” conclusive things by virtue of its own value. Allow me to 

pursue somewhat further the harmonic approach that you left behind earlier in the domain of the 

organic form; you will then understand me somewhat better in your current question. The 

meaning of tolerance is the freedom of form. Every being-value finds its limit, its realization in a 

form, whose indexation – here I mean the limitation through the harmonic termini “index” and 

“generator” – stands under the two principles of spiritual emanation and natural evolution, 

whereby one can assign the evolutionary element to the dynamics of number, of natural law, and 

the emanative element to the statics of value, the domain of norms. 

 

A: Rather difficult, dear friend! I recapitulate in my own fashion: index and generator are simply 

the inner form-laws of the Gestalts, and they stand under the two principles of the natural and 

spiritual developments. I now assume that you assign the concept of tolerance to the world of 

values, or to the normative, according to your terminology, and deny it to the legalistic, numeric, 

or natural? 

 

B: Not entirely. Consider that every simplification also means an impoverishment, and that such 

an obviously complicated parlance, if it is only adequate to the topic, finally after precise 

thinking-through shows it to be the most simple, and is most easily understood. Incidentally, it 

was precisely your efforts at simplification that led you to think that I isolate the tolerance from 

Nature and place it only in humans – which only applies insofar as one adds the word 

“consciously.” Nature, also, has tolerant sides – but she cannot do anything with this tolerance, 

and in deciding situations always surrenders it to the intolerance of natural laws. But let me 

briefly begin once again from earlier! In the great battle between norm and law, value and being, 

isolated tone and isolated number, god and devil, the whole world and the human race are 

ensnared. Every being robbed of its value runs amok, threatens destruction to everything, and 

finally remains stuck in the statistics of a probability, whose condition of equilibrium we then 

call the system of natural laws. But this condition of rest is extremely dubious. Those robbed of 

values, or whose values are forcibly subjugated to the system of Nature, need only a minimal 

disturbance of equilibrium for the merciless dynamic of push and shove to start up again; 

continents, worlds disappear, and new ones emerge, in no way better. 

 In this truly inhuman dynamic of pure natural compulsions and conditions, the Creator 

has lost the pure sounds of his divine norms, like rare and precious crystals in the vast multitude 

of mountain crevasses. Everywhere in nature these pure ratios tone, the colors of those norms 

glow, somewhere the blue flower of a psychical warmth blooms, which we can feel in ourselves 

as the best and most precious, and the consciousness of which allows us to finally understand the 

meaning of this world. 

 The harmonics of a crystal can only have its effect in the free cooperation of the number 

with the tone, the law with the norm. This effect, however, requires tolerance from both sides, 

but a tolerance that is oriented to the norm and needs the “law” for freely ringing together. 



 The harmonics of a plant can only fully come to devolvement in harmonic outward ratios. 

This simply means that the existence of a plant must be tolerated by both sides: firstly that it can 

develop its inner norm freely, and secondly that the natural circumstances go along with, 

tolerate, this realization. 

 Then the animal kingdom, its forms, its functions and actions! Where would bodies be, 

how could they exist at all if it were not precisely there that the harmonics of their being-values 

come to their freest unfoldment? Certainly, the animal is intolerant to the highest degree in its 

dealings, inasmuch as it deals with others. But humans alone have this tolerance of doing; it is 

the basis of humans ethics and freedom. But what the animal, like the plant and the crystal, 

absolutely needs, is the freest possible, unhindered growth of its form and the greatest possible 

overcoming of the intolerance of its surroundings. 

 And now, finally, the human, us humans! Here also it applies that we must have breath, 

air, space, “ordered relationships,” to completely fulfill our being. We also need tolerances on 

every side to bring the seed that our creator has placed in us to full development. We are also 

subordinate to certain necessities, laws, against which we must protect our freedom, and 

tolerance would be something that we not only need just as pressingly as air to breathe, but that 

we must also require of our surroundings, and which these surroundings have also given to us as 

a requirement. 

 But precisely this last requirement, the requirement that we should and must tolerate 

others, and listen to the sound of others, and give ourselves to their being with respect and awe – 

that is the great, fundamental difference of the human concept of tolerance from all the others! 

 Namely, in that we long for, and under certain circumstances have, the unhindered effect 

of tolerance, the freedom of our norm, we are not nearly “tolerant” yet. 

 Here tolerance appears from the form, out of the spatial, the atmospheric of the merely 

formal, Gestalt-based, and becomes freedom. Or as I said earlier: here, freedom is the form of the 

sense of tolerance. 

 

A: “Don’t do unto others what you don’t want done to you.” That would be the folksy translation 

of your concept of tolerance. Whereas the non-human, natural concept of tolerance operates 

according to the formula: ”And if you don’t want to be my brother, then I’ll thump you on the 

head.” Or else: “Dear Saint Florian, please burn down other peoples’ houses.” That in itself 

would be nothing new, and this human tolerance is indeed an old humanistic postulate. 

 But it appears to me that you give in the derivation, or in the foundation of the concept of 

tolerance in itself, new viewpoints, encouragements, and indeed rationales. And I notice that my 

initially expressed horror of transgressions of various borderlands no longer seems so 

insurmountable, indeed that it is exactly these border crossings that give the harmonic concepts, 

or as you say “value-forms,” their amplitude, their inner breadth. 

 When I think over our discussion and round it off a little at the top and bottom, another 

remarkable thing occurs to me. This harmonic thinking is actually a type of thinking in 

sequences, whereby the form of the topic, the value-form in question, the content, or the cadence, 

the harmonization, is permanently changed. So, a type of Passacaglia of concepts, whereby a 

fundamental concept is adhered to through the most various domains! 

 Where one attaches the topic, the value-form, is actually not so important at all. 

 We began with its derivation from the harmonic theorem of tolerances. Through this, the 

concept of tolerance acquires its psychophysical basis. And now one can see, look for its 

“applications” somewhere – a method that is surely always full of the joy of discovery! One must 



admittedly be very cautious not to leave behind the nature of the value-form, to keep up to 

scratch, as they say. 

 I want to try once more to gather the concepts and phenomena that form a ring around the 

concept of tolerance: the concept of the atmosphere, of the aspect, in which every being-value 

exists; its rung in the hierarchy, its “place” in the system. The borders of its sphere of being are 

not precisely definable, hence the postulate of the morphological as a constitutive Gestalt 

element in contrast, or as completion, to the numerically exact as an expression of natural law. 

Value-emphasized, versus number-emphasized. Tolerance as the nature of the normative. The 

form, the purpose of tolerance; freedom, the sense of tolerance! 

 But now, my friend, tell me one more thing – we do not want to skirt around the dark, the 

fateful, all that threatens us today and, each in his own way, we seek to find an answer for it. You 

know what I mean, and your concept of tolerance will be missing its crown if it can’t take a 

position on this! 

 

B: Now, that’s quickly said, considering that eons would be necessary before it was done, and 

you will scold me for being a utopist, this time perhaps rightly. 

 This coming apart of numerically exact and value-based morphological things, and in a 

further sense this discrepancy, of being and value, nature and spirit, world and psyche, has 

placed modern humanity in a veritable apocalypse of inner and outer catastrophes, of which we 

are only at the beginning. All intolerance of the mass, the raw being, the adamant nature, the 

merely pragmatic and utilitarian, can only be overcome through an awakening of the tolerance in 

the individual, through his consciousness, his sense of responsibility as the bearer of value. 

Allow me to give an example. Imagine a chemist who has “learned,” i.e. occupied himself for ten 

of the best years of his life with the most interesting and beautiful things in it: the spiritual areas 

of mathematics, the wonder of the alembic, the laboratory, physics as the law-giver of matter, 

etc. College still requires, in addition, a “general education” circling the domain of knowledge: 

philosophy, history – in brief, the man must be filled and stirred by the values with which he has 

occupied himself throughout his years of study, but also by the non-values that always shatter 

humanity; the idea must dawn in him that he, as a human, can and may deal with these things 

only in highest consciousness of responsibility. Now he takes his exams, goes to a factory, and 

makes – I take an extreme case – poison gas. All is well, he is paid well, has a wife and children 

he loves, but he’s making poison gas and if possible cooking up recipes that will put all previous 

ones in the shade. His conscience is not clouded by any trace of a sense of responsibility for the 

possible, indeed certain consequences of his products, simply because he has no feeling of 

responsibility for the product itself – you understand: for the time being I purposely do not say 

“for humanity”! Although he could have known and learned it, no thought comes to him that the 

material with which he works also has norms in itself, albeit in unconscious latency, that 

resonate in his own soul, and that he is committing a crime when he destroys or hypertrophies 

this resonance, breaks the being away from the value, and then lets the defenseless matter, 

divested of value, run amok, in that he devises recipes that can only serve destruction. And even 

when these recipes are considered “necessary” for “peaceful” purposes, then this chemist, insofar 

as he wants to be human, must assure himself that this is de facto the case! 

 You can modify this example for a hundred domains, and you will always find that it is 

the man who requires values for himself, but, himself very desiring of tolerance, is only willing 

to give out this tolerance very sparingly, and above all will risk nothing for this “friendly” 

tolerance. If he knew, experienced the synthesis of being and value in all things as well as in 



himself, he would have awe and respect for even the humblest matter, but he would also 

understand that he has to orient the being to the value, he would know that only the tolerance of 

the values can neutralize, make “human” once again, the intolerance of the isolated being or of 

nature detached from man, “unredeemed” in Saint Paul’s sense. 

 

A: Since you call yourself a utopist, who thinks in eons, or reckons with such things, a critique is 

unnecessary. Allow me to be somewhat more down-to-earth, and to draw the political 

conclusions of your observations in my way. You might see there how much or how little of the 

relationship, indicated as “mysterious” in your outline, between the harmonic and the human 

tolerance, I can make useful for myself. 

 It is not the individual who must conform to the state; instead, the state is only the organ 

of fulfillment of the individual bearers of value; the less one senses the state, and the more open, 

the freer the value-bearer can perform, the better. That, incidentally, was the dream of Plato and 

the practice of the ancient Chinese, by means of which they often kept their nation “in order” for 

centuries. But also with them, devils always appeared in human form, who disturbed these 

beautiful arrangements and overthrew them. In these so-called “great political personalities,” 

who were in the great majority nothing but ruthless, power-seeking beasts, the being usurped the 

value, made it soundless, soulless, and thus precipitated the epoch in question into senseless 

catastrophes. 

 Perhaps you are right. That doesn’t get one any further – to remain with the example of 

your chemist – by making these moral, political, social, or other remonstrances against him, 

because of the possible harmfulness of his poison gas. 

 It would be much more important to make it clear to him that one may not make the 

material – generally speaking the “you” – capable of destruction, because through this one kills 

the soul of this “you,” does it a monstrous wrong, because one becomes a criminal to one’s 

norm. Here we are then the responsible parties, no longer humanity, fatherland, morals, or such 

more or less authoritative generalities, behind which one too happily hides. The sin against the 

Holy Spirit – that’s what it is! But it exists not only in us, in humans, but in everything that 

humans do, grapple with, all they occupy themselves with, and thus their responsibility is almost 

immeasurably great. Seen from this viewpoint, tolerance is more than freedom; it is freedom for 

the norm! Freedom alone can indeed decide to take the evil side, and alone it still does not 

guarantee anything “human”! 

 And the last blossom of tolerance would be love, which must ennoble this freedom, this 

responsibility. Then hope would emerge again ... a hope ... 

 

* 

 

(This dialogue was written between November 21st and December 13th, 1939.) 

 

 

 

 

§52. HIERARCHY 

 

§52.1. The concept of hierarchy 



All being-values in this world are not only in some kind of arrangement, but also ordered by 

rank. This concept is sometimes equated with that of hierarchy, the hierarchical, and thus it is 

obvious that the original meaning of hierarchy = priestly rule is long lost and has given way to 

the general definition of simply an ordering by rank. We will now examine this “being-rank” 

(Grundriß pp. 270-272) more closely. 

 

§52.2. Harmonic derivation 

Almost all harmonic configurations exhibit a hierarchy. Most simply, this is recognizable in the 

simple partial-tone series, as well as in the “P” system. The most important value is the 

generator-tone c; after it follows, according to the hierarchy, in the primary linear partial-tone 

series, the tone-values g-f, e-as, xb-xd, d-bˇ, etc., and in the 1/4 PE system, the tone-values g-f, e-

as, a-es, xb-xd, etc. If one makes the effort of writing out the quantities of the various tone-values 

up to index 16 or so, then one will observe a significant predominance of the generator-tone with 

its octaves, then the fifths, then the thirds, etc., which shows the pure quantitative preponderance. 

But this quantitative preponderance is only an appearance. It applies only to smaller indices, and 

reverses at a certain index into quantitative inferiority of the starting ratios, such as the senary, in 

contrast with the non-senary, whose dimensions are continually growing. 

 Let us take the c-values for precise elucidation. In the overtone series, up to and including 

index 8, we have four c-values, but in index 16, which is twice the size, we do not have eight c-

value, but only five: c c c c c. Therefore, whereas in index 8 the c-values are still a match 

for the others (3 g, 5 e, 6 g, and 7 xb), in index 16 they are already in the minority, despite 

their predominance as generator-tone values. In the “P” system, in the 1/4 PE of index 4, there 

are ten c-values in contrast with six other values, but in index 8 there are 22 c-values in contrast 

with 42 others; the ratio, then, is already reversed here. If we use as a basis the senary, i.e. only 

the tone-values appearing within the 1/4 PE 6, then naturally the index 6 is filled out with senary 

ratios (= 36), whereas in index 8 we find 50 senary and 14 non-senary ratios (the seventh) in the 

64 fields – and in index 16, in the 256 fields, we find 152 senary ratios and 104 non-senary 

ratios. One can easily see that an index must soon come where the ratio reverses, i.e. where the 

non-senary ratios must outweigh the senary ratios quantitatively. 

 These brief investigations impart some important knowledge to us. Since it is beyond 

doubt that these first senary triadic ratios are more important than all the remaining ones, 

regardless of how large the index is, and that within the overtone-triad a hierarchy also exists 

insofar as the primal tone c is “more important” than the fifth g and g is “more important” than 

the third c, and so on (something that is expressed in pure physical terms as the diminution of the 

intensity of the overtones of a sound), we cannot quantitatively evaluate with regard to the 

hierarchy, but instead must evaluate qualitatively. And if we conclude from this viewpoint on the 

nature of the hierarchy (being-rank), then it is clear that “hierarchy” is not a concern of quantity, 

of mass, but instead of quality, the individual significance in the sense of the greater or lesser 

importance in the system as a whole. I emphasize this “importance in the system” because it does 

not at all mean the same thing as “valuable,” since every tone in the system, every being-value, 

has its value and is valuable, regardless of its location. 

 

§52.3. Ektypics. Hierarchies in nature 

The contemplation of the above harmonic derivation yields a great number of ektypic results, 

from which we can only choose a few – every reader will be able to think of many more 

examples. Here we first stumble upon the concept of the system. We speak of a “system of 



natural laws” and our whole observation of the three kingdoms of nature is governed by systems. 

Admittedly, the human mind is prone to arranging phenomena systematically. Otherwise we 

would have no possibility at all of finding our way amongst the confusing masses of phenomena. 

But something must influence us also from nature itself, some kind of hierarchy must already be 

present in nature, otherwise all systems would simply be illusions, or at best a type of mnemonic 

trick to help our memory, a cataloging of material according to arbitrary viewpoints. Thus, we 

speak in a double sense of a planetary system, a system of crystal types, of plants, animals, etc., 

on the one hand because the urge to create an arrangement is already present in our will to 

perceive, and on the other hand because a certain arrangement of the phenomena in nature is 

apparent to us de facto. This “natural” arrangement is often more hidden, disguised, than 

obvious, and in this exists the power of our mind to reveal this arrangement and to clothe it in 

systems – in this sense, there are no “natural” systems. But the fact, for example, that none of the 

90-odd elements in the periodic system are arranged next to each other in periods of seven, does 

not mean that nature does not still work and create according to this system – this is the very 

cause of its mineralogical and chemical processes. If we can thus say that it is the exclusive 

privilege of the human spirit to build systems and to use them as means of recognition, then it is 

evident that hierarchies must be present in nature itself that provide the first real underpinning of 

these systems. 

 This hierarchy is very marked in the planetary system in the Sun, the inner and outer 

planets, whereby it is evident that the purely quantitative is not the only decisive thing. In 

mineralogy, there are “important” and less important minerals and crystals, depending on the 

viewpoint (crystallographic, geological, chemical) from which one observes them; in any case, a 

hierarchy is there. In the biological domains, the hierarchy is founded in the history of evolution; 

if the primal cell as a being-value falls short of that of the most intelligent brain – without 

spermatozoon and ovum, this brain would not even exist – then the physiological development 

shows that a human in his bodily evolution must complete the entire hierarchy of the animal 

kingdom before he leaves the womb, that he, at least preliminarily, represents the “topmost” 

mammal or beast of prey in the animal genealogical tree. 

 Closely connected with the observation and recognition of nature is the idea of assigning 

the concept of hierarchy to the things that come to us from outside as phenomena, and assigning 

the concept of the “system” to the things that we add ourselves, so as to make these various 

hierarchies understandable to us and somehow interpretable. But I believe we would do better to 

view hierarchy as something primary, present both in nature and in our recognition abilities, an 

emphasis on certain values of the qualitative type, from which purely spiritual systems only 

become possible as something secondary. From the viewpoint of akróasis, the concept of the 

harmonic “value-form” would be the psychophysically anchored primal element of these 

hierarchies, on which a universal system concept can then be worked out in the system of 

harmonic value-forms. 

 

§52.4. The tree as a symbol 

A synthesis of hierarchy and system is found in the image of the tree, or the family tree. This 

image, however, is nothing other than the graphic expression of the harmonic system of partial-

tone coordinates, or the law of harmonic quantization, only not just emblematic but real. As I 

showed in Harmonia Plantarum, the entire plant ramification system (dichotomy) can be derived 

directly from the harmonic dichotomy. The most complete expression of this harmonic 

“ramification system” of the “P” is found in the plant kingdom in the tree, and in it we see one of 



the rare and almost complete analogies between harmonic prototypes and ektypics. This form, as 

a value expression, exists not only as an unconscious image-concept in our psyche, but is also 

realized by nature itself as the crowning of one of its three domains. Thus, it cannot surprise us 

that the image of the family tree, or indeed of the tree alone, reappears wherever the human spirit 

takes an interest in an arrangement and interpretation of things. We find this image-concept 

applied in the most heterogeneous domains. As a “family tree” in the most varied scientific 

disciplines, partly for purely practical demonstrations (the coal-tree, for example, as a 

representation of all that comes from coal and can be made from it), partly for the representation 

of systematic reference tables of natural and genealogical “series,” the tree emblem appears to us 

as simply utilitarian and self-evident, although there is much more autonomous hierarchy hidden 

behind it than we are perhaps conscious of. It is different, however, when we find the tree used 

purely as a symbol in many ancient mythologies and religions, e.g. the World Ash-Tree 

Yggdrasil in Germanic mythology, the tree of Paradise in the Bible, the winged oak of the 

Orphic cosmogony of Pherekydes (Diels, Fragm. d. Vorsokratiker, 3rd ed., 1912, II, p. 202), and 

many others. The ancient Orphic struggle between nous and moira (spirit and destiny) or, 

harmonically speaking, between norm and law, was expressed in ancient times in a connection 

between fate, right, and light, and leads to the image-concept of the “heavenly tree of light, 

which is also the tree of fate” (A. Dieterich: Abraxas: Studien zur Religionsgeschichte, Leipzig 

1891, pp. 96-97). Here belongs the sacred prophetic tree at the oracle of Jupiter Ammon, next to 

which to “sun spring” flows, as well as the oracular oak of Dodona with its sacred consecrating 

spring, in which the torches were put out and lit again (Dieterich, ibid.). There is more about the 

worship of trees and sacred groves in Creutzer’s Symbolik und Mythologie, 2nd ed., 1819, vol. I, 

pp. 157-158. The Nygrodha tree is described very beautifully in Indian Brahmanism; its twigs at 

the bottom grow downwards and create new roots in the earth, so that an entire forest grows from 

the tree; “the subtlety that you do not perceive, O dear one, from this subtlety is this great 

Nygrodha tree truly grown. Believe, O dear one, what this subtlety is: this whole universe is an 

emergence from it (having this as a being); that is the real thing, that is the soul, that is you, O 

Cvetacetu” (Deussen: Allg. Geschichte d. Philos., vol. I, section 1, 1894, p. 183). From the 

unified Brahma as a root emerges the multitude of worldly appearances. “Thus the world as a 

whole equates with an Acvattha tree, whose one root, the Brahman, is up above, and the many 

branches of its appearances are down here on Earth” (Deussen, ibid., 183-184). Harmonically, 

one can set the Nygrodha tree in analogy with the harmonic dichotomy (sound-images of plants 

according to the spatial divisions 1/1 1/2 1/3 etc.), and the Acvattha tree with the “P,” i.e. the one 

more with what is “real,” the other more with the spiritual side of the harmonic system concept. 

 All these tree emblems can only be explained by the fact that the form of this image-

concept must be present deep in the human unconscious, and rose to ideation in images in the 

earliest times. Jacob Böhme begins his first book, the Aurora, with the words: “I compare all of 

philosophy, astrology, and theology, together with their mother, to an exquisite tree, growing in a 

beautiful garden,” and E.T.A. Hoffmann apostrophizes composers with the words (Werke, ed. 

Griesbach, XV, 78): “Composer, imagine your work as a beautiful, noble tree, which, growing 

from a small seed, now stretches its blossoming branches high into the blue sky above. Now 

people eager for knowledge stand around it, and cannot grasp the wonder of how the tree can 

thus flourish. But then that related spirit comes along and is able, with a mysterious enchantment, 

to allow the people to see into the depths of the earth as if through a crystal, to discover the seed, 

and to be persuaded that from this seed the entire beautiful tree has grown.” Think further of the 

tree of Christ (Christmas tree), its relatively late emergence, and its rapid expansion: as an inner 



image-concept, it fastened onto the ancient idea of the abovementioned “heavenly tree of light.” 

These few examples of the significance of the tree symbol could be expanded into a whole book. 

As source, behind it in the depths of our psyche, stands the harmonic configuration of the “P,” a 

psychophysical value-form that we could only discover on the basis of our harmonic ideas, and 

thus substantiate the tree symbolism. In my Grundriß (p. 158 ff.), this tree symbol is introduced 

under the value-form of the stepwise arrangement, and grasped predominantly as an expression 

of the general harmonic differentiation, “stepwise arrangement” itself. Here we emphasize more 

its inner hierarchical structure, and thus it would also have found a place in Grundriß under the 

value-form of the “being-space” (p. 270 ff.). If we observe the concept of the general hierarchy, 

and with it the concept of the system and of tree symbolism, from the viewpoint of “stepwise 

arrangement,” we see more of its outer collective image. If we observe the hierarchy from the 

viewpoint of the “being-rank,” then we place more emphasis on the inner character, that which is 

“important” and “less important” within the system. 

 

§52.5. Hierarchies 

We have frequently been able to refer to the often surprising parallels between mythological and 

religious ideas and harmonic configurations (§25), which can fundamentally be traced back to 

the stepwise arrangement and hierarchy of the “P.” Here we will restrict ourselves more to the 

hierarchical element in the narrower sense, i.e. to cult hierarchies. There, especially in the 

ceremonial and cultic practices of religious and political organizations, there are countless 

examples, all of which, starting under the 0/0 of the divine, follow a system of hierarchy from the 

1/1 onwards (deputy of Christ, emperor, pope, high priest, chancellor, etc.) then a domain of pure 

chords (spiritual and secular court, system of priests and official hierarchy, etc.) and “senary” 

agents down to the masses of the people and the believers. One can often read off this 

hierarchical system straight from the harmonic diagrams. Jaques Handschin, whom we must 

thank for an excellent book on the Zeremonienwerk Kaiser Konstantins und die sangbare 

Dichtung (Basel 1942) and who rejoices in the very positive sides of the much vilified 

“Byzantinism”, despite its “symbolically oriented splendor on a religious background” (p. 107), 

writes (p. 95 ff.): “The Emperor with his Magistrati and Patricii represents God and his 12 

apostles ... their regalia is symbolically interpreted ... at Christmas, according to the example of 

the apostolic number of twelve, 12 friends of the Emperor are invited to the table ... occasionally, 

guests are categorized as “5th and 6th friend” ... but also the number of the ‘poor brothers’ who 

are invited to the table is frequently given as 12. ... This is obviously a parallel to the 

symbolization of Christ with his disciples by the clergy. Thus the Patriarch appears in the 

Kletorologion with 12 abbots or with 12 metropolitans. This parallelism signifies a definite 

hieratization of the state, and thus it is natural that we sometimes have the impression that 

courtly ceremonies are suffused with an almost liturgical pathos” – a parallelism that should not, 

however, mislead us to take it for an identity; because the distinction between the clergy and the 

royal house, between sacred and secular, always remained intact. Just as important, however, as 

the “senary” elements of the Byzantine cult just mentioned (with which many more specific 

harmonic things are connected, such as color symbolism, etc.) is in harmonic terms the auditory 

element, i.e. the almost continual connectedness of the hundreds of ceremonial rites with songs: 

a synthesis of optical, acoustic, and rhythmic (the progress of the ceremony) which is present in 

all cults in early times, and today still in Catholicism, the Greek Orthodox church, and the 

Eastern religions, and which can only be understood in its inner meaning and its universality 

from akróasis, i.e. from psychic forms that are inherent to the human psyche in all times and 



cultures. J. Handschin writes (ibid, p. 101): “In the first address [from the ceremonial of Emperor 

Constantine] there is the idea that the imperial power, in presenting itself in rhythm and order, 

becomes the image of the harmonic movement imposed by the Creator on the universe.” One 

could write this sentence as a motto for many of the ancient secular hierarchies (such as in 

China) as well as the sacred ones. The commonplace approach places all these things under the 

concept of the “symbol,” but as J. Handschin accurately remarks (p. 107): “The symbol concept 

has almost become fashionable – but this does not hinder the fact that we have actually become 

poorer in symbols and symbolism since Krumbacher’s time,” i.e. at the time when Krumbacher 

published his Geschichte der Byzantinischen Literatur, 2nd ed., 1897 – not to mention the 

distance that we modern people have between us and this ancient symbolism. 

 Next to this example from the wealth of possibilities – here not only the outer 

arrangement of the religions, cults, and mysteries come into question, but also that of all worldly 

ceremonies in the political schemata, right up to modern times (one need only think of the related 

traditions in modern England) – I would like to introduce something, still more narrowly limited, 

because in its outer symbolic character, it seems to parallel the inner nature of our “P” in a 

remarkable way. This is the representation of the Emperor with the scepter in the right hand and 

the orb in the left (or vice versa). If one now uses as a basis the “P” with the monochord as a 

symbol of the realization, then the monochord can obviously only be laid out as indicated in Fig. 

470, i.e. at a right angle to the sector of the “P” that contains the < 1 ratios. The other side, in its 

> 1 ratios, tends towards the infinite, the universe. As a symbol for the sector that is accessible to 

humans, that they can “hold in their hands,” “play” within, and upon which one can “play” on 

the monochord, i.e. form it harmonically, the scepter, which has its origin in ancient times – 

another harmonic characteristic – as the rod of authority, symbol of the highest power and 

grandeur in ancient tree worship. The other side, the infinity of the universe, could not be 

symbolized better than by the orb, which surely did not originally signify just the Earth, but the 

sphere of the entire cosmos. The ruler’s crown is identical with the 0/0 symbol; the head is 

identical with the 1/1 area; and thus this image simply expresses the fact of the divine mission of 

every ancient and medieval kingdom and empire. 

 

Figure 470: 

 



 

 Surely nothing was still known of this harmonic background in later times. But it seems 

entirely possible to me that from the late ancient symbolic material of Neoplatonism, one of the 

most important ancient Pythagorean symbols is preserved in this form of the crowned ruler with 

scepter and orb, and that thereby an outer representation corresponding to its inner significance 

has won over. 

 While in ancient times the spiritual hierarchy was still closely connected – indeed often 

identical (as in China, Egypt) – with the secular hierarchy, the latter has become steadily 

emancipated from the former in the course of modern times, finally leading to the absolutist state 

systems. Since, harmonically speaking, the tone-value frees itself from the tone-number in this 

process, but both still hold to the scheme of the hierarchy, this violent solution immediately leads 

to conflict (Emperor vs. Pope), since the being-value breaks apart from its original unity, and 

each of its components seeks to pull the others to itself. And now we see an especially interesting 

development. Since this unification reveals itself to be no longer possible, each component seeks 

to become independent once more, and in itself to “regenerate” the domain that was lost to it, 

through the flight of the other. The Empire once again becomes religious, in a certain sense, 

through assimilation and ordering of the church; the church becomes “worldly” through 

assimilation of a secular foundation, the Pontifical “state.” The synthesis of tone-value and tone-

number is created anew in each domain, the spiritual and the temporal. 

 So far everything, both secular and spiritual order, is completely within the scheme of the 

hierarchy as it is symbolized in akróasis through the “P”! But now something decisive takes 

place, which manifests repeatedly in the religious domains (Confucius, Lao Tzu, Buddha, 

Zoroaster, Christ), but which was first realized in the political situations of Europe by the 

constitution of Pericles: the emancipation from the outer scheme of hierarchy and the orientation 

of the individual being-values in the direction of the divine and the good, namely in a direct 

relationship. In religious terms, this means reformation. All reformers, amongst whom we must 

also count the above-named founders of religions, struggled against a hierarchy rigidified in 

formulae and ceremonies, and pointed people once again to a direct relationship with God. The 

hierarchy remains, but is secondary to the primary relationship of the soul to the deity. All 

political revolutions (insofar as they were real revolutions and not simply atavistic relapses) 

struggled for “human rights,” i.e. for the individual value of the social position of the person in 

relation to the political hierarchy and the self-absolutising hierarchical centers of gravity such as 

feudal and industrial aristocracy, trusts, capitalism, etc. The individual, regardless of whether he 

is “important” or not in the collective situation of his people and country, wishes for a direct 

connection to the free, the good, and the beautiful, and thus to the world of values. Naturally 

there must also be a political hierarchy (president, parliament, etc.); but this is secondary to the 

primary relationship of all people to simple freedom, rights, and values. Just as for free religious 

people the soul must have a direct way to God, free citizens must have a direct way to the 

essence of all values; the two are symbolized in harmonics by the 0/0 and the equal-tone lines. 

 

§52.6. “Importance” and lesser importance of the being-values 

Above, in §52.2., we saw that this importance cannot lie in their quantitative significance, since 

from a certain index onward these important (e.g. senary) values retreat more and more in 

contrast to the masses of the others. So whereas, for example, in index 6 a pure “Olympus” of 

untroubled chords and ratios rules, these ratios such as the generator-tone values, fifths, and 

thirds become more “solitary” with higher indices. Consider the surroundings of such 



“important” values as c, g, f, etc., on “P” tables of higher indices. Despite the fact that they 

become more rare the more the system is differentiated, and seem to disappear in the mass of 

values appearing in ever greater numbers, their significance not only remains the same, but also 

holds increased importance in this very mass, as their purely quantitative weight diminishes. 

Every reader can create a beautiful image of this by drawing all the equal-tone lines of the 1/4 PE 

16 and projecting them on a line (monochord). Here it is evident purely optically that the 

important tones have space around them precisely according to their hierarchy (octaves, fifths, 

fourths), the octaves having the greatest space, etc. It appears that these important ratios not only 

need a greater “breathing space” around them, but also that the remaining ratios gladly allow 

them this space. (Tolerance!) 

 The ektypics for this harmonic prototype are obvious and can be summarized in one 

sentence (only using humans as an example): a Beethoven is, and was, much more important for 

human culture than a petty musician of his time; but as humans, in relation to human rights and 

duties, as well as in their position toward the absolute, to God, they are and have always been 

equal. 

 

§52.7. Meaning of harmonic hierarchy 

The meaning of harmonic hierarchy is to release all systems from their merely quantitative 

connections, to assert the value-emphasis of their hierarchical structures, but to set the individual 

being-value free from the tyranny of sterile and clogged systems, and to put it in a position where 

it can once again communicate directly with the world of ideas and values. 

 Nature can only achieve this in enormous cosmic revolutions. In its current condition, it 

is in equilibrium in the system of natural laws, but this should not mislead  one: a new cosmic 

revolution of this type might have been long prepared by higher cosmic intelligences, to throw 

all the fragments of life on Earth into the crucible of a new “chaos” from which a new Creation 

can be reborn. The probability of such eon-long rhythms presses upon us, as we will see in §54, 

on the basis of various deliberations. 

 We humans, in contrast, as far as it is possible for us, can continually intervene 

reformatively and revolutionarily so as to protect our own being-values and those with which we 

have a direct connection from being cut off from the divine and the world of ideas. Only in 

seeing and hearing the primal images of this mysterious fount from which we emerge do we have 

the right to be what we are, namely unique individualities with a most particular temporal-spatial 

designation and task. 

 Hence I also see the future of mankind as that of a social being, not in a new absorption 

through further collectives – as if we are not already sinking up to our necks in thousands of 

collective dependent connections of all possible “hierarchies” (political organizations, 

professions, unions, etc.)! – but instead in as great an emancipation as possible from them and in 

an inward psychical and spiritual concentration on important things. This can only be done by 

each one of us alone and for himself: “When you want to pray to God, go to your chamber!” The 

world is large and beautiful, and we cannot escape from it, nor do we want to. But in the deepest, 

most important things, we are forever alone before the great “Thou,” and anyone who has once 

heard the sound of this sign (0/0) knows where his homeland is and where everything belongs. 
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§53. NORM 

 

Before we attempt to define the concept of harmonic norm, we will elucidate from various 

viewpoints the concept of norm, which has not yet been solidified. We begin by comparing norm 

and emanation-evolution. 

 

§53.1. Emanation-evolution 

The entire cosmos, including ourselves, is ruled by the two great principles of emanation and 

evolution. In akróasis, we represent the emanative principle with the Eidos 0/0, and the 

evolutionary principle with the Origo 1/1. “Eidos” comes from the Greek to eidos, meaning 

Gestalt, archetype, idea, concept. “Origo” (originally from the Greek horizō = to limit, define, 

stem) comes from Latin and means origin, lineage, cause. These two symbols, 0/0 and 1/1, are at 

the peak of the harmonic tone-system, as is expressed in the “P.” Every tone-value, and in its 

generalization, every being-value, contains this emanative and evolutionary element. On the one 

hand, in its evolution, it comes from the generating polarity of a father-mother principle of the 

“basal series” (x/y), and in turn from the generating unity, the Origo 1/1. And on the other hand, 

every being-value is viewed and pervaded by the emanation of the divine, the Eidos (0/0). 

 The two principles evolve and emanate, if I can avail myself of the most simple and 

obvious expressions, forwards and backwards. Observe any table of the ¼ PE. The evolutions of 

the Origo 1/1 tend, in their original series character (direction, intent), towards the two poles of 

the unlimited ∞/1 and the limiting 1/∞ (apeiron and perainonta, in the language of the 

Pythagoreans). All parallels to the generator-tone line 1/1 2/2 3/3 … tend, on the other hand, 

towards unity 1/1; here, being-values have the tendency to return to the Origo 1/1, where they 

were originally born. The emanations of the Eidos 0/0, which radiate through all being-values, 

can be observed likewise as stemming from the Eidos in their actual nature (as being-values), but 

also retrospectively oriented, “gazing,” back toward the Eidos. 

 Admittedly, in the entire character of the “P,” the evolutionary element initially appears 

to be “one-way,” i.e. expressed in an evolution of being-values differentiating again and again ad 

infinitum from the 1/1. The emanative element of the Eidos 0/0, which indeed we only obtain by 

deduction after the compilation of the “P,” appears likewise to have a “one-way” retrospective 

character. This would be in agreement with the Neoplatonist and Gnostic concepts of the way 

down (hodos katō) as evolution from the Origo 1/1 and the way up (hodos anō) to the Eidos 0/0. 

 However, we see that harmonic analysis is capable of seeing substantially deeper and 

aligning the two “ways” in their true relationship and their correct significance to each other. 

Harmonically, “salvation” leads to the Eidos 0/0 through a previous reversion to unity (1/1) = 

Origo, namely through the fact that the being-value aligns itself in a direction parallel to the 

redeeming line 1/1 2/2 3/3 … Emanation and evolution thus mean the great metaphysical 

framework in which all being and value are played out. Both are assumptions for the realization 

of norms, but not norms themselves. 

 

§53.2. Norm-law 

The entire cosmos is moreover under the momentary equilibrium of the system of natural laws. 

A “momentary” condition of equilibrium could last countless millions of years, but this says 

nothing at all about whether or not that which is to be expressed in the original creation plan is 

thus realized de facto. All this “legalistic” ordering should not blind us to  the fact that this 



condition does not need to be, and indeed cannot be, a lasting one, and above all that it entails no 

judgment of it as “right” or “not right” in a deeper sense. With this viewpoint, harmonics 

dismisses from the outset statements such as: “This world is the best of all worlds” or “Nature as 

the archetype, the divine,” and indeed even the ancient idea of the “cosmos” as an ultimately 

well-arranged and beautiful world, as a flippancy unjustifiable for the inquiring human mind. 

 Earlier (Grundriß 299), I used “law” to refer to the purely natural evolution of stepwise 

values, and “norm” to refer to the selection principles within this evolution, which are based on 

the concepts of “pure” and “impure” in the broadest sense. Here, “evolution” is understood not 

as an opposite or complement (ambivalence) to emanation, but simply as an expression for the 

entire development of the harmonic being-values according to the “P” system. These, as a whole, 

are initially only a scheme, albeit psychophysically authoritative in our psyche and in nature. But 

the “P” contains disharmonies as well as harmonies; in them the legalistic also exists beside the 

normative, and now the great deciding question arises: which indices do we have to differentiate 

norm and law, and what “face” do these harmonic norms have, how do they address us? 

 

§53.3. Selection 

To arrive at criteria here, the differentiating characteristic for all harmonic norms can be 

summarized in the concept of “selection,” admittedly representing only an initial attempt, limited 

by akróasis itself. Furthermore, we cannot equate norm with selection offhand. However, the 

normative undoubtedly lies in the selective elements of the harmonic configurations. And that is 

already a heavy anchor that we can drop into the abyss of our problem. 

 The reader has obtained an idea in §§39-52 of what I mean by selection = choice. Also in 

the previous sections, there were selective theorems, and section D chooses only a few more 

especially important theorems, not yet dealt with for the sake of the continuity of the exposition. 

Fundamentally, every single observation of a given harmonic theorem is already a selection, a 

choice from the universal harmonic arrangement; and the value-forms that are built upon it are 

only the selective elements of a spiritual harmonic grammar of akróasis. 

 But here the issue is not only the grammatical elements of a new language, their ektypics 

and possible symbolism, but also a valuation of these elements, namely a valuation in ethical 

terms. And with this we come back to the question we posed before, which we can now 

concretely formulate thus: Are harmonic selections (theorems and value-forms) appraisable in a 

deeper sense, i.e. graspable ethically? I entreat the reader not to resent the term “ethical” here. I 

believe, so as to be able to understand ethics from the viewpoint of akróasis and to order ethics 

within akróasis, that ethics is not simply a preserve of “practical reason,” not simply an affair of 

human dealings and beliefs, but a value inherent in all of nature down to the last “dead” being-

value, which appears only in us humans, just like consciousness, in the ability to make free 

decisions. Therefore we can stretch the ethical criteria much further harmonically, and place the 

approach to these criteria within the primal phenomenon of tone-number itself. 

 I will give an example. 

 Once a student of Anton Bruckner, entering the room of his master unnoticed, found 

Bruckner sitting at the piano and, oblivious to everything around him, sunk for minutes in the 

impression of a d-minor chord. 

 The psychic form of this chord must have impressed Bruckner so deeply as a wholeness 

and psychical experience that in these moments, it appeared to him as the speech of another 

world, a world from which the dark and the light come, but in which the good finally stands in 

inseparable union with the beautiful. 



 But what is a chord? A summation of three tones with certain vibration-numbers per 

second: so physicists say. Simple “material” for the construction of a composition: so practical 

musicians say. A building block in the technical domain (the study of harmony) of the aesthetics 

of music: so psychologists and aesthetes say. The philosopher will save these three judges the 

trouble of formulation and further definition, if he at least tolerates the chord “aesthetically,” but 

agrees to every individual value as a direct judgment of experience: this alone is peculiar to 

artwork, and only this, not pure elementary building blocks, can claim to influence people 

spiritually and ethically (if they do not also refuse the latter). 

 What would Anton Bruckner answer to this? 

 I believe he has already given the answer! The chord was a great experience for him, and 

anyone who knows his music and knows what inexpressibly beautiful and pure worlds he can 

lead his listener to, precisely by such simple means of pure chords – I remember only the end of 

the Adagio of his Seventh Symphony, his use of pure chords which often transmit an enormous 

psychical impression merely by themselves, almost without melody – will understand that in the 

simple phenomenon of the chord alone, powers can unfold that reach straight into the domain of 

our psychical experience in which the right, beautiful, good, and ethical are domiciled. 

 Here I have only chosen the example of the chord. The same goes for the scale. It has 

also served the creative power of the genius often enough as a “theme,” like the simple chord. 

Think merely of the variation theme in Beethoven’s op. 18 no. 5. But we can experience the 

scale completely “autonomously”; admittedly not the tempered scale, but the various pure-tonal 

scales, as we have worked through in §39. Anyone who has let these scales impress themselves 

upon him psychically on the monochord will often enough remain silent in the sound of these 

tone-progressions and have an idea of how these comparatively simple phenomena touch strings 

in our psyche, announcing arrangements, often also misarrangements, which reach into many 

domains other than “aesthetic” ones. The relationship is more or less the same with all harmonic 

theorems. One need only allow their Gestalt, their meaning, their significance, to work upon 

one’s psyche as a wholeness, and use all conceptual-analytical analyses simply for the complete 

clarity of thoughts about the Gestalt in question – for Bruckner’s experience to be repeated in a 

hundredfold form. With this, it is often not at all necessary to hear the forms; through the 

transmutation of the auditory forms into the visual that akróasis makes  possible, the acoustic 

experience of wholeness changes into the optical, visible – as the reader will have experienced 

repeatedly in his meditations on the harmonic diagrams. And if we turn our view away from the 

diagrams and give ourselves over completely to inward spiritual meditation of the “heard” and 

“seen,” then “beholding” begins, in Goethe’s sense of the word, and we have entered the world 

of akróasis. 

 But we can pursue this thought process even further. Does not every phenomenon finally 

reach into the deepest parts of our psyche, address it, and thus enunciate itself, when we let it 

work upon us thus, as Bruckner allowed the d-minor chord to speak to him? How rich we could 

be if our inner ear understood this universal language, and how poor our methods of research 

have made us, at best approximating only the husk, not the kernel of the thing! “He who has ears 

to hear, let him hear”! 

 Here, admittedly, I can see the deriding and simultaneously annoyed faces of the experts, 

who call out with raised index fingers: “Those are clearly forbidden border-crossings, you are 

lacking the dignity of every serious scientist, to stick to his last!” Be that as it may. What we 

Europeans have reached up to this point with our research methods and their dignity and desire 

for specialization, is now finally made clear to us through a ghastly object-lesson. And if only 



this one harmonic demand remains out of all of harmonics: to listen again to the connectedness 

of all things, selflessly and with awe and love, learning their individual value, letting them speak 

to us in their own language of their sorrows and joys, which indeed are finally our own – then I 

believe that an infinite wealth could be obtained for a rebuilding of our bankrupt culture with 

these small but, as I believe, decisive things. 

 But let us return to our example of the chord. In my crystallographic investigations 

(Abhandlungen 243-263) I was able to prove the chordal, and the cadencing connected with it, as 

the most important principle of the surface differentiation of crystals. There, major and minor 

chords appear, seventh and ninth chords, often just rudiments of them, but obviously it is the 

great chord functions of tonic, dominant, and subdominant that dominate the crystallographic 

form-play. And anyone who has taken a look at the great atlas of indices of crystal forms by V. 

Goldschmidt, and tested the thousands of numbers harmonically, will see that here, from the 

prototype of the chord, its intervals, and further developments into often complex, many-toned 

entities, there  sounds a “harmony course” of crystal music, which compared with our musical 

course of harmony charms us in a more than primitive way. But it is not simply a harmony 

course; instead, chordal unities are connected to individual resonances, and sometimes the crystal 

numbers give information of unique psychic forms. Suddenly the condition of a thousandfold 

repetition of Bruckner’s experience appears before us, except this time it is given to us by nature, 

which appears to us from outside without our assistance, if we merely open up our spiritual ears! 

The same goes for the chords of plant blossoms (Harmonia Plantarum 160-187), for the inner 

chordal construction of our planet (Abhandlungen 240-242), and so on. The issue here is simply 

an individual harmonic theorem (“chord”), and the reader will now be able, through the addition 

of the remaining theorems and value-forms, to form an inner image-concept of the enormous 

wealth of the “world-score” that is written into things by the Creator, and which we are able to 

bring, by means of akróasis, to a sound in an intelligible way, and thus to an experience – of  

sympathy. 

 

 

§53.4. The harmonic norm 

Nature “sorrows” and “rejoices,” just as we humans do. But – and this is the deciding difference 

between nature and human – all these ethical elements in nature (Bruckner’s experience proves 

that these elements are ethical and not merely “aesthetic”) are captured by the laws of nature and 

no longer have the possibility of developing freely. The chordal norms of a crystal are fixed for 

all of time, they can no longer freely “modulate,” they are existent, but jammed into the 

infinitude of the system of natural laws. A plant blossom such as the poppy flower – here, 

admittedly, “life” disrupts the strict physically-chemically determined natural law and creates at 

least a little leeway by means of mutation and variation possibilities – will always follow its 

four-part octave rhythm, and only deviate from it in exceptional cases; it has no possibility of 

changing its blossom intervals by its own free choice. And so it is in all of nature. Every creature 

has its “environment,” which means that it is caught in this space of natural conditions and 

cannot escape from this “circle of enchantment.” 

 In contrast to this stands the human as an individual being, who is able to change this 

natural conditionality, this legalism, into an endless temporal-spatial-causal progression of 

apparently unchangeable fixed things from the inside out, by virtue of his consciousness, his 

spirit, and his variable experiential capabilities, namely to change in the direction of the great 

values and norms, which lie in us as well as in nature, but can be freely formed by us. Our entire 



culture is indeed a proof for this, or at least it should be. Where there is freedom, there is also 

arbitrariness, and where arbitrariness reigns, this freedom can also descend into the opposite, the 

sub-normative, the evil, adverse, purely negative, into a world of non-values, which appears 

again and again to be the exclusive “privilege” of humans, alongside our privilege to the good. In 

both cases, however, the fact remains that humans alone possess this freedom, and alone are 

capable of either “saving” nature, or sending it, along with humanity, into the underworld of 

annihilation. 

 During its brief period of existence, humanity has attempted to gather that which is 

“good” – to use this simplest term for the world of values – again and again, despite all atavistic 

relapses, in a downright titanic struggle. The great concepts of ethics, the world of the beautiful 

and true, have already achieved their form in millions of life-destinies and works of art and 

science. We can and must stand by this, and indeed in the grandiose struggles of modern times, 

we have the proof that an entire world arises when the fundamental concepts of humanity are 

damaged and disgraced by a few atavists. But precisely the example of our times must not 

mislead us about the fact that these norms and values are built on a most insecure and 

questionable foundation; that above all it is we ourselves, that it is every individual human, in 

whom atavisms of the most various types continually threaten to bring forward equally strange 

excretions. If in 1933 the Germans, one of the leading cultural peoples in the heart of Europe, a 

people with the tradition of Luther, Kant, Goethe, and Beethoven, could throw out all the values 

and works painstakingly achieved by these great minds in favor of a crass delusion of power and 

an insane racial pride – then what can guarantee that similar things cannot happen to every 

culture in the future? “Oh no, that will never happen to us!” I am aware of this pharisaic 

objection, and can only answer: one is never sure of this, and is better off building carefully so 

that a few unsound cornerstones will not cause the entire building to crumble. 

 It is not enough by itself to assure the validity of the norms through laws and conventions 

alone, to situate them as “ideals” that one can or must follow. All ethical considerations will 

always be exposed to the danger of a solipsistic isolation in humans and thus the danger of a 

sudden reversal into the demonic – a history of this reversal of values into non-values has yet to 

be written! – if we do not recognize, or do not want to recognize, that outside of us nature is 

already pervaded by values, namely by values that, often only rudimentarily provable and 

always deprived of freedom and fettered by necessity, still arise from the same collective 

metaphysical basis as our ethical criteria of the beautiful, true, and good. At the conclusion of the 

dialogue in §51, I attempted by an example to draw the consequences from these thoughts.. 

 If harmonics can furnish the proof and not simply the non-committal claim that 

Bruckner’s experience of the chord sounds to us in hundredfold variation from the first 

macroscopic formation of matter, the crystal, then with this knowledge of the material and 

nature, we see before us an enormous “human” consciousness of responsibility. Then we no 

longer have the right to fiddle with natural laws and to dispose of them as we choose; we can no 

longer utilize these laws for the sake of purely negative principles, non-values, material 

advantages, desire for money and for fame, because with this we defile and violate both the good 

in us and the good in nature, and therefore nature itself. Paul, in his Epistle to the Romans [2:19-

20], says of the heathen idea of God: “Because what one can know of God is plain to them, 

because God has shown it to them. Ever since the creation of the world his invisible nature, 

namely, his eternal power and deity, has been clearly perceived in the things that they have 

made.” With this it is clear that a “Gnosis” of the divine also comes from the observation of 

nature, and thus that the divine must be present not only in us, but in nature itself. 



 But in nature, as in our human psyche, the divine is mixed with the demonic. There are 

formative powers at work and creating in nature that are active as nisi formativi not only in our 

body but also in our spirit and psyche: they are typical psychic wholeness-forms such as chords, 

scales, intervals, certain proportions, etc., which we are able to perceive spontaneously via tone-

perception as right or wrong, pure or impure, in tune or out of tune, etc. If we are persuaded of 

this, the further question arises of whether we can also come, by means of these criteria of purity, 

to a universal criterion of what is right and wrong in nature. If we concede aesthetic and ethical 

elements to nature, then we must concede them to all its three domains, thus also to so-called 

“lifeless” nature, which we are justified to do solely on the basis of crystal harmonics, the “tone-

spectra,” the many still unutilized harmonic connections in the planetary system, etc. But how do 

we come to a distinction between positive and negative, or, generally speaking, to an evaluation 

of law and norm, from the law to the norm? 

 If one grasps the problem only voluntaristically, volitionally, locating it in “life” and 

measuring it with our human values, then it is called “good” and “evil”; it is a preserve of human 

ethics and has nothing at all to do with domains outside the human. This has been the standpoint 

of European thought in the last 2,500 years, with very few exceptions (Orphics, Pythagoreans, 

certain Neoplatonist movements, nature-mysticism, the ancient and modern Gnostics, Paracelsus, 

Böhme, Franz Baader). 

 But if Paul speaks of a “creation” that waits for a “salvation,” then he is saying that 

ethical elements must be present in nature that are striving towards liberation. I consider this part 

of the Epistle to the Romans (8, 19 ff.) so important that I will reproduce it here in full: “For the 

creation (ktisis; Luther translates one-sidedly and misleadingly with “Kreatur”) waits with eager 

longing (apokaradokia = expectation) for the revealing of the Sons of God; for the creation was 

subjected to futility (mataiotēs = decrepitude, futility), not of its own will but by the will of him 

who subjected it in hope; because the creation itself will be set free from its bondage to decay 

(phthora = annihilation, degeneration) and obtain the glorious liberty of the children of God. We 

know that the whole creation has been groaning in travail together until now; and not only the 

creation, but we ourselves, who have the first fruits of the Spirit, groan inwardly as we wait for 

adoption as sons, the redemption of our bodies.”  

 There speaks here such a deep insight into the nature of the creation and of man that one 

wonders how in later philosophical speculations that broke free from dogmatic Christianity such 

a type of central thought, if it was not completely lost, was hardly pursued any further in its 

actual meaning – except by those mentioned above. 

 In all of creation, including non-human nature, the negative, false, impure, out of tune is 

thus given along with the positive, true, pure, and in tune. As was observed before, the 

equilibrium of natural laws in which creation momentarily stands cannot be understood or 

interchanged with a “rightness” in the higher, i.e. ethical, sense. With this we distance ourselves 

from the outset from a deification of nature of well-known provenance. 

 Now, to make an attempt at answering our question, let us remember, for example, our 

analyses of the distances of the planets from the Sun and from each other (§41.5 and Hörende 

Mensch, 191 ff.). One can undertake these analyses under various assumptions, depending on 

how we choose the unit, compare the logarithms, etc. Of the two possibilities, we have found as 

an indisputable fact such a close approximation of the astronomical numbers to certain pure-

tonal values of the diatonic scale that we can no longer speak of “coincidence”; and the only 

conclusion remains that a scale of a certain peculiarity stands behind the law of planetary 

distances as a morphological norm. Whether or not we can express this in an acceptable 



mathematic form (the otherwise well-in-tune “Titius-Bode Series” evidently fails with regard to 

the outermost planets), we have finally obtained something important as a result of harmonic 

analyses: the psychical form of the scale as a morphological norm for the distances of the 

planets. This norm is approached closely by the distance numbers of the planets, but differences 

exist – differences significant not so much in regard to quantity (otherwise we could not speak of 

an “approximation”) but with regard to their qualitative sense. 

 And precisely thus we obtain the possibility of evaluating, from our psyche, i.e. from the 

psychic norm of the diatonic scale, the factual ratio numbers existing in nature. There are things 

that we spontaneously recognize most deeply in our perception as “right,” “in tune,” such as the 

chord, scale, interval, etc., and spiritually judge and valuate this recognition in the corresponding 

harmonic configurations. If these psychical forms are obviously behind a natural occurrence as 

formative principles, but reveal meaningful differences from these norms, then it is not absurd to 

conclude from this “not entirely in tune-ness” that there was a fundamental malfunction in the 

plan of creation, a “disturbance factor,” which in the abovementioned case threw the planetary 

distances off their normative paths and surrendered them to the equilibrium of natural laws. 

  In the case of the planetary distances and their deviations from the diatonic norm, we 

came to a real cosmogonic interpretation of the Lucifer problem. I ask the reader to read the 

relevant passage in Hörende Mensch, p. 191 f., since here we are no longer dealing with the 

individual proof, but with the problem of the difference of norm and law as a whole. 

 This example of the harmonics of the planetary distances seems so important to me – it 

applies mutatis mutandis in a much richer measure for Kepler’s discoveries in his Harmonice 

Mundi – and it seems so certain to me that this is one of those cases, very rare up to now, in 

which we touch with the probe of harmonic analysis right on the “sore spot” of the indicators of 

the difference between norm and law, archetype and afterimage, in nature outside of ourselves, 

that we must be especially cautious with regard to other possible harmonic judgments. It would 

be both frivolous and senseless to take this harmonic theorem as a yardstick in isolation from all 

the rest, and hold it like a compass against the numeric declarations of nature; to wish to draw up 

the Creator’s original instruction manual, whose specifications he did not quite succeed in 

following. Harmonics, in its current nascent status, is not yet capable of this, and will hopefully 

never be capable of it in the future, or will not be tempted to come to such a “patent remedy.” 

 It is a different matter, however, when we have a concrete case such as the planetary 

distances. Here, harmonic analysis shows that such a definite wholeness-form as the diatonic 

scale, which all times and peoples have used in some form as the basis of the art and music that 

affect the psyche most strongly, and which thus must belong as a prototype to the human psyche, 

was used as a prototype by the planetary distances, but not achieved. As a comparison: just as 

one can jostle a chessboard and shift all the pieces more or less out of their positions, but the 

attentive player is able to restore the original state of the game, so the harmonist, by virtue of the 

diatonic “resonance” in his psyche can create an image of the original planetary distances before 

their “displacement.” An evaluation of this type naturally demands a morphological 

consciousness and a feeling for form and wholeness. Anyone who breaks away from this and 

views both, norm and law, as equally important, would say, for example: “Obviously from an 

analysis of seven distance points a 7-step diatonic scale must emerge.” Such an approach would 

be completely foreign to such a person, apart from the fact that he would declare the “scale” as 

only associated with music and having nothing to do with astronomical distances. For such 

schismatics, all of harmonics is only an attempt with inadequate means. 



 Thus we can say that, based on akróasis, we are able to make the first fumbling attempts 

to evaluate “nature” based on our own psychical resonance, with regard to what seems to be 

normative and what seems to be legalistic in it. That which is harmonically “right” in nature 

corresponds with what is “in tune” in our psyche, which finally goes back to an ethical capacity 

for judgment, and culminates in the concept of the kalon k’agathon (the beautiful and the good). 

Here I use “harmonically right” to mean those forms that have a certain selective Gestalt, which 

we find provided in our psyche unobjectionably as “in tune,” that we can devolve via tone-

number in conceptual schemata, and which we then use for the analysis of natural conditions. By 

no means all theorems and value-forms are appropriate for this. It will be one of the most 

difficult and important tasks of future harmonic research to distill the actual ethical principles of 

harmonics and to trace, by means of them, the presumed plan of creation. This is no longer a 

“recipe” but belongs to the serious deliberations of our cognitive abilities, so that we can orient 

ourselves at least to some degree in the great puzzle of the “universe,” in which we are enmeshed 

together with the cosmos. 

 For those readers to whom the harmonic evaluation possibilities indicated here seem, in 

the sense of an ethical “critique’ of creation, to be on the one hand too ephemeral, but on the 

other hand unsympathetic in themselves, the author has no retort, and must excuse himself at 

best with the answer that the harmonic phenomena and conditions lead of themselves to such 

thought processes, and that it seems to him equally “arrogant” to evaluate nature or humans 

ethically from purely moral viewpoints. We find ourselves, indeed, in both a heavenly and in a 

devilish world, and the experience of our times eliminates any Pharisaism. The next chapter will 

also show that harmonic cosmogony arrives once again at the problem of disturbance from a 

completely different side, and thus that we do not avoid an Ethike naturalis. 

 One for whom such thought processes are against his nature, however, can be satisfied 

with the condition of a normative correspondence of the harmonic theorems and value-forms in 

nature, spirit, and psyche. He can let the things speak to him, listen to their call, and devote 

himself to viewing and hearing the world, despite all adversity, in love and awe. From hearing 

arises an involvement, from seeing an insight, and from this audition visuelle flows this 

meditative calm of the psyche and the spirit, which, perhaps beyond good and evil, achieves the 

gentle power of longing fulfilled. 

 

§53.5. Ektypics. For 1: Emanation- and development studies. Evolution 

The emanation and evolution principle appearing so typically in the harmonic diagrams is found 

isolated in human spiritual history in the ancient, especially oriental, so-called “doctrines of 

emanation,” and in the modern European “doctrines of evolution.” Every idea of evolution = 

development is based on something simple, a concrete condition (cell, primal atom, etc.), from 

which all further, “higher” things have then developed. This “higher thing” is characterized in 

contrast with the “lower,” simpler, through its ever-widening differentiation. Among the 

doctrines of evolution, there are the cosmological, which assume some primal substance (water, 

earth, air, fire, atom) as the original unit, and the biological, for which units of life like cells, the 

virus, etc., are at the beginning. The unity of the 1/1 (Origo) is common to every idea of 

evolution, a concrete, real beginning, a “Fiat” in some sense. From the harmonic viewpoint, it is 

now especially interesting to direct one’s attention to the “direction” of this idea of development. 

Initially we resist the idea of viewing an evolution from the Origo (1/1) as a path that goes from 

the “lower” (although “simple”), from the 1/1 to the “higher” (although differentiated, 

complicated). In harmonics, the unit is not a “lower” thing, but the most important value next to 



0/0. But when we recall that the entire path of development (parallels to the generator-tone line) 

finally strives towards the unity, i.e. the highest concrete value, then we have an explanation 

straight from harmonic findings for the inherently paradoxical statement: that the development 

would be a way “up” out of a primal condition. Either this condition is of such inner value and 

importance that it has the power for an evolution, and then it is the highest thing itself, and the 

development is actually only an unfolding of the possibilities present in the original unity, if not 

“refuse” from it. Or else, the primal condition is completely indifferent, and then it is so 

insignificant that from it, through a progressing series of wonders, eternally new, “higher” values 

must always appear, until – indeed, until when? Temporarily, the glorious condition in which we 

find ourselves is the “highest”! But for how long? Both alternatives cannot satisfy thought. But 

they lose their antinomy when one observes them from the “P” system: here they both have 

space and finally receive, through their anchoring in the 1/1 symbolism, their sense and true 

meaning. Because here 1/1 is actually the indifferent primal condition, from which at “higher” 

indices correspondingly “higher” conditions evolve, which once again seek the “higher” 

condition in the direction of the generator-tone parallels, i.e. to win back unity in the generator-

tone line. Thus there resides in the harmonic idea of development the unity of the primal 

condition at the beginning and the end not only of the collective development, but also of the 

individual steps of development, since indeed every parallel to the generator-tone line must reach 

it at some place, some earlier, some later. And precisely this statement imparts a new prospect to 

the idea of development: the development of the being-values can only halt itself if it repeatedly 

looks towards unity, “simplifies” itself, i.e. out of its over-complication repeatedly creates primal 

situations from which evolution can then begin anew – until the power of the “basal series” is 

exhausted and the entire system, be it the countless individual systems, be it that of the universe, 

fuses together in blazing glow of its ∞/∞ fire and begins a new world-age! 

 

Emanation 

Development is imagined, in contrast with the idea of emanation, not as starting from a concrete 

primal state but as “emanation” = radiation from a metaphysical primal being, the Absolute. This 

broadcasts its divine light over all being-forms of the world-reality, illuminating them most 

inwardly in their stepwise arrangement, and sharing the divine spark with them. One can reduce 

almost all emanation doctrines to this formula, whereby it is essential to all that the Absolute 

remains as it is, without actually coming forth in the emanation. Hence it is a most precise 

parallel to the Eidos 0/0 with its equal-tone lines (rays), where the 0/0 is also fundamentally 

“inexpressible,” and is the metaphysical embodiment of the whole “P” system, radiates through 

each individual step-value, and thus remains unapproachable and untouchable. Plotinus, 

Iamblichus, the Gnostics, Scotus Erigena, Meister Eckhart, the Arabic Sufis, Böhme, Baader, 

and the mystics follow this path of thought, while also the “idea” concept of Hegel, the 

“substance” of Spinoza, the “unconscious” of E. v. Hartmann, etc., can be ascribed more to an 

emanative than an evolutionary attitude. 

 Since Eidos 0/0 and Origo 1/1 pervade all harmonic systems with their powers, 

emanations, and evolutions, the unity of these two modes of thinking are given in harmonic 

thought. As always in harmonics, there is no indifferent monism, but a uniform logical and 

psychic intertwining of both principles, with the absolute preservation of their independence and 

unique character. 

 

§53.6. For 2: concept of the natural law 



“Mathematics” – writes Emile Boutroux in his Begriff des Naturgesetzes (German translation 

Jena, Diederichs, 1907, pp. 124-125) – “bestows necessity on science; experience gives 

agreement with the facts. That is the root of modern determinism. We believe that all is 

necessarily determined, because we believe that all is mathematical.” The difference between the 

“Classical” natural law of modern times and all mathematical concepts of ancient times exists in 

the fact that ancient times still had a consciousness of the transcendence of the mathematical 

essences, and considered all “experience” uncertain and to at best approximate such essences. 

The difference between the “Classical” natural law of modern times and the most recent quantum 

physical views is that in the minds of modern physicists and natural philosophers, the Cartesian 

fiction of mathematical determinism rigidifies and dissolves, again and again, but not in the 

direction of a metaphysical autonomy of mathematical forms and formulae; instead, in the 

direction of statistics of the “probable,” within which, like rats in a cage, the particles, quanta, 

etc. still have a certain freedom of movement, but collectively obey the necessity of the system 

of natural laws. Alongside this is the insight into the impossibility of a completely axiomatic 

foundation of mathematics, and I have already stated in my earlier works that all alleged 

“demolitions” of the classical-physical world image are not demolitions at all, but instead 

amount to a complete nihilism both in the perceptive and the epistemological sense. The 

“philosophical” carryings-on of modern physicists should not deceive us of this. One need only 

read through the many writings on this subject to perceive the completely depressing impression 

of a total breakdown with regard to the questions that weigh on the minds of modern people, 

pressured from all sides, and above all the cardinal question: what does “matter” mean, and what 

is the meaning of the system of natural laws? 

 When in contrast to this, from unavoidable harmonic insights, I suggest the idea that here 

only an “evaluation” of the number, i.e. an anchoring of the mathematical essences in psychic 

forms and Gestalts, is able to create change, then the fundamental difference remains between 

the merely legal, “captured” in the equilibrium of the system of natural laws, and the norm 

belonging to the freedom of what is psychically and spiritually “right” in the deepest sense. The 

probing by means of harmonic theorems and value-forms shows that these norms are already 

present in nature, but finally awake in humans to freedom in thought, perception, and will. 

 All of nature must thus be subjugated to a principle of “inertia” (mass, attraction, etc.) of 

the infinitesimal statistical balance, which is pervaded by a principle of the “definitesimal” 

metaphysical norms, by norms that we can at least grasp harmonically in a small part, 

psychophysically elicit, and understand. The infinity of the concept of endlessness, on which our 

entire modern view of nature rests, thus appears pervaded and permeated by definite forms of 

spiritually ideal provenance. The concept of temporal-spatial endlessness is pervaded by the 

concept of the eternal; all norms, by virtue of their being due to experience, and as far as we as 

humans can judge at all from this experience, have a part in the timeless and spaceless 

unchanging, definitive, eternal. For these reasons harmonics refutes all “dynamic” philosophies 

and religious concepts. Every “dynamic” plays out in time and space and has in itself, generally 

speaking, the ambition for a “statistical balance,” i.e. for a condition of equilibrium between the 

two “endless” poles 1/∞ and ∞/1. But the “evaluation” of these poles, and thus their elevation 

from the merely mathematical and physical, changes them into the higher form of the 

Pythagorean concept of the limiting (1/∞ = 0) and the unlimited (∞/1 = 0); here, they receive a 

form that is significantly different in itself. And when I grasp and experience the dynamic-

physical aspects such as the vibrations of a chord in my psyche as a wholeness, then precisely 

this transmutation of the infinite into the definite commences, a metamorphosis of the dynamic 



unending into the static eternal, i.e. into a world of values, which stands outside the natural cycle. 

I need not reiterate to the reader that the experience of the chord applies here for all of the 

theorems and value-forms gathered through akróasis. 

 

§53.7. For 3: (selection) the problem of the Gestalt 

On the line of harmonic selective thought, there doubtless lie the multiple endeavors of recent 

natural sciences and psychological research: endeavors on every part to escape from the simple 

analysis of dissections and to reach wholeness- and Gestalt-concepts (see Bibliography). Since 

these considerations, as regards their will to synthesis and wholeness-forms, are often harmonic 

through and through – it is no coincidence that Uexküll’s works, for example, are full of 

analogies to music, i.e. to certain harmonic theorems such as counterpoint, “organ melody,” “cell 

tone,” etc. – we can only agree with them fully and learn from their results. But precisely for this 

reason, it is necessary to refer to the difference of the harmonic “Gestalt” from that of other 

doctrines of Gestalt and meaning. Every harmonic Gestalt is supported by tone-numbers, 

therefore with a psychically evaluated number concept. It is thereby arranged from the start 

within a system of psychically appraisable, exact connections, and emphasized precisely through 

a much further “amplitude” than the simple logical-conceptually fixed Gestalt concepts. That is 

naturally also a restriction, dictated once again by the framework of akróasis. But harmonics 

preserves itself, in contrast, from an indiscriminate and hypertrophied “Gestalt view,” of which 

some modern Gestalt studies, in my opinion, cannot be completely absolved. 

 

§53.8. For 4: good-evil 

Harmonic ethics is based upon two persuasions: firstly on a universal concept of the ethical, 

which also includes the beautiful (aesthetics), and secondly on a universal existence of the 

ethical, which places the two poles of the ethical in their human aspect of “good and evil” in all 

of nature, up to the last being-value. 

 In regard to the universal concept of the ethical, harmonics is in strict contradiction to the 

modern “scientific” and “aesthetic” view. Pursuant to our “haptic” intellectual direction, all must 

be finely and cleanly divided, and remain so. The researcher who, like Bruckner with his “dear 

God,” wished to recognize in the chord something like a message from the heavenly world of the 

good, would not be taken seriously by his modern colleagues. The same thing would happen to 

the exact scientist if he were to use concepts of beauty or ethics in the results of his studies – 

although here there seems to be a little more tolerance regarding the “aesthetic” element 

(especially, for example, in mathematics, certain nature forms, etc.). But since for him, aesthetics 

have nothing to do with ethics, and can have nothing to do with them, this aestheticism remains a 

kind of beauty-spot for the advancement of the overall impression, which one sticks on here and 

there, but which does not change the actual face. 

 Viewed in terms of intellectual history, this is very remarkable. As we know, our entire 

scientific concept formation rests upon the Greeks. But especially among the Greeks, the concept 

of the “kallokagathia” (the beautiful and good) played a leading role pervading all of their lives, 

thoughts, and actions, and this fact alone would justify the harmonic attitude. No logical-critical 

dissection can arrive at the tremendous experience of a unity of the Good and the Beautiful, and 

is at best only a proof that we modern people can no longer bring about this power of experience, 

glossing over our psychic impotence with a conceptual bureaucracy in whose card-catalogues 

everything is conclusively categorized, separated, and in good hands, but in which nothing any 

longer has anything to do with anything else. 



 This ancient Greek synthesis of the “beautiful and good” that embraces the concept of the 

“cosmos,” i.e. the good arrangement of nature in itself, is already present in the foundations of 

the ancient Chinese mentality. The ideal of Confucianism is “nobility,” which brings two modes 

of conduct to harmonic unity: “music” and “custom.” By “music,” Confucius means that which 

works from within outwards (harmonically, tone-value), the psychic demeanor, which pervades 

everything with reverence. By “custom,” he means that which works from the outside inwards 

(harmonically, tone-number), the behavior towards one’s peers, towards Nature and her laws, 

which demands reverence (cf. Li-Gi, das Buch der Sitte, tr. by R. Wilhelm, Jena 1930, 

Introduction). Here, the unity of the ethical, aesthetic, and causal, in accordance with the 

idiosyncrasy of Confucianism, is predominantly realized voluntarily and instructionally, but 

precisely for this reason was of such great effect that by means of it, a population of 300 million 

has been able to preserve its continuity and unity for 5000 years. 

 Regarding the universal existence of the ethical, harmonics might feel even more isolated 

within current European thought if it were not supported by major traditions (see the above 

quotes from the Epistle to the Romans), and if it could not call to witness the current catastrophic 

situation of European culture, which requires a completely different handling of this central 

problem from what is and has been generally familiar in the philosophy of modern times and in 

religious ethics. If the devil in his most concrete manifestations and reincarnations conducts 

himself in such a way, and thereby – quite rightly – appeals to his “natural” genesis as manifest 

in soil, blood, race, mercilessness, etc., then with the best intentions we can no longer speak of 

evil as mere “nescience,” “privation” of the good, a “negative principle” anchored only in man, 

and suchlike nullities. Rather we must view it as a dark principle already inherent in the whole 

natural condition, which, together with ethical principles and pervading those, infects all being-

values, and just like the good, only wakes consciously to freedom in humans. 

 The position of early Christianity on this matter is unambiguous and clear, as Paul 

shows,. When Christ goes into the desert for forty days and is tempted by Satan there, who 

promises him “all the riches of the world and its glory” (Matthew, Ch. 4), it is more than a 

simple discussion of human ethics. But though a Luther certainly did not throw his inkpot at a 

merely imagined devil, if one asks a modern philosopher or theologian, he  will, with few 

exceptions, always hear more or less embarrassed excuses, whose content one can bring to the 

above pointless argument. 

 There can be no talk of harmonics being able to solve this puzzle of all puzzles, the 

factual existence of a primal evil, just as little as that of a primal good. But it can display certain 

forms and inform about their evolution and emanation, so that one can conceptually imagine the 

emergence and oppositional relationship of these two powers. We will learn more about this in 

the next chapter. It would be of burning interest for both the reader and the author to investigate 

ancient wisdom and the non-Christian religions in regard to their attitude to the problem of evil – 

which indeed always involves the good, and vice versa. But that would far exceed the space of 

this text, and so a short overview will have to suffice. 

 In the Babylonian account of the creation of the world, chaotic powers emerge 

immediately after the creation of the gods, in the forms of the Tiâmat, Apsu, and Mummu, and 

only with difficulty is the youngest and cleverest god Ea able to chain up two of these, while he 

is not able to master Tiâmat: “The mother of chaos, who creates everything … anyone she looks 

at will be frozen … into the field she led vipers, basilisks, and newts, the hounds of hell …” 

Among her “eleven brutes” she made Kingu the god of war: “To drive the army, to lead the 

troops, to start the slaughter, to excite the fight” (A. Ungnad: Die Religion der Babylonier und 



Assyrier, Jena, Diederichs, 1921, pp. 29-30). This principle of evil then changes into the 

demonology of evil spirits who must be conjured, of which many surviving sources bear 

technical and visual witness. Also in Egyptian cosmogony, the principles of good and evil appear 

as already inherent in nature directly after the creation of the elements. Osiris, the god of the 

good, life, fruitfulness, recognition, is in a continual struggle with Seth, the god of evil, death, 

infertility, wrong. Significantly, they are brothers (like Abel and Cain) and their mother is Nut, to 

whom a prayer in the so-called Pyramid Text is addressed: “O Nut, spread yourself above your 

son Osiris! Protect him from Seth and shelter him, O Nut!” (G. Roeder: Urkunden z. Religion des 

alten Ägypten, Jena, Diederichs, 1915, p. 197). In the ancient Persian religion of light of the 

Zend-Avesta, there appears from the divine primal being, called  “uncreated time” = Zerwane 

Akerene (fate), the pair-form of Ormuzd the light-being, principle of good, and Ahriman the 

being of the darkness, principle of evil. Here we also notice the ethical dualism present at the 

world’s first emergence (see J.F. Kleuker: Zend Avesta im kleinen, 1789, pp. 137 and 153). “But 

it would be mistaken to think,” writes Chantepie de la Saussaye (Religionsgeschichte, vol. II, 

1889, p. 34), “that these two powers are of the same rank.” Evil was not born equal to good. 

Despite this, from their amalgamation and current permeation emerges the world, and above all, 

man. “Time began with Ormuzd: he is and will be without an end. Ahriman was in the darkness 

with his laws. Evil existed at all times and is still destroying, but will one day end … These two, 

sunk in themselves and without limits, manifested themselves, in that they mingled with each 

other. Their residences were also without limits, namely the first light and the first darkness, in 

the midst of which they were alone: however, the place of the one connects to that of the other” – 

so declares the Book of Bundahesh, which indeed does not belong directly to the Zend-Avesta, 

but represents a type of most ancient commentary on it (Kleuker, ibid., pp. 106-108). Here, also, 

there is a continuing struggle between Ormuzd and Ahriman, in which the former indeed remains 

the victor, but this victory must again and again be achieved by humans. For us, the fact is 

important that “evil” and “good,” arisen directly from the 0/0, are identified with the harmonic 

scheme of the “P”: 

 

 
 

and that we have straight from the harmonic symbolism an interpretation for the “unequal rank” 

of the two principles 1/1 → ∞/1 and 1/∞ ← 1/1, if we judge according to their Gestalt. There is 

more about this in the following chapter. Prajapati, the “unknown god” of the Rigveda, was 

explained in Brahmanic times as the principle of all things and the highest god of the Vedic 

pantheon. “Prajapati had created the gods and the demons … the gods, after they had won battles 

with the demons, went up into heaven,” reads the Brahman cosmology (Deussen, Allg. Gesch. D. 

Philos., vol. 1, 1894, part 1, p. 186) and Deussen (ibid., p. 193) remarks at another point: 

“According to this passage, darkness (!) appears to have been created for the demons as their 



domain, and malicious magic as their natural activity. This is precisely why in other passages, for 

example, the light and dark halves of the Moon are described as the legacies of gods and 

demons, obtained from Father Prajapati, or when Prajapati creates the gods from the breath from 

his mouth and the demons from the opposite avan prahna, whereby it becomes dark for him, and 

he realizes: certainly I have created an evil, since it becomes dark for me during my creation.” 

This ancient Indian mythos is also a suitable image-concept of our harmonic scheme. However, 

we must expressly note that harmonics may well accept the image-concept of good-evil in this 

manner, but only as “possibility,” not yet as reality. In the next section we will attempt to 

consider where and how one should conceptualize and imagine the reality of the negative as a 

disturbance factor in the system of harmonic configurations. The mythos of the fall of man in the 

Pentateuch, since it is known to everyone, I mention only as a reminder. Less familiar are the 

related ideas of the Kabbalah, and those of Jewish mysticism and Gnosis in general. In the 

Tikkune Sohar 18, it reads: “Just as there is a realm of holiness, there is also a realm of the 

incomplete. The lower Sephirots are, to a certain extent, husks in comparison with the Sephirots 

above, which represent the kernels. But these husks, too, belong to the clothing of the deity, and 

their revelation (Schechinah), to fulfill what is written (Psalm 103, 19): his kingdom rules over 

all, and (Psalm 47, 8): God is king of the whole earth. But at another point (Psalm 5, 5) it reads: 

Does not evil dwell in you? Compared to the innermost kernel (the deepest Being of the deity) 

the upper Sephiroth are only husks, but they are beautiful robes (of the deity), radiating most 

diverse colors of light. One day, however, the holy, the Blessed  One (God) will lay down these 

husks and show his innermost kernel to his children” (E. Bischoff: Die Elemente der Kabbalah, 

vol. I, 1913, pp. 117-118). 

 In the next chapter, we will see that this idea of the polar representation of the “P” can be 

quite correct. In the Hermetically-influenced Gnosis, from which threads seem to lead to Philo 

and the Stoa, and whose dualism comes straight from Plato (Josef Kroll: Die Lehren des Hermes 

Trismegistos, Münster 1914, p. 122), the whole world is filled with divine Beings; in it, all 

beings from highest god to lowest daemon keep the world in order. Simultaneously everything in 

the world is subject to a iron law, according to which the universe is controlled, that is the law of 

destiny, fate, necessity” (Kroll, ibid., p. 212). Evil is now predominantly situated in “matter,” and 

here, if we use our harmonic idea of the equal-tone lines going out from the 0/0 and permeating 

every being-value, and the “P” (world) system evolving from the 1/1, then in these image-

concepts we have an analogy to the Gnostic idea of a “world” sunk in the pure “legalism” of the 

negative and imprisoned in it, from which the individual being-value can save and purify itself 

once again directly in the highest norm, through direct viewing of the 0/0. Here, also, we 

emphasize the fact that harmonics cannot identify with this placement of evil in matter alone; the 

harmonic image-concepts should make it obvious how the Gnostic and many other similar ideas 

that we have seen could have arisen from a misunderstood inner psychic harmonic form 

 With the classics of Greek philosophy (though already present in Indian systems)  there 

begins a fundamental change of the anchoring of evil, insofar as it is displaced from nature and 

located more and more only in humans themselves. Admittedly this seems to be contradicted in 

the many passages where “sensuality,” thus a power inherent to the material part in us, is to 

blame for evil; but it still remains more or less anthropologically determined. In the further 

philosophical development of Europe, this anthropological existence of evil is further attenuated 

to a “mistake,” “nescience,” “willfulness,” “excess,” etc. The few exceptions, already mentioned 

above, such as the nature mystics, Böhme, Baader, Pascal, Kierkegaard, etc., are completely 

outside of this, and if even Schelling levels the recondite investigations of Böhme and Baader on 



the origin of the negative into a “dark groundlessness,” one should not be deceived by the 

complete helplessness, superficiality, or – most recently – logical charade with which modern 

scientific philosophical thought faces this problem of all problems. 

 Here we must stop and leave it to the reader himself to follow further the historical facts 

and developments of ideas about good and evil. What is given here should only be viewed as 

indications of the thoughts that earlier peoples, especially, had about the problem. A comparison 

with harmonic views then arises of itself, but should already have followed to a certain extent 

from the above. Further references are given in the following bibliography. 
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§55. SUMMARY OF THE HISTORY OF HARMONICS 

 

§55.1. Preliminary remarks 

 

Although this book is intended, as I indicated at the beginning, to be a textbook for a science, 

harmonics is one of those sciences whose mentality goes back to the earliest times of the history 

of human thought, and whose effective constitution is identical with so-called “Pythagoreanism.” 

Pythagoras lived in the 6th century B.C.; thus harmonics, as a characteristic method of research 

based on the primal phenomenon of tone-number, can look back 2,500 years. Since all the 

specific harmonic works of Pythagoreanism are lost or only preserved in rudiments, or have 

survived in their effects upon other domains (mathematics, astronomy, architecture, grammar, 

etc.) – this applies up to Kepler, A. v. Thimus, and V. Goldschmidt – the “history of harmonics” 

would be exhausted as an autonomous science with these observations; and the author’s 

designation of this text as the first drafting of harmonics as a science, to his own regret cannot be 

disputed.  

 Yet the above references show that harmonics, as a typical way of thinking, must have 

existed in some form since the earliest times, that it existed at the time of the Pythagoreans, and 

that its effects and after-effects, albeit no longer as an autonomous science, have continually 

taken shape as a basis for other investigations up to A. v. Thimus and V. Goldschmidt. 

 The reader interested in history and philology may thus hope to see further details, 

whereupon the author has said all along that, being neither historian nor philologist, he can only 

share the information that, so to speak, fell into his hands in the course of his nearly 30 years of 

harmonic studies. May the following “material” induce a professional to write an actual “history 

of harmonics”! 

 

§55.2. Archaic and non-classical harmonics 

We find the oldest relic of akróatic mentality in almost all mythologies and fundamental 

religious principles, as well as in the cosmogonies. Here one must turn one’s attention to a 

typical unification of tone (song, word, speech, hymnal utterance), number (number mysticism 

and symbolism), as well as corresponding image-concepts, especially of an astral nature, which, 

as we saw in §54, often unveil themselves in a surprising way through harmonic analysis. In the 

earliest times, “astral mythology” was in a sense modern and of current interest. If one adds to 

this concept that of the “harmony of the spheres,” which was widespread throughout Greece, 

then one has two catchwords for very large domains, in which harmonic approaches can offer 

things of great promise in analytical and synthetic terms. Also important are all instances of 

harmonic numbers, which pervade almost all ancient religions and cosmological relics, such as 

the ancient Indian Rigveda, the Egyptian and Babylonian concept of God, the Zend-Avesta, and 

above all the wisdom of China. 

 Here the question emerges of whether and to what extent people in those remote times 

knew the specifically harmonic technique: the monochord. One can unhesitatingly posit it in the 

most ancient times as an experimental instrument, due to its very simplicity, despite the lack of 

concrete proof (which might yet be found in the examination of archaeological relics, if only 

people looked for it). If, like the author, one takes the view that all harmonic forms are psychical 

prototypes, which the monochord best “retrieves” from the depths of our subconscious into 

waking consciousness, then the search for this harmonic technique in ancient times would indeed 

be most interesting and exceptionally important for the history of harmonics, but irrelevant for 



Akróasis’s factual existence in those times. Even if it is accepted that tone-number investigations 

were employed here and there in secret schools (Pythagoras may well have brought his ideas 

from Egypt), we must nevertheless take these ancient akróatic relics as forms that simply 

correspond to very specific harmonic-psychic structures and, as long as humanity exists and has 

existed, continually strive towards ektypic realization.  

 However, it appears that people in those early times were already performing concrete 

tone-number investigations. Naturally, one must assume a perception at least for primitive pure-

tone ratios as present a priori in humanity. In May 1936, it was demonstrated (Basel National-

Zeitung 29.5.36) that flutes found in the Brünner Sender from the mammoth-hunting station of 

Unter-Wisternitz could play the minor and major thirds, as well as fourths, with a surprisingly 

clear tone. An ancient Babylonian baked clay pipe found in Birs Nimrud shows the tuning of a 

major triad (R. Batka: Allgemeine Geschichte der Musik, I, p. 39); and from Scandinavia the 

“Lurs” are known, which were mostly found in groups of two or three, thus showing that 

intervals or chords were blown on them. All this would be impossible if these early people had 

not already had a developed ability to perceive tones. With the further progress of culture, and 

the emergence of stringed instruments (cf. the Assyrian harps mentioned later), effective tone-

number investigations are almost self-evident. It appears to me beyond doubt that this was the 

case in ancient China. Regarding our analysis of the I-Ching diagram in §50.8, we already 

mentioned the works of some French Jesuits and referred to Windischmann’s Geschichte der 

Philosophie, in whose first volume the ancient Chinese doctrine of music and numbers is 

discussed, after which there is no question that the Chinese had a precise familiarity with typical 

harmonic investigations. To this is added the enormous significance of the concept of “music” as 

the psychic and moral norm. A practical summary of the relevant passages from Chinese 

philosophy is given in R. Wilhelm’s Chinesische Musik (China-Institut Frankfurt a/M. 1927) as 

well as the article by Heinz Trefzger, “Die Musik in China,” in the journal Sinica (year XI 1936, 

parts 5-6). 

 In the years following the First World War, I lived in the same apartment building as an 

official of Chinese nationality from Eastern Turkistan, named Burham-Bey. As we got to know 

each other somewhat better, one day I showed him and his Chinese secretary my monochord. 

Burham-Bey was reminded immediately of an old Chinese man “in the Urumqi area” who 

occupied himself with such things. When I asked whether and how I could get in touch with the 

gentleman, Burham-Bey protested almost fearfully: people in that area would receive and read 

only letters in Chinese, and not even these if they came from Europe. Getting a reply was 

absolutely unthinkable. Furthermore the man in question lived in a “fairly” rural place, ca. 700 

km (!) from Urumqi. This information serves only as proof that number-harmonic investigation 

is still alive in modern China (cf. a further notice in my Klang der Welt, p. 139). The very 

interesting work The Music of Hindostan by A.H. Fox Strangways (Oxford 1914) shows that 

ancient “Pythagorean” traditions are also still alive in India. 

 Count Herman Kayserling writes in an extremely beautiful and lively manner in his 

Reisetagebuch eines Philosophen (6th ed., 1922, vol. I, p. 398 ff) about a visit to the Tagores in 

Calcutta, where he was almost metaphysically “impressed” one evening by true Indian music. 

But what should interest us especially in Indian music, from the harmonic standpoint, is its 

sensitivity to extremely differentiated tone steps. The factual assumptions for the analysis of 

these steps are given in §39 (Scales). The theoretician Pavana gives six main scale-types and 30 

secondary types, and justifies his system through the fact “that Krishna let five Ragas come out 

of his head, his wife Parbuti gave a sixth, whereupon Brahma saw himself entitled to create 30 



more secondary tone types.” (R. Batka: Allgem. Gesch. d. Musik, Stuttgart, n.d., I, p. 41). These 

ragas were old melody schemata which corresponded exactly to times of the year and day, and 

were varied creatively by the individual singers and instrumentalists. “Best known is the 

Ragavibhoda (i.e. scale textbook) written by Somanatha in 1609. The description of the tones in 

secular music is mostly done through syllables or syllable signs, and in sacred music mostly 

through numbers” (Batka, ibid.). If one then considers that the presumably oldest literary relic, 

the Rigveda, is actually a collection of songs, with nothing but the lyrics remaining for us, whose 

melodies had specific names with symbolic meaning and were guarded in strict secrecy, then we 

can assume for sure that number-harmonic investigations were also among these secret practices. 

In the Babylonian-Assyrian cultural sphere (Neefe: “Die Tonkunst der Babylonier und Assyreer” 

in Monatshefte für Musikwissenschaft XII, 1890) the harp appears as a symbol and sacred 

instrument. Friedrich Delitzsch, in his work Babel und Bibel (1902-1905), published an Assyrian 

relief-carving in which the court “orchestra” can be seen in procession with six great harps. Now, 

since one of the three Babylonian classes of priests was that of the singers, and the Assyrians, 

culturally dependent upon Babylon, made no exception in this, and since the technical 

production of a harp assumes knowledge of and familiarity with string-length ratios and the 

corresponding number-harmonic laws, it is more than likely that the priestly castes had 

knowledge of at least primitive harmonic norms. To this is connected the sexagesimal number 

system invented in Babylonian-Assyrian cultural circles, which corresponds to the harmonic 

prototype of the “senarius,” and all of Babylonian numeric and astral symbolism. “Babylonian 

number symbolism itself is established beyond all doubt. Reveries about the value of numbers 

have a significant place among the religious philosophical concepts of the Chaldaeans. Each god 

was designated by one of the whole numbers between 1 and 60, which corresponded to his rank 

in the heavenly hierarchy. A tablet from the library of Nineveh has preserved for us the list of the 

most important gods together with their secret numbers. It appears, in fact, that in contrast with 

this scale of whole numbers, which were ascribed to the gods, another scale of fractions (!) 

existed, which was connected with the spirits and corresponded in the same way to their current 

rank” (M. Cantor: Vorlesungen über Geschichte der Mathematik, 4th ed., 1922, vol. I, p. 43). 

Since the study of these ancient West Asian cultural circles is in full bloom today, one can expect 

further important harmonic discoveries. Plato, in the second book of his Laws (Phaidon ed. II, p. 

553), tells us that the Egyptians, regarding the arts, knew how “to formulate strict laws in these 

matters, and how to institute tonal principles that naturally expressed what is correct. This could 

only be the work of a god or of a man inspired by a god, just as there were also songs preserved 

through these long times that passed as creations of Iris.” Besides harps in all sizes, early flutes 

and trumpets are already appearing here. Diodorus Siculus (I, 16) writes the following about 

Egyptian priests: “Common speech had its first development through Hermes, and much that was 

not previously designated received its naming. From him comes the invention of writing in 

letters, and the arrangement of the worship of the gods and the sacrifice. He was the first who 

observed the positions of the stars and the harmonies and the nature of tones. He invented 

swordsmanship and taught the rhythmical movement and the training of the body to appropriate 

postures. The lyre that he made had three strings, to signify the three seasons. For he assumed 

three tones, the high, low, and middle; the high corresponds to summer, the low to winter, and 

the middle to spring. He also taught the Greeks about expression in speech (hermeneia), hence 

his name Hermes. Above all Osiris used him as Hierogrammateus, i.e. as composer and preserver 

of the holy documents; people discussed everything with him, and mostly behaved according to 

his advice.” This interesting passage shows that by “Hermes” (who appears under various names 



such as Anubis, Thoth, etc.) is symbolized “the embodied spiritual life, and with it self-

awareness, thought, teaching, and writing, the genius of the highest science and wisdom” 

(Creutzer: Symbolik und Mythologie, 2nd ed., 1819, vol. 1, p. 363), in contrast with and as 

completion of the “natural” Osiris; and that the ancient form of “Akróasis” is realized in the very 

symbol of his name. From this alone, setting aside the express references of the ancients to the 

origin of Pythagoras’s knowledge in ancient Egypt, one can be certain that a definite and specific 

harmonic technique (monochord investigations and accompanying diagrams) was pursued, but 

was kept strictly secret, and imparted only to initiates. Hence we can learn nothing from 

inscriptions and can only support our theories upon indirect hints such as the above. Herodotus, 

the “father of history,” whose dependability (apart from a few obvious fables) is increasingly 

acknowledged, writes in many places in the account of his travels of Egypt that he indeed knew 

more about this or that point, yet was not allowed to tell it. Reading this, one has not only the 

impression of an unquestionable truth, but also sees how the “prohibition” of imparting certain 

things worked in a constraining way even on a foreigner. Besides, A. v. Thimus, in many places 

in his work, has given proofs from classical writers that number-harmonic theorems, in 

particular, were deliberately kept secret (see my essay on Pythagoras in Abhandlungen for my 

own views on this secrecy). Compared to this esoteric harmonic knowledge that was 

undoubtedly present, the exoteric side of practical musical education plays a secondary role 

(sources include: Ambros: Geschichte der Musik; Lauth: “Über altägyptische Musik” in Sitz. 

Ber. der bayr. Akademie 1873; and the older work of Jomard: “Mémoire sur la musique de 

l’antique Egypte” in Descript. de l’Egypte, book III, vol. I, p. 357 ff.). The image of Memnon, 

the Memnon-column that resounds at sunrise, rests entirely on a harmonic background, and 

above all the ideas dating from this time about the relationship of tone and light (Plutarch, 

Symposiaca, VIII, 3), about which one can read in §18 of the first volume of Creutzer’s Symbolik 

und Mythologie. In the Semitic-Arabic cultural circle, there is in first place the great significance 

of music among the Jews (the Psalms!). A. v. Thimus devotes large parts of his Harmonikale 

Symbolik to number-harmonic analyses of the ancient Hebraic-Kabbalistic book Jezirah; and the 

Bible is full of typical harmonic number-relationships. For example, the dimensions of Noah’s 

Ark (300 ells long, 50 wide, 30 high) correspond to the octave-reduced proportion 150 : 50 : 30, 

i.e. 15 : 5 : 3, which in string lengths forms the major triad (where 1 = c) 15 des 5 as 3 f. The 

brilliant Johannes Jacob Balmer, famous for the “Balmer formula” of the hydrogen spectrum that 

is fundamental for the modern study of atoms, was in fact, as I have already mentioned in Klang 

pp. 84-85, a deeply religious number-harmonist, whose dissertation, Des Propheten Ezechiel 

Gesicht vom Tempel, summarized the construction of Solomon’s temple according to the Biblical 

specifications in word and writing, whose numbers and proportions have an entirely harmonic 

character. I was once permitted to attend an orthodox Jewish funeral. The chief singer sang 

without accompaniment at the lonely snow-covered cemetery, funeral songs of ancient tradition 

and completely archaic structure, which, due to their deep psychical content, made a profound 

impression that still resounds in me today. (Perhaps I heard then a few of those old Jewish 

melodies made known by Z. Idelsohn, which bear such an astonishing similarity to the old 

Russian church songs that go back to pre-Christian Greek songs – cf. Peter Panhoff: “Die 

Altslavische Volks- und Kirchenmusik” in Handbuch der Musikwissenschaften, Potsdam 1930, 

pp. 13-14.) 

 This type of spiritual musical expression is possible only when it is concordant in all 

respects with the whole spiritual disposition of the people in question. In Jewry, alone among 

modern European nations, the living perception of Akróasis of the word has been preserved – 



compare with this the important work by Ben Joseph: “Die Struktur der jüd. 

Religionsphilosophie” in Jüd. Jahrbuch für die Schweiz, 1919-1920, p. 88 ff. As for the Arabic 

cultural sphere, the history of harmonics here must first direct its attention to music theory (inter 

alia cf. Rosegarten: “Die moslemitischen Schriftsteller über die Theorie der Musik” in Zeitschrift 

für Kunde des Morgenlandes, V). Here the octave is divided into 17 tones, whereby the sharps 

and flats are differentiated and the diatonic scale is played with either sharps or flats alone. This, 

as well as the general sensitivity of the Arabs, as well as the Indians, to finer tone-

differentiations, is still expressed in their modern music, as witness that muezzin chant from the 

minarets of the mosques that is broadcast often enough on the radio. Surely a harmonic analysis 

could clarify this theoretically, and it would be interesting to follow the relationship of this 

filigree-like music to the geometric “arabesques”; here, too, the group-theoretical forms of the 

“P” provide the possible foundations. Mohammed’s religious ecstasies are said to have been 

accompanied by tone-ideas, and if he himself only permitted serious, sacred music, the enormous 

musical and dance industry of the later caliphs, especially in Baghdad, shows a strong 

preponderance of exoteric music. But a corresponding harmonic study of Arabic philosophy, 

mathematics, and astronomy promises to be still more fruitful, in my opinion. Regarding the 

first, I already referred in §50.7 to the encyclopedia of the so-called “Brethren of Purity,” which 

preserves a fund of ancient harmonic learning. All the ideas of this sect appear to be influenced 

in a Neopythagorean way, but yet somehow developed further independently. A discussion of 

the mathematical content of this encyclopedia – admittedly very rudimentary – is given by 

Cantor in his Vorlesungen über Geschichte der Mathematik, 4th ed., vol. 1, p. 738 ff. – further 

literature also here. In the study by Heinrich Suter: “Die Mathematiker und Astronomen der 

Araber und ihre Werke” (Leipzig 1900) various Arabic authors (no. 63, 116, 198, 303) are 

named who wrote about “music.” The encyclopedias, especially (such as that of Ibn el Chatib, 

no. 328 of Suter’s collection, of which parts still exist), and the writings of the mystically 

oriented thinkers, must one day be studied harmonically, likewise the many tracts about 

proportions in which Pythagorean legacies (cf. Nicomachus-Iamblichus) could have been 

preserved that are no longer present in the Classical legacy. One knows indeed that after the 

destruction of Constantinople by the Turks, not only many Greek scholars fled, together with 

their books, to Arabic or Muslim turf, but also that shortly afterwards, many Arabic scholars 

traveled far into the old Occident, and collected whatever they could find in libraries. 

 

§55.3. Classical harmonics 

After these short remarks and historical notes about a harmonics that was in part doubtless 

present but no longer concretely handed down, in part pervading the most varied domains and 

cultural circles in its prototypical forms, we now come to Pythagoreanism as the first appearance 

in history of harmonics as a science and philosophy par excellence. Admittedly, this claim must 

immediately be dampened by the restriction that here we no longer have any of the principal 

work. However, we do have concrete fragments (especially Philolaus) and traditions that situate 

harmonics beyond question as a science touching on tone and number. Here I must refer the 

reader to my essay on Pythagoras in Abhandlungen, where the Pythagorean “complex” is 

considered, admittedly very briefly and incompletely, but I believe correctly in the essential 

outline. And for the first time in the history of research, it is considered from the viewpoint from 

which it must be considered: not merely from the aspect of number, but from that of tone-

number. The classical testimonies that the Pythagoreans occupied themselves with tone-number 

investigations as the basis of their study are so numerous and trustworthy that one can only 



marvel at how almost all of modern philology regards the auditory element, when it does not 

neglect it completely, as a very unwelcome  and complicated affair whose whimsical nature one 

must somehow make allowances for; the central Pythagorean concept of “harmony” should not, 

of course, be placed on a level with such “lowly” things as monochord experiments, etc., and it 

receives a fantastic inflation which no longer has anything at all to do with the concrete-plastic 

sense of this concept for the ancients. The otherwise so meritorious Boeckh, for example, 

published an essay “Über die Bildung der Weltseele im Timäus” in Daub and Creutzer’s Studien 

(1806, vol. 3), in which he discusses the famous – not to say infamous – “Timaeus scale,” 

obviously stemming from Pythagorean sources, and most precisely seeks to elicit the tone-value 

of the relevant numbers, but obviously has not thought of the most important thing: to test these 

tone-numbers on the monochord and to hear them. If one does that, then connections and 

explanations appear immediately, and also rectifications, at which purely logical-intellectual 

observation alone can never arrive. At his wish, I once excitedly brought my monochord to a 

similarly worthy university professor, who was positively stuffed with knowledge of sources, 

references, books, etc. He was working on Pythagoras’s “harmony concept” and sought to grasp 

the fragments of Philolaus purely abstractly, on the basis of modern “idealistic” thought. In the 

matter of sounding tones and numbers, I explained to him the fragments 5 and 6 of Diels and 

referred to my work on Pythagoras, where not only these, but a series of other important 

fragments, especially those on the “apeiron” and “perisson,” etc., had found their obvious 

clarification. But it was evident that the learned man was so unmusical that he could not judge 

the purity of an octave at all, let alone the fifth, third, or “scale” and their psychical forms, and he 

did not want to know anything about my essay on Pythagoras. When he simply asked me where I 

got my insights from and hoped that I would lay out a whole list with literary names and 

references, I simply indicated the monochord and my head, as well as the spirit of 

Pythagoreanism, from which I believed that I had worked and thought. He smiled pityingly: “So, 

so!” I tell this only as characteristic of the modern situation, which every harmonist will one day 

find himself up against in regard to scholarship! The clogging up of that which has been handed 

down from ancient times, especially in historical things, is so great that no number of Galilean 

telescopes can help, and one must wait for new spiritual powers standing outside the “trade” that 

will take up and continue the new ideas with enthusiasm and without worrying about success or 

failure. The only book that has become known to me after the completion of this text that seeks 

to grasp Pythagoreanism, and above all the “Pre-Socratics” based on the nature of these thinkers 

themselves, is the excellent work of K. Joel: Der Ursprung der Philosophie aus dem Geiste der 

Mystik (Jena, Diederichs, 1906), to which the reader is most especially referred. 

 For a new foundation of the spiritual history of Pythagoreanism, beside the standard 

works, Harmonikale Symbolik by Baron A. v. Thimus (2 vols., Cologne 1868-1876) and the 

abovementioned book by K. Joel, I know of only two fruitful books in the German language: 

Erich Frank’s Plato und die sog. Pythagoreer (Halle 1923) and Julius Stenzel: Zahl und Gestalt 

bei Platon und Aristoteles (Leipzig-Berlin 1924). In neither work is “harmonics” known as an 

autonomous concept, and thus Thimus’s work is also unknown. Nonetheless, Frank is one of the 

few who looks at the enormous significance of music for the ancient Greeks in the right light, 

and the data, references, etc. that he gives are very useful as a first basis; his idée fixe that 

Pythagoras never actually existed is unimportant for our purposes. Stenzel starts more from the 

“dieresis of ideas,” i.e. actually from a demonstration of ancient thought from the – as we may 

express it harmonically – “law of harmonic quantization,” which indeed manifests from the 

monochord in the “P” system. As a basis for the ancient sources, the literature about it, etc., the 



following things are indispensable: 1. the 1st volume of Überweg’s Geschichte der Philosophie 

and 2. Diels’ Fragmente der Vorsokratiker. Especially in the latter work, the reader learned in 

Greek will find in the information, quotes, etc., surrounding the fragments, a wealth of harmonic 

treasure, which can now be summarized, since harmonics is newly constituted, under unified 

viewpoints. As I admittedly learned from Olof Gigon: Der Ursprung der griechischen 

Philosophie (Basel, Benno Schwabe, 1945, p. 11), Diels’ Fragmente der Vorsokratiker offers 

only a restricted choice of texts, so that a future study of Pythagoras must first assemble all the 

material that has been handed down. 

 If that, the rectification of true Pythagoreanism, ever happens, then one will also see that 

his influence reached much further than people have dared to believe hitherto. Not only music 

and astronomy must be included with this: not only arithmetic, geometry, grammar, rhythm, and 

above all mythology, Neopythagoreanism, Gnosticism, architecture, etc. receive new 

illuminations from it; but all these domains are finally actually understandable from an inner, 

central synthetic viewpoint, namely that of Akróasis, above all in the deeper sense as the 

collective cultural and spiritual attitude of an epoch. Thus it will also be shown that one must 

give up the comfortable humdrum of simply denying anything for which there is no explanation, 

all that one does not understand or that does not fit into the common philosophical-historical 

judgment. A model example for this is Euclid’s essay “On the division of the canon” (for the 

ancients, “canon” meant the same thing as monochord), long seen as “falsification.” How could 

such a great man devote his time to such an outmoded thing as the division of the monochord! 

People do not grasp or do not want to understand that at that time the monochord was a teaching 

tool precisely for the knowledge of the study of proportion that was so important for the ancients, 

completely aside from its value as the essential Pythagorean experimental instrument. It is 

known that “legend” (!) tells that Pythagoras, shortly before his death, caused one of his favorite 

students to strike the monochord, “thus indicating,” as Aristides Quintilianus writes in his De 

Musica, “that the highest and last things that music treats can be grasped not so well by means of 

the tones heard through sensory perception, as by the way of intellectual observation of the 

numbers” (from Thimus I, 128). Erich Frank (op. cit., p. 182) thus writes with complete 

justification of that work of Euclid’s: “This canon division can thus be grasped as a counterpart 

to Euclid’s Elements: while the latter provide the mathematical knowledge necessary for the 

Platonic construction of the world-body, the laws at the basis of the construction of the world-

soul are developed in the canon.” In the same breath (pp. 183-184), however, Frank explains the 

“scale of the [Platonic] Timaeus” as a “theory born from the start as a dead letter,” indeed as 

“insane number speculation” and a “musically quite impossible scale” (p. 17). Thus the same 

thing has happened to him that happens to all commentators (Tannery etc.) before him: he has 

not understood this “scale” at all. A. v. Thimus (Harmonikale Symbolik I, 156 ff. and II, 281 ff.) 

has given the only adequate interpretation of the Timaeus scale thus far, from his all-embracing 

knowledge of ancient number-harmonics and Pythagoreanism (cf. the illustration of this scale in 

§13a and §39.2a of this book), naturally without the slightest success with those who ought to 

develop it. The reason is, as with all harmonic discoveries and references, always the same: 

people expect cooking recipes, but they must realize that the necessary prerequisite of all 

“harmonicalia” is to have not only a precise familiarity with the Greek language, arithmetic, and 

music, but also just as precise a knowledge of harmonic technique, which must be learned and 

studied just like the grammar of any language. The otherwise so thorough and philologically 

precise E. Frank writes, for example, the following balderdash (op. cit., p. 154): “The basis of 

our modern music is the diatonic (!) octave, where between two tones there is always (!) a 



whole-tone interval (!) and hence (!) this type of tone has been thus named by the Greeks (!).” 

Armed with such a “knowledge” of elementary matters, the man then writes for pages about 

Greek music theory and projects this nonsense in his head onto the “insane and musically quite 

impossible scale of Timaeus”! Now, since a musical historian typically understands nothing of 

mathematics, the philologist nothing of music or mathematics, and the “classical” historian of 

philosophy nothing of any of the three subjects, and none of the three know anything or want to 

know anything of the technical-harmonic fundamentals of harmonics (monochord laws), the 

calamity persists of a misunderstanding of precisely such problems as the Timaeus scale, ancient 

Greek enharmonics, etc., even long after their solution (Thimus) has been found. 

 Observed or better, newly observed from the point of view of Akróasis, not only 

Pythagoreanism, the pre-Socratics, Plato, and Aristotle, but also the entire “succession” of the 

ancients must be subject to a corresponding revision. 

 As the central workbook for the ancients and their precursors, for a future history of 

harmonics, A. v. Thimus’s Harmonikale Symbolik is above all to be valued and used. In §25.1 I 

have tried to characterize the value and majesty of this work in general terms.Thimus’s harmonic 

“tool set” is admittedly limited in its intellectual-discursive manner and ignores many geometric-

visual theorems that are important, nay, indispensable for an illumination of many ancient 

symbols. The reader will easily be able to form his own judgment after a careful comparison of 

Harmonikale Symbolik with this text. However, Thimus presents an almost endless array of 

historical material which should now be worked through anew, from the point of view of 

harmonics as an autonomous science and way of thought.  

 It will now be best, in what follows, to discuss the effects of harmonics in the individual 

domains – always naturally under the restriction of the author’s less than adequate knowledge in 

historical matters, and only considered as catchword-like pointers for a future “history of 

harmonics.”  

 

§55.4. Music theory 

Firstly, ancient music theory and its succession. Its kernel is the ancient Greek “enharmonics.” 

This was first discovered in all its richness, unveiled, and precisely examined, by A. v. Thimus, 

and anyone who has closely studied the relevant parts of Harmonikale Symbolik, and after this 

hard-earned knowledge has taken up some work about Greek music theory, will agree with me 

that we must begin again from the ground up; that all other authors, no matter how worthy their 

work may be (Westphal, Ambros, Riemann, Abert, etc.) are either completely ignorant or work 

with false assumptions about this central concept of enharmonics (which makes chromatics, 

diatonics, rhythm, etc. graspable for the first time). Thimus has already produced a whole work 

on this, and any future revision of this domain that ignores what he has offered is condemned, 

like everything written since his work, to obsolescence from the start. If these ancient 

fundamentals explained by Thimus are taken up anew, then new light falls upon all of music 

theory from the Middle Ages to modern times. It has more that merely accidental or 

“coincidental” significance that the ancient Pythagorean experimental instrument, the monochord 

(cf. Wantzloeben: Das Monochord als Instrument und als System, Halle 1911) has been used 

right into modern times as a scientific and practical teaching instrument (cf. §1c and §1d). It is 

the symbol for a pervasive living Pythagorean legacy, and I am convinced that from the 

numerous writings about the monochord (see Wantzloeben’s Bibliography) and the ancient 

harmonics that still sound in it, entirely new viewpoints will arise not only for the history of 



music theory, but also for the related practical domains such as notation, church music, the study 

of instruments, etc. 

 

§55.5. Mathematics 

Next, the fundamentals of mathematics. Cantor writes (Vorlesungen über Geschichte d. Math., 

4th ed., vol. 1, p. 153): “We believe in the justification of the association of the name of 

Pythagoras with the musical study of numbers; whether or not the monochord originates from 

him, we believe that he mainly occupied himself with the arithmetical subdivision of geometry.” 

Diogenes Laertius writes (VIII, 12): [Greek quotation omitted]  Precisely this, the derivation of 

arithmetical and geometrical forms from the monochord, was discovered by Thimus (I, X, 65, 

118 ff., 126, 218, 249 ff., 350, and II, 43 Anm.) in the first book of Nicomachus’s Arithmetic and 

the accompanying commentary by Iamblichus – two texts that are not sufficiently respected, 

either by musical science or by mathematics. From them, Thimus developed the scheme of our 

partial-tone coordinates, and it is beyond doubt that in this scheme we have the enigmatic 

“Pythagorean table” and, mutatis mutandis, the later “abacus.” In Boethius’s geometry (ed. 

Friedlein, pay., 395-396) we find the following interesting passage: “Men of ancient insight, who 

belonged to the Pythagorean school and occupied themselves as searchers into Platonic wisdom 

with remarkable speculations, have placed the peak of all philosophy in the peculiarities of 

numbers. In fact, who will understand the measures of musical harmony if he believes that they 

are not connected with numbers? ... The Pythagoreans, so as not to get lost in errors in 

multiplications, divisions, and measurements (as they were full of brainwaves and refinement in 

all things), have availed themselves of a certain drawn figure, which they named, in honor of 

their teacher, the Pythagorean table (mensa Pythagorea), because the first teaching of things thus 

represented had come from this master. Later peoples knew the figure as Abacus. With this they 

intended to bring profound ideas more easily to general knowledge, as when one sees it before 

one’s eyes, and gave the figure the following remarkable form” (from Cantor, op. cit., pp. 583-

584). However, this figure, which now follows in the manuscripts, is simply an ordinary 

multiplication table, as Thimus mentioned (vol. I, table II, Fig. 1 and text p. 144 ff.), and has not 

the least to do with “profundity.” It is to be assumed that by the mensa Pythagorea, the ancient 

Pythagorean “Lambdoma” was meant, therefore the partial-tone coordinates that even Boethius 

did not know correctly but only from hearsay, and which indeed, besides their musical norms, 

also contain very important arithmetical and geometrical laws, as we have shown in several 

places in this book: laws that go far beyond the multiplication table and deeply into number-

theoretical speculations (for which such a mathematically gifted people as the ancient Greeks 

had a great understanding). The foundation of the arithmetical, geometric, and certain number-

theoretical elements (concept of the inifinite, the irrational, as well as the whole study of 

proportion that was so important for the ancients) on a harmonic basis is beyond question for 

anyone who comes by necessity from monochord experiments to diagrammatic notation of the 

“P” and to insight into its number-harmonic construction, and its obvious arithmetical, 

geometric, and number-speculative configurations. Beside this, the famous “discovery of 

Pythagoras” of the dependence of tone-perceptions (quality) on string lengths (quantity) in the 

sense of a precisely determinable numerical relationship almost pales, being reduced to an 

admittedly important “special case” of Pythagoreanism, if we should and must see in this 

discovery the hour of birth of our precise scientific methods. But as I always emphasized with 

regard to this discovery (which was certainly ancient knowledge in all high oriental cultures!), its 

“flip side” must be seen as at least as important for ancient culture: that in this discovery the 



quantitative (string length, or simply matter) can be qualitatively-psychically (the audible tone-

ratios) evaluated. And precisely this double aspect of the tertium comparationis of the “number”: 

that it reaches into the material on the one side, into our psyche on the other side, namely in our 

psyche not only as intellectual-discursive logical form, but also as a whole Gestalt of our 

perception, feeling, our soul (interval, chord, scale, etc.) – it was that which so “intoxicated” the 

ancients in this “discovery of Pythagoras.” This akróatic background of ancient number-thought 

has been completely lost to us today, and for these reasons we also find, in almost all works on 

the history of mathematics, a complete lack of understanding, and connected with it, a lack of 

interest regarding the harmonic foundations of ancient mathematics. Here almost everything 

must be redone and built anew (see the entries “Mathematics,” “Group theory,” “Number,” 

“Number-harmonics,” “geometry,” and “arithmetic-geometric series” in the Index). 

 

Figure 479: 



 
 

The partial-tone coordinates of index 16 (PE16) with their logarithms (base 2), coordinates and 

tone-values, decimals and angles (frequencies) 

 

§55.6. Language, grammar, rhythm 

Now, the foundations of language (word), grammar, and rhythm. The Introduction of this book 

has discussed the Akróasis of the word, speech, and the harmonic background of all spiritual 

utterance given with it a priori. This background was expressed in a special way in the earlier 

times of high cultures through the singing, or reading in an emphatic speech, of the cultic hymns 

and songs, and has continued in the rituals of all religions to date. The “music” here is not only 

an “art” such as painting or architecture, which latter gives the cult more its outward symbolic 



consecration. The musical element here is deeply connected with the metaphysical meaning of 

the “word” as that form of communication that mediates the deity by auditory means. 

 Music and word, seen thus, are finally the same: pronouncements from and to God. If I 

now refer briefly to the specifically harmonic backgrounds of ancient grammar and metrics (the 

study of syllables, etc.), it is on the one hand with the belief that here harmonics still has a lot to 

offer, but on the other hand with the presumption that in philosophical regards (already by the 

ancients) much effort has been made of which I have no knowledge. As for grammar, I can 

simply refer to Eberhard Hommel (Untersuchungen zur hebräischen Lautlehre, part I: “Der 

Akzent,” Leipzig 1917). I have already quoted a passage in §31a and entreat the reader to read it 

once more. These “threads” must be followed further by specialists. Important material related to 

this can be found also in Franz Dornseiff: Das Alphabet in Mystik und Magie, Leipzig 1922. In 

Plato’s late dialogue, the Philebos, there are observations on tone, number, sound, and letters, 

which refer to the great age (Egypt) of these typical cross-references. A future historian of 

harmonics will have it easier with the connection of harmonics to rhythm and metrics. I know of 

two works, 1. Aristides Quintilianus: Über die Musik (tr. and thorough commentary by Schäfke, 

Berlin 1937), and 2. the church father Augustine, Musik (tr. by Perl, Strasburg 1937), which 

contain far-reaching rhythmic and metric observations, together with their relationships and 

derivations to and from harmonic number-ratios,  which one can easily develop further, both 

forwards and backwards. Moreover, these particular works have a truly Pythagorean “timbre,” 

i.e. an akróatic spiritual disposition pervaded by the universal significance of the musical, which 

in many places makes one pause and fills one with  awe and astonishment at such a depth of 

thought, unfortunately entirely lost today. 

 

§55.7. Astronomy, astrology, the harmony of the spheres, astral symbolism 

Now, astronomy, and the astrology allied with it, as well as the harmony of the spheres and astral 

symbolism that grow out of both. Copernicus, in his De revolutionibus orbium coelestium 

(1543), explains expressly that he has taken up the heliocentric solar system of the Pythagoreans. 

He quotes Plutarch: “The others believe, however, that the Earth stands still, but the Pythagorean 

Philolaus says that it moves around the fire in the slanting circle of the ecliptic in the same 

direction as the Sun and the Moon.” – “Starting from here, I [Copernicus] began to contemplate 

the movement of the Earth and, although the viewpoint seemed absurd, I still did it, because I 

knew that others before me had already been granted the freedom of conceiving any circular 

movements for the representation of the heavenly bodies” (from E. Frank: Plato und die sog. 

Pythagoreer, Halle 1925, p. 37). Frank presumes (p. 38) that the origin of the heliocentric idea is 

to be sought in the circle around Archytas. Now Archytas, like Democritus, wrote a work on 

harmonics that is now lost, and both appeal to Pythagoras as their ancestor. A few fragments of 

Archytas’s writings still remain, which O.F. Grupps (Über die Fragmente des Archytas, Berlin 

1840) has published and, following the skeptical custom of his time, declared that “not a single 

thing is to be taken as true.” This untenable viewpoint has been taken ad absurdum by A. Speiser 

in his translation of the beautiful fragment from the harmonics of Archytas (Klassische Stücke 

der Mathematik, Zürich 1925, pp. 9-11). Archytas’s principles still resound in the harmonics of 

Ptolemy, according to E. Frank (op. cit., p. 166). Claudius Ptolemaeus, mainly known for his 

Syntaxis (the “Almagest”), has written, among other things, a still surviving Harmonics, which, 

paraphrased by Porphyry in a likewise still surviving commentary (Ptolemy’s study of harmonics 

and Porphyry’s commentary have been published in two excellent text-critical editions by 

Ingemar Düring, Göteborg 1932), was named by Johannes Kepler in his Harmonice Mundi (cf. 



the entries “Ptolemäus” and “Porphyrius” in the Index of Caspar’s translation) expressly as one 

of his most important sources and inspirations, and quoted numerous times. Kepler himself 

originally had the intention of commenting exhaustively on the Ptolemy’s Harmonics, and a brief 

part of this commentary is included in his Opera omnia. Due to my limited knowledge of the 

Greek language, it has not yet been possible for me to study the relevant works of Ptolemy and 

Porphyry; surely they contain important material for the history of classical harmonics. Little 

known and less investigated are the harmonic relationships to astrology and partly also, via 

astrology, to alchemy. Very early on, the doctrine of aspects was already compared with 

intervallic consonance and dissonance. In the fourth, astrological book of his Harmonice Mundi, 

Kepler, based on Ptolemy, Cardan, and Reinhold, after a most interesting exposition on the 

intelligible nature of the harmonies (musical philosophy has let these valuable ideas escape it 

until now!), discusses in the 5th chapter the actual doctrine of aspects, whereby the musical 

intervals and astrological aspects are traced back to geometrical phenomena. 

 The astrological “Inventory” of all of alchemy, the association of the planets with the 

elements, the calculation of the correct aspects for alchemical operations, etc., is so well known 

that the reference to this alone suffices. But what the historians have overlooked until now with 

all these “analogies,” what makes them finally understandable in a concrete-harmonic sense, and 

what one can only grasp from harmonic thought, is the spontaneity – as I might put it – by which 

the interval is executed. Just as it announces itself in the “purity” or “impurity” of the interval 

(the smallest variations “disturb,” for example, the octave, the fifth, etc.), likewise the aspect 

requires a precise execution, i.e. a precise calculation. Likewise, the correct execution of an 

alchemical transmutation can only be successful in the “favorable” hour, i.e. in an interval that is 

consonant between planet and element. The execution of every chemical bond shows that such 

ideas are by no means merely illusions. The so-called “law of multiple proportions” of modern 

chemistry is nothing other than the acceptance of certain weight intervals, which must first be 

divided with all possible precision from the masses of individual substances, before they enter 

into the execution of the new bonding! (As literature I recommend A. Fankhause: Das wahre 

Gesicht der Astrologie, Zürich 1932, and C.G. Jung’s work, supported by enormous erudition: 

Psychologie und Alchemie, Zürich 1944.) 

 I can also only refer to the broad domains of the harmony of the spheres and astral 

symbolism as historical domains which, with the new harmonic-analytic method achieved on the 

basis of this book, can be dealt with in terms of their actual inner nature. There, far into the 

Middle Ages, there was an enormous body of literature, which for the most part still remains 

buried in the manuscripts of libraries, and has not yet been edited at all – the recently published 

catalogs of medicinal manuscripts are proof enough of  this. As for the harmony of the spheres, 

Jacques Handschin has published an excellent essay in the Zeitschrift für Musikwissenschaft 

1926-27, “Beitrag zur Sphärenharmonie,” which can be used as a basis for further studies due to 

its deeply based erudition. Substantially larger is the literature about astral symbolism – here I 

will mention only F.X. Kugler: Sternkunde und Sterndienst in Babel (1907-1924) and R. Eisler’s 

work, already cited many times: Weltenmantel und Himmelszeit (München 1910), in which the 

interested reader will find a wealth of material and further literature. 

 

§55.8. Architecture, visual art 

 Regarding the history of architectural harmonics, the most important things have been indicated 

in §29 of this book, so I can summarize quickly here. The central works here are those of 

Vitruvius and Eichhorn. Harmonics in painting and sculpture, as in architecture, has its 



background in certain proportions. There are three “primal proportions,” the “arithmetic,” the 

“harmonic,” and the “geometric” proportion, which, as we saw in §28, are all already contained 

in the “P,” and are thus of harmonic nature. Thus, when one writes the history of the harmonics 

of architecture and the visual arts, one must preface it with the history of proportions and of 

proportional technique, which was of enormous importance in classical cultures. Thimus has 

already anticipated the essentials in his “preamble” (from the commentary of Iamblichus on 

Nicomachus’s Introduction to Arithmetic) and, in the course of his “harmonic symbolism,” very 

precisely and exhaustively developed the proportional technique found there – a very subtle 

method, not at all simple for us today, since we have become so “non-visual” in comparison with 

the ancients. This proportional technique must be handled and expounded in its historical 

metamorphosis up to the Renaissance as a fundamentally separate domain of mathematics; one 

will then not only see that the study of proportion has directly stimulated architecture and 

painting through all periods (until its downfall in modern times) – think only of the proportional 

studies of Leonardo da Vinci, Albrecht Dürer, as well as almost all great architects! – but also 

one will then be cured of the one-sidednesses already mentioned in §28, such as the “golden 

section” etc. (which fanatics have meanwhile built into disproportionate complexes). The three 

primal proportions, which were placed at the peak by the ancients, the arithmetic, harmonic, and 

geometric proportions, which are harmonic by their very nature, constitute such a wealth of 

formal possibilities, in contrast to which those individual proportion types such as the Golden 

Section, π/n – triangle, certain circle divisions, etc., seem sterile and poor. These three primal 

proportions concentrate themselves, however, in the “harmonic division canon” of the “P,” 

which, as I have shown in my work on Villard (Harmonikale Studien, vol. 1), must have still 

been known in the Gothic era as a Pythagorean heirloom (cf. §38.1a and §41.4 of this book). The 

special harmonic analyses of the individual styles must then be built upon this harmonic division 

canon; and Villard’s problem in particular has convinced me that this canon can furnish a 

method of style-analysis within the Gothic itself that should yield valuable results. 

 

§55.9. Philosophy, symbolism 

Historical information about harmonic relationships to philosophical and epistemological 

phenomena can be found in many chapters of this book, and as for symbolism, especially 

religious and cosmological, the interested reader will find material sufficient for a start in §54. A 

historic view of harmonics in these domains is synonymous with the history of the great spiritual 

stages of harmonics. From here I will only mention the catchwords: archaic harmonics 

(especially China), Pythagoreanism (fragments of Pythagoras, Aristides Quintilianus, Ptolemy), 

Plato’s late philosophy (Timaeus scale), Augustine (De musica), various Renaissance 

philosophers only known to me by name, such as Marsilio Ficino, Cardan, etc., in whose works 

harmonicalia can presumably be found; also Robert Fludd must, despite Kepler’s polemic, at 

least be worked through in a historic-harmonical sense; then naturally above all Kepler himself, 

the Harmonie universelle of Father M. Mersenne, Paris (3 vols., 1644-1647), Athanasius 

Kircher’s Musurgia; of the newer ones especially Leibniz, Th. Fechner, J.J. Bachofen, and last 

and still most important for us, A. v. Thimus. From these figures, details and cross-references 

will arise of themselves, indeed entirely new names and works will emerge, which perhaps for 

the first time will find their homes in a “history of harmonics,” and which have not yet been 

historically placed anywhere. For the history of harmonic symbolism, Thimus is above all 

authoritative: the introduction to his work, especially, gives a wealth of names and references 



that are indispensable not only for the symbolism, but also for the historical development of the 

number-harmonic way of thinking in general. 

 

§55.10. Conclusion 

I have come to the end of this work. Kepler writes, on July 28th, 1619, to Lord Napier, after 

finishing Harmonice Mundi: “Harmonics is finished thanks to the grace of the highest harmost 

of the universe. In vain the god of war has rumbled, crashed, and yelled with bombs and 

trumpets and his whole tarantara. If the fury of war does not besiege us at home or outside or tear 

away the workers and leave us in the lurch, everyone can come and see the copies of Harmonics 

and my work on the comets at the coming Autumn Fair in Frankfurt, all those whose hearts 

desire to observe more deeply the works of God’s hands, as I have illuminated them with the 

light of understanding.” Also at the hour when I write this, from the direction of Basel drones the 

heavy thunder of the death machines of this world war, and when I think of my ancestors, who 

left their homeland, together with Kepler, for reasons of belief to seek asylum in foreign lands, 

this “return of the like” seems to me, in my asylum country of today, more than merely the proof 

of a harmonic theorem. Without daring to make a comparison with the completion of Kepler’s 

work, the friendly reader will understand and be lenient to me when I conclude with Kepler’s 

words and dedicate this book, as a small building block for the reestablishment of our poor, 

ravaged Europe, to all those “whose hearts desire to behold more deeply the works of God’s 

hands, as I have illuminated them with the light of understanding.” 

 

Near Bern (Switzerland), November 23rd, 1944). 

  



AFTERWORD 

[Kayser’s Afterword is included for the sake of completeness, though it addresses the design of 

the original, luxurious edition of 1950. The errata to which he refers at the end have all been 

incorporated in the present edition. – Tr.] 

 

It still remains for the publisher, printer, and author to explain the somewhat pretentious 

appearance and outer characteristics of this work. 

 Those buyers who are of the initially understandable opinion that the price of this book 

would have been significantly lower had it been published in a simpler edition in the style of 

common scientific books, are wrong. The costs of composing this book alone comprise ca. 90 % 

of the entire publication price – paper, printing, and binding only ca. 10 %. Had cheaper paper, a 

smaller format etc. been used, the sale price would barely have been 5 % lower. This is 

mentioned only to clarify the material basis of the publication technique. 

 But there is another ideal basis, which applies to us as harmonists in a particular measure 

and whose duties we have not shrugged off: the beauty of the book, the book as an artwork. 

 Since harmonics signifies, in a certain sense, a rediscovery of Pythagoreanism, we can 

relate to no less than the great printer Bodoni, whose sense of beauty and proportion speaks to 

the eye and soul from every one of his printings, and who in the foreword to his publication of 

Tasso’s Gerusalemme liberata, 1794, invoked the Manes of Pythagoras: “If Pythagoras returned 

to us, or any follower and worshipper of his mysterious doctrines lived among us, he would in 

any case feast upon the holiness of the numbers that every great philosopher valued so highly.” 

 We have made every effort to tap into the great traditions of the art of books, to cultivate 

them in closest collaboration between publisher, printer, and author, to draw upon modern 

scientific work, and thus to create a product of the book art, which despite the inadequacies still 

adhering to it – as we believe – may represent a milestone in the development of the Swiss 

scientific book. 

 

* 

 

It is the author’s welcome duty to give his thanks to his first student of harmonics here in 

Switzerland, the late Herr Gustav Fueter, for the preparation of a great number of camera-ready 

illustrations after the author’s drawings. Equally great thanks goes to Herr Kapellmeister Ernst 

Prade for the repeated reviewing of the text and recalculation of the ratio table, the various 

formulae, and the proofing and supplementing of the Index. Herr dipl. Ing. W. Schurter, my 

honored printer, has taken the remarkable “tone-cycloid” under the mathematician’s magnifying 

glass, and has thereby indicated interesting corrections of my text, which may well lead some 

readers to further investigations of this double figure. I give my heartfelt thanks to him also. 

Unfortunately the text was already printed, so that we must offer the corrections separately in the 

following section. We ask the reader kindly to write them into his copy before studying the text.  

 

 


